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Abstract. We propose a method for 3D reconstruction of structured environments from a single omnidirectional
image. It is based on a reduced amount of user information, in the form of 2D pixel coordinates, alignment and
coplanarity properties amongst subsets of the corresponding 3D points. Just a few panoramic images are suﬃcient for
building the 3D model, as opposed to a larger number of “normal” images that would be required to reconstruct the
same scene [11, 14]. One contribution of the paper is showing how to build these 3D models with an omnidirectional
camera equipped with a spherical mirror, in spite of not having a single projection centre. Additionally, we present
concisely a simple method for single-view reconstruction.

1

Introduction

The construction of scene models is a well known problem in the computer graphics and in the computer
vision communities. While in the former there is traditionally a strong emphasis in using precise user-deﬁned
geometric and texture data, in the later the emphasis is more on the direct use of images to automatically
correspond and generate depth or shape maps. Recently, many works started to combine with success both
approaches in a way well tuned for each purpose [4, 11, 3, 12, 5, 13, 15, 14].
Our motivation comes from the ﬁeld of tele-operation of mobile robots. Given an image of a structured
environment and some user input derived from his understanding (knowledge) of the environment, one can
reconstruct a 3D scene model for visualisation or for specifying moving actions for the robot.
Our robot is equipped with an omnidirectional camera that provides a 360◦ view of the environment in
a single image. Omnidirectional images are usually obtained with Catadioptric Panoramic Cameras, which
combine conventional cameras (lenses) and convex mirrors. Mirror shapes can be conic, spherical, parabolic
or hyperbolic [1, 16, 17]. The wide ﬁeld of view of omnidirectional vision sensors makes them particularly
well suited for fast environmental modelling.
The user input consists of geometric nature supported on his knowledge of parallelism or perpendicularity
of lines and planes of the scene. Typically, the user will identify some points in the omnidirectional images
and indicate that some subsets of points are collinear or coplanar. We restrict ourselves to lines parallel to
one of the canonical axes and planes whose normal is parallel to one of these axes.
In this paper we start by presenting the geometry of the spherical projection model for single projection
centre omnidirectional cameras and, also, the geometry of our own omnidirectional camera based on a
spherical mirror. Even though a camera with a spherical mirror does not have a single projection centre, we
show that it can be approximated by the spherical projection model. Then we present the reconstruction
method based on user deﬁned input over the omnidirectional images. Next we describe some preliminary
results. Finally, we present our conclusions and future work.

2

Omnidirectional vision geometry

It is well known that some omnidirectional images can be transformed back to an equivalent perspective
image, provided that all the projection rays intersect in a single projection centre. This is not the case
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when an omnidirectional camera equipped with a spherical mirror [7] is used, because it does not have a
single projection centre. However, we shall show that it can be approximated by a pin-hole camera. We ﬁrst
describe brieﬂy the spherical projection model, which is known to be equivalent to a pin-hole camera and
then show that it can approximate the projection with a spherical mirror.
2.1

Using spherical projection for spherical mirrors

The Spherical Projection Model, deﬁned by Geyer and Daniilidis in [8], represents in an uniﬁed manner several
single projection centre systems, like pin-hole cameras and, mostly important, the recent omnidirectional
(catadioptric) cameras based on hyperbolic, elliptical or parabolic mirrors.
The spherical projection model combines a mapping to a sphere followed by a projection to a plane. The
centre of the sphere lies on the optical axis of the projection to the plane. This allows a reduced representation
with two parameters, l and m, representing the distances from the sphere centre to the projection centre,
O and to the plane (see Fig.1a). The projection of a point in space (x, y, z) to an image point (u, v) can be
written as:
 
 
l+m x
u
=
= P(x, y, z; l, m)
(1)
v
l·r−z y

r = x2 + y 2 + z 2
Each catadioptric camera with a single projection centre can be represented by a set of values l, m. For
example, for pin-hole cameras, we have l = 0 and m = 1, while for cameras with hyperbolic mirrors, l and
m are deﬁned by the mirror parameters eccentricity and inter-focal length. The camera intrinsic parameters,
image centre and focal length, combine naturally with the model as a two dimensional aﬃne transformation
of [u v]T .
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Fig. 1. Projections (a) uniﬁed model, (b) spherical mirror.
Catadioptric vision sensors based on a spherical mirror, represented in Fig.1b, are modelled essentially
by the equation of reﬂection at the mirror surface, γi = γr . Adding the pin-hole projection model we obtain
the system that allows to compute the projected image point, p = [u v]T , by ﬁrst computing the angle β
between the branch of the projection ray from Pm to p and the optical axis of the camera [7]:


