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Abstract—In this paper, we propose a nonlinear coordi-
nation control scheme for formation control of a group of
underactuated marine vehicles with communication topology
constraints. In particular, we propose decentralized control laws
for coordinated path following of marine vehicles with sparse
communication networks. The topology of the communication
network is captured in the framework of graph theory and
the proposed control scheme is applicable to communication
networks with both bidirectional and unidirectional communi-
cation links.

I. INTRODUCTION

Formation control of marine vehicles is an enabling tech-
nology with a number of interesting applications. A fleet
of multiple surface vessels moving together in a prescribed
pattern can form an efficient data acquisition network for
environmental monitoring and oil and gas exploration. More-
over, formation control techniques can be used to perform
underway replenishment at sea, to perform automated towing
operations of surface vessels, barges or oil platforms and
to coordinate the motion between untethered underwater
vehicles and surface vehicles in Long Baseline (LBL) com-
munication configurations.
In this paper, we study coordinated formation control

of a group of underactuated marine vehicles subject to
communication topology constraints. In particular, we study
coordinated path following of 3-DOF marine vehicles that
are independently actuated in surge and yaw, but underactu-
ated in sway. The marine vehicles can be surface vessels
or underwater vehicles moving with constant depth. The
objective is to control the vehicles at constant depth such that
asymptotically they constitute a desired formation which then
moves along a given path with a desired speed. This control
objective can be achieved by, firstly, making each vehicle in
the group follow a corresponding desired path and, secondly,
by coordinating the motion of the vehicles along these paths
such that they achieve the desired inter-vehicle spacing or
formation pattern, as illustrated for the case of three vehicles
in Figure 1.
While path following can be achieved by each individual

vehicle independently of the others, the coordination of the
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Fig. 1. Coordinated path following of three surface vessels.

vehicles requires inter-vehicle communication. The type of
communication technology that can be used for inter-vehicle
communication is greatly dependent on the application. For
surface vessels, a communication network can be easily be
established using radio transducers or optical transducers.
However, both electromagnetic radio waves and light are
heavily attenuated in water. For this reason, communica-
tion between underwater vehicles are typically achieved
using acoustic modems. Acoustic communication is however
plagued with errors, transmission delay, multi-path fading
and directional limitations that greatly limit the range and
bandwidth of the communication channels. Radio communi-
cation above the water surface is much more reliable and the
bandwidth is much greater than underwater acoustic commu-
nication. However, transmitting the coordination information
among all the vehicles can be time consuming, as only one
vehicle can transmit on any given radio channel at a time.
Also, loss of communication can occur due to failures or
vessels moving out of range of each others radio. For this
reasons, global information about all the vehicles in the
group is generally not available to every vehicle. Instead of
such a global exchange of information, inter-vehicle com-
munication is given by the communication network topology
that determines communication links between the vehicles.
In this paper, the communication topology of the vehicles
is captured in the framework of graph theory. Then, at the
coordination stage, the constraints imposed by the topology
of the inter-vehicle communication network are explicitly ad-
dressed. Furthermore, the controllability constraints resulting
from the underactuation of the vehicles are addressed. To
this end, we propose a nonlinear coordination control law
that guarantees asymptotic coordination of the vehicles to
the desired formation without violating the controllability
constraints.
The problem of formation control with path following has

been considered in a number of publications ([1], [2], [3], [4]
and [5]). This problem is considered for fully actuatedmarine
vehicles in [1] and [3]. Due to full actuation, there are no



controllability constraints that have to be taken into account
and, therefore, coordination can be achieved by standard
linear control laws. Apart from [3], which also allows for
communication networks with directed communication links,
communication topologies studied in these papers allow for
only bidirectional communication links between the vehi-
cles. For underactuated systems, formation control with path
following has been considered in [2] and [4]. The result
of [2] is essentially limited to vehicles in a leader-follower
configuration, while [4] allows for more general configura-
tions. While the necessity of the controllability constraints
has been formulated in these papers, the coordination control
laws proposed in these works do not take into account
these constraints. The controllability constraints have been
explicitly taken into account in [5]. Yet, in this paper only
the case of bidirectional inter-vehicle communications has
been considered.
Therefore, the main contribution of this paper is the design

of controllers for formation control with path following with
a nonlinear coordination control law that takes into account
the controllability constraints arising due to underactuation
and that is suitable for sparse communication networks with
both unidirectional and bidirectional communication links.

