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Uhvxpr
R frqkhflphqwr gd rulhqwdêær rx dwlwxgh gh xp vdwìolwh/ uhodwlydphqwh d xp gdgr

uhihuhqfldo/ ì hvvhqfldo sdud shuplwlu r vhx dmxvwh dwudyìv gh dojrulwprv gh frqwuror
hp fdghld ihfkdgd1 Hvwh frqkhflphqwr gd dwlwxgh wruqd0vh dlqgd pdlv uhohydqwh
txdqgr rv vlvwhpdv vær dxwöqrprv h r vlvwhpd gh hvwlpdêær gh dwlwxgh whp gh vhu
pdlv suhflvr h urexvwr/ gh prgr d txh rv dojrulwprv gh frqwuror srvvdp dfwxdu vreuh
r vdwìolwh/ vhp lqwhuyhqêær kxpdqd d sduwlu gh hvwdêøhv whuuhvwuhv1

Hvwh wudedokr irl prwlydgr shod qhfhvvlgdgh gh rewhu xp pìwrgr gh hvwlpdêær
gh dwlwxgh h yhorflgdgh dqjxodu gh xp shtxhqr vdwìolwh hp ruelwd d edl{d dowlwxgh/
hp sduwlfxodu r vdwìolwh sruwxjxív SrVDW041 Hvwd fodvvh gh vdwìolwhv dsuhvhqwd xpd
vìulh gh fdudfwhulvwlfdv wdlv frpr d olplwdêær hp pdvvd h yroxph/ d qær olqhdulgdgh
gd glqåplfd h dv phglgdv grv vhqvruhv gh dwlwxgh txh/ sdud doìp gh uxlgrvdv/ qhp
vhpsuh hvwær glvsrqðyhlv/ ruljlqdqgr ghvd�rv lqwhuhvvdqwhv sdud d ghwhuplqdêær gh
dwlwxgh1

Rv pìwrgrv gh ghwhuplqdêær gh dwlwxgh glylghp0vh hp gxdv fodvvhv sulqflsdlv=
rv pìwrgrv srqwr0d0srqwr h rv pìwrgrv uhfxuvlyrv1 Rv pìwrgrv srqwr0d0srqwr vær
edvhdgrv qdv phglgdv gh shor phqrv grlv vhqvruhv gh dwlwxgh/ qxp gdgr lqvwdqwh
gh whpsr/ hqtxdqwr d hvwlpdêær uhfxuvlyd xvd lqirupdêær gh dprvwudv vxfhvvlydv/
ehp frpr r frqkhflphqwr gd glqåplfd gh dwlwxgh gr vdwìolwh1 Qhvwd glvvhuwdêær/ ì
hvwxgdgd d srvvlelolgdgh gh dsolfdêær gr pìwrgr srqwr0d0srqwr sru ghfrpsrvlêær
hp ydoruhv vlqjxoduhv +VYG,/ frpsdudqgr0d frp rv uhvxowdgrv rewlgrv sru xp Ilowur
gh Ndopdq Hvwhqglgr +HNI,1 Uhvxowdgrv gd dsolfdêær grv pìwrgrv ã vlpxodêær gr
SrVDW04/ xwlol}dqgr r vhx vhqvru gh vro h rv vhxv pdjqhwöphwurv/ ehp frpr d gdgrv
uhdlv gr shtxhqr vdwìolwh SrVDW04 vær dsuhvhqwdgrv1

Sdodyudv Fkdyh= Hvwlpdêær gh dwlwxgh/ Txdwhuqløhv/ Shtxhqrv vdwìolwhv/ Ilowur
gh Ndopdq Hvwhqglgr/ Pìwrgrv Srqwr d Srqwr1
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Devwudfw
Wkh ghwhuplqdwlrq ri d vdwhoolwh rulhqwdwlrq ru dwwlwxgh zlwk uhvshfw wr d jlyhq

frruglqdwh v|vwhp/ kdv d pdmru uroh lq jxlgdqfh/ qdyljdwlrq dqg frqwuro/ hvshfldoo|
iru dxwrqrprxv v|vwhpv zklfk duh ohvv idxow wrohudqw wkdq jurxqg0edvhg v|vwhpv1

Wklv zrun zdv prwlydwhg e| wkh qhhg wr ghyhors d phwkrg wr hvwlpdwh erwk
wkh dwwlwxgh dqg wkh dqjxodu yhorflw| ri d orz ruelw vpdoo vdwhoolwh/ lq sduwlfxodu wkh
Sruwxjxhvh vdwhoolwh SrVDW041 Wklv fodvv ri vdwhoolwhv kdv d qxpehu ri fkdudfwhulvwlfv
vxfk dv pdvv dqg yroxph frqvwudlqwv/ qrq0olqhdu htxdwlrqv ri prwlrq dqg qrlv|
phdvxuhphqwv iurp wkh dwwlwxgh vhqvruv zklfk duh qrw dydlodeoh dorqj wkh zkroh
ruelw ri wkh vdwhoolwh1