π
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 γi = γr ⇔ arctan z−z
r−rm + 2 − β = −2 arctan (rm /zm )
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rm = (zm + L) tan β
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where P , Pm denote respectively one 3D point and the point of reﬂection at the surface of the spherical
mirror, R is the radius of the mirror and L is the distance between the mirror and the camera.
The intersections of the projection rays P Pm deﬁne a continuous set of points distributed in a volume,
unlike the spherical projection model where they all converge to a single point. Baker and Nayar [1], showed

that the projection centre corresponding to a spherical mirror lies over a spherical surface and varies with
scene structure. In spite of the fact that the projection with spherical mirrors can not be represented by
the spherical projection model, we will show that for a certain operation range, this model can be a good
approximation.
A camera with a spherical mirror cannot be exactly represented by the spherical projection model. In
order to ﬁnd an approximate representation we focus the comparison on the image projection error, instead
of analysing the projection centre itself.
Let P(xi , yi , zi ; θ) denote the spherical projection deﬁned in eq.(1) and Pc be the projection with a
spherical mirror deﬁned in eq.(2). Grouping into θ and θc the geometric and intrinsic parameters for the
former and latter projections, we want to minimise a cost functional associated to the image projection error:
θ̂ = argθ min

P(xi , yi , zi ; θ) − Pc (xi , yi , zi ; θc )

2

i

The minimisation of the functional gives the desired parameters, θ, for the uniﬁed projection model, P, that
will approximate the real sensor characterised by Pc and θc .
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Fig. 2. Mean absolute error between the spherical projection model and the projection with the spherical
mirror. Vertical bars indicate the standard deviation. Our omnidirectional images have 500x500 pixels.
Figure 2 shows that the approximation errors measured in the image plane are small by considering 3D
points distributed around the sensor at several heights, in a range of 2 to 7m from the camera optical axis.
2.2

Using back-projection to form perspective images

The acquisition of correct perspective images, independently of the scenario, requires that the vision sensor
be characterised by a single projection centre [1]. The spherical projection model has, by deﬁnition, this
property but, due to the intermediate mapping over the sphere, the obtained images are in general not
perspective.
In order to obtain correct perspective images, the spherical projection must be ﬁrst reversed from the
image plane to the sphere surface and then, re-projected to the desired plane from the sphere centre. We
term the reverse projection as back-projection, after Sturm in [15, 14].
The back-projection of an image pixel (u, v), obtained through spherical projection, yields a 3D direction
k · (x, y, z) given by the next equations derived from eq.(1):

 
 
l(l + m) − sign(l + m) (u2 + v 2 )(1 − l2 ) + (l + m)2 u
x
(3)
=
v
y
u2 + v 2 + (l + m)2

z = ± 1 − x2 − y 2
√
where z becomes negative if |l + m| /l > u2 + v 2 , and positive otherwise. It is assumed, without loss of
generality, that (x, y, z) is lying on the surface of the unit sphere.

At this point, it is worth noting that the set {(x, y, z)} interpreted as points of the projective plane,
already deﬁne a perspective image. However for the purpose of displaying or to obtain speciﬁc viewing
directions further development is needed.
Let R denote the orientation of the desired (pin-hole) camera relative to the frame associated to the
results of back-projection, the new perspective image {(λu, λv, λ)} becomes:
 
 
λu
x
 λv  = K · R−1  y 
(4)
λ
z
where K contains intrinsic parameters and λ is a scaling factor. This is the pin-hole camera projection model
[6], when the origin of the coordinates is the camera centre.
2.3

Reconstruction reference frame

Vanishing points, i.e. image points representing scene points at an inﬁnite distance to the camera [2], show
important scene directions through which the reconstruction can be conveniently done. A vanishing point is
the intersection in the image of the projection of parallel 3D lines. If one has two parallel lines, deﬁned by
two points, AB and CD, then the corresponding vanishing point v is:
v = (A × B) × (C × D)