II. VEHICLE MODEL AND CONTROL OBJECTIVE

In this section we present the kinematic and dynamic
model describing the motion of the class of marine vehicles
studied in this paper. Moreover, we define the notation used
throughout the paper and state the control problem to be
solved.

A. Single Vehicle Model

We consider an underactuated marine vehicle described by
the 3-DOF model [6]:

ẋ = u cosψ − v sin ψ (1)

ẏ = u sinψ + v cosψ (2)

ψ̇ = r (3)

Mν̇ + C(ν)ν + Dν = Bu, (4)

where ν � [u, v, r]T . Here, u and v are the surge and sway
velocity respectively, and r is the yaw rate. Moreover, (x, y)
is the inertial position of the vehicle and ψ is the yaw angle.
The matrix M = MT > 0 is the mass and inertia matrix,
C(ν) is the Coriolis and centripetal matrix and D > 0 is
the damping matrix and they are given by ([6]):

M =

⎡
⎣ m11 0 0

0 m22 m23

0 m23 m33

⎤
⎦ , D =

⎡
⎣ d11 0 0

0 d22 d23

0 d32 d33

⎤
⎦ ,

C(ν) =

⎡
⎣ 0 0 −m22v − m23r

0 0 m11u
m22v + m23r −m11u 0

⎤
⎦ .

The vector u � [Tu, Tr]
T is the control input, where Tu

is the surge thrust and Tr is the yaw torque respectively, and
the matrix B is a 3 × 2 actuator configuration matrix with
full column rank. Note that the class of vehicles considered

in this paper is underactuated, as only 2 independent controls
are available to control 3 degrees of freedom. Moreover,
we assume that the control input does not affect the sway
motion, in the sense that M−1Bu � [τu, 0, τr]

T . Note that
for a large class of marine vehicles, the body-fixed coordinate
system can be chosen such that the control input does not
affect the sway motion (see e.g. [7]).
In Section III, we will derive a surge controller that

guarantees that |u(t)| ≤ Umax, ∀t ≥ t0, where Umax > 0 is
the largest permissible surge speed. To aid the analysis of the
remaining dynamics, we make the following assumptions:

|v| ≤ CvUmax|r|, (5)

|v| ≤ Umax, (6)

for some constant Cv > 0. These assumptions can be
justified for most underactuated surface vessels since the
hydrodynamic damping in the sway direction is usually
much larger compared to the surge direction. Therefore, the
forward velocity (satisfying |u| ≤ Umax) becomes dominant,
see (6). Assumption (5) means that if the angular rate r
converges to zero, the sway velocity v is damped out and
also converges to zero. This is a natural assumption for most
marine vehicles, since the sway motion is heavily damped
due to hydrodynamic drag and since the control input does
not affect the sway motion. Also, the Munk moment, the
destabilizing moment that tries to turn the vehicle, is zero
for r = 0.

B. Control Objective

In this paper, we deal with formation control of underac-
tuated marine vehicles. We will design decentralized control
laws for n vehicles such that after transients the vehicles
form a desired formation and move along a desired straight-
line path L with a given velocity profile ud(t), as illustrated
in Fig. 2. The main focus of the paper is the design of a
nonlinear decentralized coordination control law for a group
of n vehicles with restricted inter-vehicle communication. In
this section we define the control problem and formalize the
problem to be solved.
Consider a group of n vehicles described by the model

(1)-(4) and satisfying assumptions (5), (6), together with a
given desired formation pattern, a straight-line path L to be
followed by the formation and a desired formation velocity
profile ud(t). The formation control objective is then to
design feedback controllers for each vehicle in the group
such that, after transients, the vehicles satisfy the desired
formation pattern and the formation moves synchronously
alongL with velocity profile ud(t). In this paper, we view the
formation control problem as a coordinated path following
problem. That is, given L and a desired formation pattern,
we define n translated paths Lj , j = 1, . . . , n. The formation
control objective can then be achieved in two steps. The first
step is to make vehicle j follow path Lj with a commanded
velocity. The second step is to coordinate the motion of
the vehicles by controlling the commanded velocity of the
vehicles so that they form the desired formation pattern and
move synchronously with the desired velocity profile ud(t).