Vdwhoolwh dwwlwxgh ghwhuplqdwlrq phwkrgv xvxdoo| idoo lq rqh ri wzr fodvvhv= srlqw0
wr0srlqw dqg uhfxuvlyh hvwlpdwlrq dojrulwkpv1 Srlqw0wr0srlqw dwwlwxgh ghwhuplqdwlrq
lv edvhg rq wkh phdvxuhphqwv ri wzr ru pruh vhqvruv lq d vlqjoh srlqw lq wlph/
zkloh uhfxuvlyh hvwlpdwlrq xvhv lqirupdwlrq iurp vxffhvvlyh wlph srlqwv/ dv zhoo
dv nqrzohgjh derxw wkh vsdfhfudiw dwwlwxgh g|qdplfv prgho1 Lq vpdoo vdwhoolwhv/
rqo| d vlqjoh dwwlwxgh vhqvru lv riwhq dydlodeoh/ gxh wr frvw dqg vsdfh frqvwudlqwv/
wkxv ohdglqj wr wkh h{sorudwlrq ri uhfxuvlyh hvwlpdwlrq edvhg vroxwlrqv/ vxfk dv wkh
Ndopdq �owhu1 Lq wklv zrun/ wkh uhvxowv ri xvlqj d srlqw0wr0srlqw Vlqjxodu Ydoxh
Ghfrpsrvlwlrq +VYG, dojrulwkp duh frpsduhg wr wkrvh rewdlqhg e| dq H{whqghg
Ndopdq Ilowhu +HNI,/ zkhq dssolhg wr d vlpxodwlrq ri SrVDW041 Uhvxowv iurp wkh
HNI/ dssolhg wr wkh vpdoo vdwhoolwh SrVDW04 uhdo gdwd/ lv dovr suhvhqwhg1

Nh|zrugv= Dwwlwxgh hvwlpdwlrq/ Txdwhuqlrqv/ Vpdoo Vdwhoolwhv/ H{whqghg Ndopdq
Ilowhu/ Srlqw0wr0srlqw Phwkrgv1
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Suhidfh dqg Dfnqrzohgjphqwv
L juhdwo| dfnqrzohgjh p| wkhvlv wr p| vxshuylvru Surihvvru Shgur Olpd iru klv

jxlgdqfh/ vxssruw dqg iulhqgvkls gxulqj wklv zrun dqg iru jlylqj ph wkh rssruwxqlw|
wr sduwlflsdwh lq wkh FrqVdw surmhfw1

L zrxog olnh wr h{suhvv p| judwlwxgh wr p| froohdjxhv zlwklq wkh FrqVdw Surmhfw
vshfldoo| wr Shgur Wdyduhv dqg Sdxor Wdexdgd iru wkhlu iulhqgvkls dqg vxssruw
dv zhoo dv wr wkh Lqvwlwxwh iru V|vwhpv dqg Urerwlfv +LVU, iru surylglqj ph zlwk
h{fhoohqw zrun frqglwlrqv1

D hvshfldo wkdqnv wr Gu1 Khupdq Vwh|q zkr vkduhg zlwk ph klv h{shulhqfh dv
WhdpOhdghu ri Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq dqg Frqwuro V|vwhp ri wkh Vxuuh|
Vsdfh Fhqwhu/ dqg dovr wr Suri1 Wkrpdv Edn iurp Ddoeruj Xqlyhuvlw|/ Ghsduwphqw
ri Frqwuro Hqjlqhhulqj/ iru ehlqj vr sdwlhqw derxw p| grxewv/ wr Pdun Slwwhondx
iru klv iulhqgvkls dqg hqoljkwhqhg frqyhuvdwlrqv derxw Dwwlwxgh Ghwhuplqdwlrq V|v0
whp +DGV,1 Wr wkh SUD[LV [[L4 surjudp wkdw �qdqfhg p| suhvhqwdwlrq lq wkh
Dphulfdq Lqvwlwxwh ri Dhurqdxwlfv dqg Dvwurqdxwlfv +DLDD, frqihuhqfh lq Ghqyhu
zklfk jdyh ph wkh rssruwxqlw| wr phhw zrqghuixo shrsoh olnh Mrkq Mxqnlqv/ Gdqlhoh
Pruwdul/ Pdofrp Vkxvwhu/ Odqglv Pdunoh|/ Pxuw| Fkdood/ Juhjru| Qdwdqvrq/ Lw}dfn
Edu0Lw}dfn/ \1 Rvkpdq/ Uhlqhu1

L zrxog olnh wr wkdqn p| idplo| dqg p| kxvedqg iru lwv frqwlqxhg vxssruw dqg
djdlq wr p| vxshuylvru Surihvvru Shgur Olpd/ zkr uhdg wkurxjk wkh pdqxvfulsw
ehiruh L vxeplwwhg lw1

Ilqdoo|/ L zrxog olnh wr wkdqn wkh HVW2LSV +Hvfrod Vxshulru gh Whfqrorjld 0
Sro|whfkqlf Lqvwlwxwh ri Vhwýedo, iru hqfrxudjlqj dqg vxssruwlqj wklv zrun1