(5)

where the points A, B, C and D are in homogeneous coordinates obtained according to the back-projection
eq.(3). In case of having more points in each line and more lines in each set, least squares estimates replace
the external products in eq.(5) and more robust estimates are obtained for the vanishing point coordinates
[14].
Given three (unit-norm) vanishing points, v1 , v2 and v3 , representing three world orthogonal directions,
it is possible to obtain perspective images in a reference frame built on those directions using eq.(4) with
R = [v1 v2 v3 ].
In our case the optical axis of the sensor, z, is vertical which is one of the most frequent (and representative) directions of lines in the scene. The corresponding vanishing point in the reference frame deﬁned by
back-projection eq.(3) is simply [001]T , and the new reference frame, associated to the rotation matrix of
eq.(4), takes the form of a rotation about z:


cos(θ) sin(θ) 0
R =  − sin(θ) cos(θ) 0  .
0
0 1
In what follows, we rotate the image so that the x and y axes of the camera frame coincide with that of
the world reference frame. One thus has, in Eq.(4),


1
(6)
R =  1  = [e1 e2 e3 ]
1
where the ei form the canonical basis of
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.

Reconstruction

We have just shown that, for all practical eﬀects, we can consider that the input image is obtained by a
pinhole camera whose orientation coincides with the world reference frame. The user input consists of image
data and auxiliary geometric information, as follows:
Image features Image points [u1 v1 ] , . . . , [uP vP ] , projections of 3D points [x1 y1 z1 ] , . . . , [xP yP zP ] .
For example, points 1..16 are illustrated in Figure 3.
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Fig. 3. Typical input image. Some of the points and lines localised by the user are shown.
Auxiliary geometric information
1. Information of 3D alignment of some of the 3D objects that project in the above-mentioned image
features. This information can e.g. take the form of lists of indices of image features, lines or points.
Also, the 3D direction of each line (“x”, “y” or “z”) is known. For example, the user could have speciﬁed
in Figure 3 that the dashed and smoothed lines are respectively vertical and parallel to the “x” axis.
2. Information of coplanarity of some of the 3D objects that project, together with knowledge of the normal
of the planes. This can again be expressed in the form of lists of (indices of) image features. For example,
in Figure 3, the user could have speciﬁed that points (1,2 and 9) lie on a “x=Constant” plane and that
points (1,...,8) lie on a horizontal plane.
3.1

Exploiting the user information

The auxiliary geometric information serves to determine what distinct coordinates are that will be estimated.
Let us consider the line between points (1,9) in the input data in Figure 3. Since this line is parallel to the
“z” axis, the coordinates of these points are of the form [C1 , C2 , C3 ] and [C1 , C2 , C4 ] respectively. Note that
the ﬁrst and second coordinates are identical. Then, considering that points (1,2, 3 and 4) lie on a horizontal
plane, and points (1, 2, 9) lie on a “x=Constant” plane, one knows that the coordinates of point 2 are of
the form [C1 , C5 , C4 ]. By using in this manner the user-supplied information, it is easy to identify the set of
distinct coordinates that will be estimated. This operation is easily automated, using basic set operations,
by sequentially inspecting the input data.
As a result, one can determine the number of distinct 3D coordinates C1 , . . . , CM and the corresponding
2D features. After having determined the camera orientation, R, and identiﬁed the set of distinct coordinates
(but not their value), we proceed to show how to obtain a 3D reconstruction from the 2D image features.
Figure 4 shows the camera frame, aligned with the world frame.
Linear constraints from 2D lines A 3D line parallel to the ith canonical axis is a set of points :
{µei + Cei + C  ei |µ ∈ R}
where C, C  are real constants and i , i are distinct indices such that {i, i , i } = {1, 2, 3}. The projection
(Eq. (4)) of a 3D point belonging to this line has the form :
 
u
 v  = λ (µei + C  ei + C  ei ) .
(7)
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Fig. 4. Perspective projection with equal camera and world reference frame.
A 2D line is represented by a 3-by-1 vector l. The line is the set of 2D points [u, v] such that
 
u
l  v  = 0.
1

(8)

If the user has located a line l in the image, resulting from projection, as in Eq. (7), (see Figure 4) we can
use l to build a linear constraint on the unknown elements C, C  : replacing Eq. (7) in Eq. (8) one gets the
implication :
l ri C + l ri C  = 0 .
(9)
This equation is a linear equation in two of the coordinates that we will be estimating. This kind of
equation forms the basis of the linear system that we will build and solve.