We choose the inertial coordinate system with the x-axis
along the desired path of the formation, with the z-axis
pointing down, and denote the position of vehicle j, in the
chosen inertial coordinate system, by (xj , yj). The formation
is characterized by a formation reference point r(t) and a
set of vectors rj � [Dxj

, Dyj
]T , j = 1, . . . , n, giving the

desired position of vehicle j with respect to the reference
point (see Fig. 2). Moreover, with this particular choice of
the inertial coordinate system, the desired path for vehicle j
is Lj = {(x, y) ∈ R

2 | y − Dyj
= 0}. With this notation,
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Fig. 2. Illustration of formation.

the control objective can be formalized as follows:

lim
t→+∞

yj(t) − Dyj
= 0, j = 1, . . . , n, (7)

lim
t→+∞

ψj(t) = 0, j = 1, . . . , n, (8)

lim
t→+∞

x1(t) − Dxj
= . . . = xn(t) − Dxn

, (9a)

lim
t→+∞

ẋj(t) = ud(t), j = 1, . . . , n. (9b)

The above stated control problem will be solved in two
stages. In the first stage, we will design independent path
following controllers for each vehicle in the group so that
control goals (7), (8) are achieved. Moreover, we will design
controllers for each vehicle such that the vehicles track
commanded velocity profiles ucj

(t), which will be specified
at a later stage. Thus, in the first stage, we also have the
auxiliary control objective

lim
t→+∞

uj(t) − ucj
(t) = 0, j = 1, . . . , n. (10)

This part of controller design is presented in Section III.
In the second stage, we develop controllers for ucj

that
coordinate the motion of the vehicles along the desired
paths such that the vehicles achieve the desired formation
pattern and move synchronously with desired velocity profile
ud(t), as specified in the coordination control goal (9). These
controllers are presented in Section IV.

III. PATH FOLLOWING CONTROL

To satisfy the control goal (10) and make each vehicle
exponentially track its commanded velocity profile ucj

(t),

we propose the following feedback linearizing control law
for τuj

:

τuj
= −1/m11(m22vj + m23rj)rj + u̇cj

− kuj
(uj − ucj

),
(11)

where kuj
> 0. To satisfy the control goals (7), (8), we make

ψj , j = 1, . . . , n, track a Line of Sight (LOS) angle:

ψLOS,j = − tan−1

(
yj − Dyj

Δ

)
, j = 1, . . . , n, (12)

where Δ > 0, is the look-ahead distance. See Figure 3 for a
geometrical interpretation of the LOS angle ψLOS,j . To make
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Fig. 3. Illustration of the LOS angle ψLOS.j .

ψj exponentially track ψLOS,j , j = 1, . . . , n, we propose the
following feedback linearizing control law for τrj

:

τrj
= −

m22

Λ
[(−m22vj − m23rj)u + m11ujvj

− d32vj − d33rj ] +
m23

Λ
(−m11ujrj − d22vj − d23rj)

+ ṙdj
− krj

(rj − rdj
), (13)

where Λ = m22m33 − m2
23 > 0, krj

> 0 and rdj
is given

by the expression

rdj
=

Δ

e2
j + Δ2

(uj sinψj + vj cosψj) − kψj
(ψj − ψLOS,j),

(14)
where kψj

> 0. We then have the following result:

Proposition 1 (Path following). Consider a marine vehicle
described by the model (1)-(4) and satisfying assumptions
(5) and (6). If ucj

(t) ∈ (Umin, Umax), ∀t ≥ t0, where
Δ > UmaxCv and Umin > 0, then the surge controller
(11) and the yaw controller (13) guarantee that the control
goals (7), (8) and (10) are achieved exponentially.