Linear constraints from 2D points If the projection [u v 1] of a point [C, C  , C  ] is observed, it
is possible to build the 2D line that passes through that point and any one of the vanishing points. This line
is
 
u
l = ri ×  v  .
1
This 2D line, is moreover the projection of the 3D line
{µei + C  ei + C  ei |µ ∈ R} .
This 2D line, which we built rather than observed, can be used to form a constraint Eq. (9) in exactly the
same way as an observed line. One veriﬁes that the three constraints given by each point (one constraint per
vanishing point) form a system of rank two.
3.2

Solutions to the reconstruction problem


If C = [C1 , . . . , CN ] is the vector of the distinct coordinates, by concatenating Equations (9) obtained from
the input data, and removing equations that are equal, one obtains a system of M equations:
AC = 0M,1

(10)

where A is the M -by-N matrix holding the coeﬃcients that multiply the Ci . Each row of A has in general2
exactly two non-zero elements.
2

It is more correct to say “almost always” rather than “in general”. We use the later term to avoid having to
introduce a probability space on the input data, in which the property holds almost always.

Under some broad conditions, which we make precise in another article [10], one shows that A has corank
1 and thus has a single (up to scale) null vector C∗ . The general form of the solution for Eq. (10) is thus :
C = λC∗

(11)

where λ is an arbitrary scale factor.
In the presence of noise, A will not be rank-deﬁcient. In order to obtain a solution of the form of Eq. (11),
we replace A by the rank-deﬁcient matrix that best approximates it, for the Frobenius norm. This matrix is
easily obtained from the singular value decomposition of A [9].
Equation (11) says that, even with a single view, there is no ambiguity in the reconstruction, other than
that –well-known– of scale. An important point is that the reconstruction of the whole scene is obtained in
a single step.

4

Experimental Results

Figure 3 shows the original image with part of the user input superposed. The user input consists in the 16
points shown and knowledge that some sets of points belong to constant x, y or z, planes, and that some
other sets of points belong to lines parallel to x, y or z axes. Table 1 details all the user-deﬁned data. Figure
5 shows this information in a graphic way : planes orthogonal to the x and y axes are in light gray and white
respectively, and one horizontal plane is shown in dark gray (the topmost horizontal plane is not shown
because it would occlude the other planes)
Axis
Planes
Lines
x (1, 2, 9, 10, 11), (3, 4, 14, 15, 16), (5, 7, 12, 13)
y (5, 6, 10, 11, 12), (7, 8, 13, 14, 15), (1, 3, 9, 16) (1, 2)
z
(1, 2, 3, 4, 5, 6, 7, 8), (9, 12, 13, 16)

Table 1. User-deﬁned planes and lines. The numbers here are indexes of image points as shown in ﬁgure 3.
The ﬁrst column indicates the axis to which the planes are orthogonal and the lines are parallel.
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Fig. 5. User deﬁned planes orthogonal to the x axis (light gray), y axis (white) and z axis (dark gray).
The coordinates in the original image were transformed in the equivalent pin-hole model coordinates, and
used for reconstruction. Figure 6 shows some views of the texture-mapped resulting reconstruction. These
results are interesting in the sense that the required amount of information is small, just a single image and
reduced user input, and the whole surroundings of the sensor are obtained.

Fig. 6. Views of the reconstructed 3D model.

5

Discussion and Future work

We have shown that a sensor equipped with a spherical mirror can be approximately modelled by spherical
projection. Using a single-view reconstruction technique requiring limited user input, one obtains a model
of the environment (surroundings) of the robot that carries the sensor.
Such models can be directly used in the context of e.g, tele-operation. A remote user can instruct the
robot to move to desired position, simply by manipulating the model to reach the desired view point. Such
simple scene models can be transmitted even with low bandwidth connections.
There are a number of ways to further extend this work. On one hand, one can fuse diﬀerent models
together (by 3D-to-3D registration) to create large scene models and to improve the quality of the data (e.g.
texture resolution). Another research direction is that of automatically estimating geometric constraints that
can be used for 3D reconstruction, hence keeping the user intervention to a minimum. In the future, we plan
to use these models for closed-loop navigation, where acquired images should be compared to the model for
generating the appropriate commands.
This approach oﬀers a simple procedure for building a 3D model of the scene where a vehicle may
operate. Even though the models do not contain very ﬁne details, they can provide the remote user (or the
autonomous) robot with a suﬃciently rich description of the environment.
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