Proof. Define ũj � uj − ucj
(t). The feedback control law

(11) linearizes the surge dynamics and makes the origin
of the closed loop surge tracking error dynamics uniformly
globally exponentially stable (UGES):

˙̃uj = −(kuj
+ d11)ũj , (15)

where d11 > 0, since D > 0. Hence, the controller (11)
guarantees that for all initial conditions ũj(t0) ∈ R, t0 ∈
R

+, the control goal (10) is achieved exponentially.
Define ψ̃j � ψj −ψLOS,j and r̃j � rj −rdj

. The feedback
control law (13) linearizes the yaw rate dynamics and makes
the yaw angle and yaw rate error dynamics UGES:

˙̃
ψj = −kψj

ψ̃j + r̃j , ˙̃rj = −krj
r̃j . (16)



Hence, the controller (13) guarantees that for all initial
conditions ψ̃(t0), r̃(t0) ∈ R×R, t0 ∈ R

+, the vehicle tracks
the LOS angle ψLOS,j , as given by (12), and the LOS angle
rate ψ̇LOS,j .
To show that the proposed LOS controller achieves the

path following control goals (7), (8), we first define the
path following error for vehicle j as ej � yj − Dyj

.
Differentiating ej with respect to time and using (2) and
(12) we obtain

ėj = −ucj
(t)

ej√
e2

j + Δ2
+ vj

Δ√
e2

j + Δ2
+ hT

j

[
ũj

ψ̃j

]
.

(17)
where hT

j = [h1,j(ψ̃, ψLOS) h2,j(t, ψ̃, ψLOS, vj)] and

h1,j = sin(ψ̃j + ψLOS,j)

h2,j = [ucj
(t)(sin(ψ̃j + ψLOS,j) − sin ψLOS,j)

+ vj(cos(ψ̃j + ψLOS,j) − cosψLOS,j)]/ψ̃j .

System (17) can be seen as a nominal system perturbed by
the expoentially converging surge speed tracking error ũj

and the yaw angle tracking error ψ̃j . In particular, system
(17) interconnected with (15) and (16) is a cascaded system.
Moreover, under the assumptions (5), (6) the nominal path
following error system, i.e. system (17) with ũj = ψ̃j = 0,
is uniformly globally asymptotically stable (UGAS) and
uniformly locally exponentially stable (ULES). This can be
proven using the quadratic Lyapunov function V = 1/2e2

j

(see [8]). Furthermore, the perturbing inputs ũj and ψ̃j are
exponentially vanishing, as systems (15) and (16) are UGES.
Then by application of [9] (Theorem 7 and Lemma 8) the
cascade of system (17) with (15) and (16) is UGAS and
ULES (see [8]). This implies that the cross-track error ej →
0 exponentially, in any ball of initial conditions, and hence
the cross-track control goal (7) is achieved exponentially.
Subsequently, this implies that ψLOS,j → 0 exponentially
(see Eq. (12)). Since ψj tracks ψLOS,j exponentially, we
conclude that the orientation control goal (8) is achieved
exponentially, in any ball of initial conditions.

The requirement imposed in Proposition 1 that the com-
manded velocity ucj

is separated from zero, i.e. that ucj
(t) >

Umin, ∀t ≥ t0, comes from the underactuation of the
vehicles. In particular, the vehicles are uncontrollable at zero
velocity and ucj

= 0 would prevent the achievement of the
path following control goals (7), (8). Moreover, the require-
ment that ucj

(t) < Umax, ∀t ≥ t0, where Umax < Δ/Cv, is
needed to ensure stability of the cross-track error. Essentially,
the condition on Umax says that the look-ahead distance
must be chosen in accordance with the maximum permissible
speed, which is natural for any LOS-based design.
An important implication of Proposition 1 is that the

resulting dynamics in the x-direction is given by

ẋj = ucj
(t) + πT

j χj , j = 1, . . . , n, (18)

where χj � [ũj, ψj ]
T decays to zero exponentially if the

conditions of Proposition 1 are satisfied. In particular, it is

required that ucj
∈ (Umin, Umax), ∀t ≥ t0, which is guaran-

teed by a proper choice of control law for ucj
. This statement

is made more clear in Section IV. The interconnection term
πj = [π1,j(ψj), π2,j(t, ψj , vj)]

T in (18) is given by

π1,j = cos(ψj), π2,j = ucj
(t)

cosψj − 1

ψj

− vj

sin ψj

ψj

.

Note that the functions πi,j , i = 1, 2, are globally bounded
as | sin x/x| ≤ 1, |(cosx − 1)/x| < 1, ∀x ∈ R, and
ucj

(t) < Umax, |vj(t)| < Umax, ∀t ≥ t0.

IV. NONLINEAR COORDINATION

Under control (11) and (13), control goals (7) and (8) are
achieved exponentially provided that the commanded speeds
for all vehicles satisfy the controllability constraint ucj

(t) ∈
(Umin, Umax), ∀t ≥ t0, j = 1, . . . , n, cf. Proposition 1.
Moreover, after transients, the remaining dynamics in the
x-direction track the commanded velocity profile ucj

(t),
j = 1, . . . , n, as given by (18).
In order to satisfy the remaining control goal (9), the ve-

hicles have to adjust their forward speeds to coordinate their
motion with each other so as to achieve the desired formation
pattern and move with the desired velocity profile ud(t). The
dynamics in the x direction, given by (18), suggests that
this can be achieved by designing appropriate coordination
controllers for ucj

, j = 1, . . . , n. Such controllers must also
satisfy the controllability constraint ucj

(t) ∈ (Umin, Umax)
so as not to interfere with the achievement of the path
following control goals, cf. Proposition 1. Moreover, the
coordination controllers must respect topological and direc-
tional limitations of the communication network, i.e. that all-
to-all communication may not be available and that some, or
all, of the communication links may be unidirectional.
To describe the communication between the n vehicles in

the formation, we use a directed graph G(V , E), where the set
V(G) is called the vertex set of G and the set E(G) is called
the edge set of G. The elements of V(G) are called vertices
and vertex j corresponds to vehicle j in the formation. The
elements of E(G) are called edges, and the edge set consists
of ordered pairs of distinct vertices of G. For our purposes,
it is convenient to use the following convention: if vehicle
i transmits information to vehicle j, then there is an edge
from node j to node i, i.e. (j, i) ∈ E(G). That is, the edge
is in the opposite direction of the information flow, see
Figure 4. Moreover, we denote by Aj the set of all nodes

1

2

3

4

Fig. 4. Communication graph.

i such that there is an edge from node j to node i (i.e. Aj

consists of all vehicles i transmitting information to vehicle
j). Furthermore, if there is a path in the graph from node i
to node j, then j is said to be reachable from i. Node j is



globally reachable if it is reachable from every other node
in the graph.
Before proceeding, we make the following natural assump-

tion on the desired velocity ud(t): there exists a > 0 such
that

ud(t) ∈ [Umin + a, Umax − a], ∀t ≥ t0. (19)

To solve the coordination problem, we propose the fol-
lowing control law for ucj , j = 1, . . . , n:

ucj = ud(t) − g

⎛
⎝ ∑

i∈Aj

(xj − xi − dji)

⎞
⎠ , (20)

Here dji � Dxj
− Dxi

corresponds to the desired distance
along the x-axis between the jth and ith vehicle in the group.
The function g(x) is continuously differentiable, satisfying
g′(0) > 0, g(0) = 0 and g(x) ∈ (−a, a), where a is the
parameter defined in (19). The function g can be chosen, for
example, equal to g(x) � 2a/πtan−1(x).
Under these assumptions on g and under the assumption

that the desired speed profile ud(t) satisfies (19), the pro-
posed ucj

given by (20) lie within the set (Umin, Umax) for
all values of its arguments. Notice that linear coordination
control laws without the nonlinearity g, which are used
for example in [1] and [3], are not applicable in our case
since they inevitably violate the controllability constraint
ucj

(t) ∈ (Umin, Umax). The proposed coordination controller
satisfies the communication constraints given by the graph G,
in the sense that the commanded speed ucj for the jth vehicle
depends only on the variables xi of the vehicles transmitting
information to the jth vehicle.
The properties of the proposed coordination controllers are

summarized in the following proposition.

Proposition 2. Suppose ud(t) satisfies (19) with Umin > 0
and Umax < Δ/Cv and the communication graph G has at
least one globally reachable node. Then n vehicles described
by (1)-(4) in closed loop with controllers (11), (13) and (20)
achieve control goals (7)-(9) exponentially.

Prior to proving Proposition 2, let us formulate a technical
result on a network of scalar systems

θ̇j = −
∑
i∈Aj

λji(θ)(θj − θi), j = 1, . . . , n, (21)

with an underlying communication graph G, where
θ � [θ1, . . . , θn]T and λji(θ) > 0 are some scalar
functions. Denote 1 � [1, . . . , 1]T .

Lemma 1. Consider system (21). If G has a globally
reachable node, then the dynamics of δ � θ−

(
1
n

∑n
i=1 θi

)
1

are GAS at the origin.

Proof. It is shown in [10] Theorem 3 that under the con-
ditions of the Lemma, system (21) is global asymptotic
stability (GAS) with respect to the set Ω = {θ : θ =
α1, α ∈ R}. Notice that θ is decomposed into the sum
of

(
1
n

∑n

i=1 θi

)
1 ∈ Ω and δ, which is orthogonal to the

elements of Ω (since δT
1 = 0). Therefore, GAS of the set

Ω for system (21) is equivalent to the fact that the dynamics
of δ are GAS at the origin.

Sketch of proof of Proposition 2. By assumption ud(t) sat-
isfies (19) with Umin > 0 and Umax < Δ/Cv, and the
coordination control law (20) guarantees that the commanded
velocity for vehicle j satisfies ucj

(t) ∈ (Umin, Umax). Then,
for a marine vehicle (1)-(4), satisfying assumptions (5) and
(6), all the assumptions of Proposition 1 are satisfied and
it follows that the control goals (7) and (8) are achieved
exponentially.
Furthermore, under Proposition 1, the resulting dynamics

of the vehicles in the x-direction are given by (18). Inserting
the commanded velocity profile (20), the dynamics of (18)
are given by

ẋj = ud(t) − g

⎛
⎝ ∑

i∈Aj

(xj − xi − dji)

⎞
⎠ + πT

j χj . (22)

From the coordination control goal (9), we define the coordi-
nation variable for vehicle j as θj � xj−Dxj

−
∫ t

t0
ud(σ)dσ,

j = 1, . . . , n. Deriving the θj-dynamics and using (22) we
obtain

θ̇j = −g

⎛
⎝ ∑

i∈Aj

(θj − θi)

⎞
⎠ + πT

j χj . (23)

Notice that the term πT
j χj depending on the states of the j’th

vehicle exponentially decays along solutions of the closed-
loop system since πj is globally bounded and χj is an
exponentially decaying term (see Section III).
Define the average position of the vehicles as α �

1
n

∑n

i=1 θi and the distances from the vehicles to α as
δj � θj−α, j = 1, . . . , n. Using the vector notation, we have
δ = θ − α1. We will show that δ(t) exponentially decays
to zero and α(t) → α0, as t → ∞, exponentially, where α0

is some constant. Notice that this implies that θj(t) → α0,
as t → ∞, for all j = 1, . . . , n. In turn, this yields the
achievement of control goal (9) in the original coordinates
xj , j = 1, . . . , n.
Let us first derive the dynamics of α and δ. Using (23)

and taking into account the definition of α and the fact that
θj − θi = δj − δi, we obtain

α̇ = f(δ) + εα(t) (24)

where f(δ) � − 1
n

∑n
j=1 g

(∑
i∈Aj

(δj − δi)
)

and

εα = 1
n

∑n

j=1 πT
j χj . From (23) and the definition

of δ, we obtain
δ̇ = F (δ) + εδ(t), (25)

where Fj(δ) � −g
(∑

i∈Aj
(δj − δi)

)
− f(δ) and εδj

�

πT
j χi − εα, j = 1, . . . , n.
Let us first show that system

δ̇ = F (δ), (26)

is GAS at the origin. Consider system (23) with πT
j χj = 0.

Applying the mean value theorem to the right-hand side of



(23), we obtain

θ̇j = −g′(ψj(θ))
∑
i∈Aj

(θj − θi) � −
∑
i∈Aj

λji(θ)(θj − θi),

(27)
where λji(θ) = g′(ψj(θ)) and ψj(θ) is a point lying on the
line segment [0,

∑
i∈Aj

(θj−θi)]. Since g′(x) > 0 for all x ∈

R, we have λji(θ) > 0 for all θ ∈ R
n. Applying Lemma 1

we conclude that the dynamics of δ, which coincides with
(26), is GAS at the origin.
To show that all solutions of (25) with the exponentially

decayig term εδ(t) converge to zero we only need to show
that the solutions of (25) remain bounded (see [11] on Con-
verging Input Converging State (CICS) property). Bound-
edness of δ(t) can be proven using the Lyapunov function
V (δ) = maxi δi −mini δi. This function is positive definite,
since by definition of δ we have δT

1 =
∑n

i=1 δi = 0. This
implies that maxi δi ≥ 0 and mini δi ≤ 0. Therefore, V (δ)
is positive definite and radially unbounded since ||δ|| → +∞
implies V (δ) → +∞. It can be shown that the derivative1

of V (δ) along the solutions of (25) satisfies

V̇ (δ) ≤ 2 max
j

|εδj
(t)|. (28)

Moreover, since εδ(t) is an exponentially decaying term, we
obtain

V̇ (δ) ≤ Ce−at, (29)

for some C > 0, a > 0. Integrating the last inequality, we
obtain

V (δ(t)) ≤ V (δ(t0)) + Const. (30)

Hence, V (δ(t)) is bounded for t ≥ t0, which implies
boundedness of δ(t). Applying Theorem 1 from [11], we
conclude that every solution of (25) converges to zero.
Moreover, it can be shown that the linearization of (26) is
exponentially stable at the origin. This, in turn, implies that
the right-hand side of (24) exponentially converges to zero.
By integrating (24) we conclude that α(t) → α0 as t → ∞,
for some α0 ∈ R, and the convergence is exponential. This
concludes the proof of the Proposition.

V. SIMULATIONS

The proposed formation control scheme has been imple-
mented in SimulinkTM and simulated for the case of three
surface vessels. The desired straight line paths and desired
inter-vehicle spacing is given by (Dx1, Dy1) = (−100, 50),
(Dx2, Dy2) = (0, 0), (Dx3, Dy3) = (−100,−50), see
Section II-B. The desired velocity profile ud(t) is chosen as
ud = 5.0 m/s. The controller gains are chosen as ku = 0.5
and kψ = 0.5, kr = 5 and Δ = 70 respectively. The function
g(x) is chosen as g(x) = 2

π
tan−1(x) ∈ (−1, 1) and the

communication topology is shown in Figure 5.
The simulation results are shown in Fig. 6(a)-6(d) and

the presented simulation results clearly show that the control
goals (7)-(9) are achieved.

1Since V (δ) is only continuous and locally Lipschitz, by V̇ (δ) we mean
the Dini derivative, see [10].
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Fig. 5. Example: communication graph.
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(a) Forward velocities.
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(b) Cross-track errors.
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(c) Yaw angles.
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(d) xy-trajectories.

Fig. 6. Example: simulation results.
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