4Wklv zrun lv vxssruwhg e| SUD[LV [[L surjudp surmhfw SUD[LV2626142FWDH24<752<8

ly



Frqwhqwv

4 Lqwurgxfwlrq 4
414 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4
415 Klvwrulfdo Shuvshfwlyh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

41514 Lwhudwlyh Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6
41515 Srlqw0wr0srlqw Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7

416 Jrdov dqg Frqwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9
417 Wkhvlv Rxwolqh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

5 Vsdfhfudiw Dwwlwxgh Prghov ;
514 Frruglqdwh V|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;
515 Urwdwlrq Yhfwru dqg Iudph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

51514 Gluhfwlrq Frvlqh Pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43
51515 Hxohu D{lv2Dqjoh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
51516 Hxohu Dqjohv urooE��/ slwfkEw�/ |dzE�� 1 1 1 1 1 1 1 1 1 1 1 1 1 47
51517 Jleev Yhfwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48
51518 Hxohu V|pphwulf Sdudphwhuv 0 Txdwhuqlrqv 1 1 1 1 1 1 1 1 1 1 1 48

516 Dwwlwxgh Sdudphwhul}dwlrq Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53
517 Vsdfhfudiw Htxdwlrqv ri Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53

51714 G|qdplf Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
51715 Nlqhpdwlf Htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58
51716 Vpdoo Vdwhoolwh H{whuqdo Wrutxhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59

6 Dwwlwxgh Ghwhuplqdwlrq Phwkrgv 5;
614 Uhfxuvlyh Hvwlpdwlrq Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

61414 Ndopdq Ilowhu Dssolhg wr Vpdoo Vdwhoolwhv 1 1 1 1 1 1 1 1 1 1 1 63
61415 H{whqghg Ndopdq Ilowhu Lqwulqvlf Sureohpv 1 1 1 1 1 1 1 1 1 1 76

615 Srlqw0wr0srlqw Dssurdfkhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
7 Vlpxodwlrq Vhwxs 83

714 VlpVdw Vlpxodwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
715 SrVDW04 H{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84
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71514 SrVDW04 Whfkqlfdo Gdwd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
71515 SrVDW04 Vlpxodwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89
71516 SrVDW04 Uhdo Gdwd H{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

716 Whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3
717 Shuirupdqfh Fulwhuld 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

8 Uhvxowv :9
814 SrVDW04 Vlpxodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

81414 Whvw D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9
81415 Whvw G 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::
81416 Whvw J 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
81417 Whvw M 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
81418 Whvw E 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7
81419 Whvw H 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7
8141: Whvw K 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:
8141; Whvw N 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4
8141< Whvw F 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4
814143 Whvw I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9

815 SrVDW04 Uhdo Gdwd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9
9 Frqfoxvlrqv dqg Ixwxuh Zrun 434
D Glvfuhwh Ndopdq Ilowhu 43;

D14 Surfhvv Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
D15 Phdvxuhphqw Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<
D16 Xsgdwh hvwlpdwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<
D17 Fryduldqfh Pdwul{ dqg Rswlpdo Jdlq Pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 444
D18 Sursdjdwlrq ri wkh vwdwh yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 444
D19 Sursdjdwlrq ri wkh Huuru Fryduldqfh Pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 445
D1: NI Dojrulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 445

E Vlqjxodu Ydoxh Ghfrpsrvlwlrq +VYG, 447
E14 VYG Vroxwlrq wr Zdked*v Sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 448

E1414 Fryduldqfh pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
F Nhsohuldq Ruelwdo Hohphqwv 44:

F14 Ruelw vl}h dqg vkdsh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:
F15 Ruelwdo rulhqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44;
F16 Ruelwdo srvlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453
F17 Shwxuedwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453

G QRUDG Wzr0Olqh Hohphqw Vhw Irupdw 454
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Olvw ri Iljxuhv
514 Ruelwdo Fruglqdwh V|vwhp +RFV, dqg Erg| Frruglqdwh V|vwhp +EFV,1 <
515 Lqhuwldo Frruglqdwh V|vwhp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43
516 Gluhfwlrq Frvlqhv dqjoh ehwzhhq wuldg +K dqg +_1 1 1 1 1 1 1 1 1 1 1 1 44
517 Wkh rulhqwdwlrq ri d yhfwru h/ h{suhvvhg lq whupv ri wkh wuldg +_1 1 1 1 45
518 Dqjoh2d{lv urwdwlrq derxw 31 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46
519 Wkh Hxohu dqjoh �� 2� � urwdwlrq ru Uroo 0 �/ slwfk 0 w dqg |dz 0 )1 47
51: Furvv surgxfw ri wzr yhfwruv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
51; D uljlg erg| zlwk pdvv 6 kdv dq dffhohudwlrq @ gxh wr h{whuqdo irufh

61 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
51< Dqjxodu prphqwxp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
5143 Udwh ri fkdqjh ri d urwdwlqj yhfwru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56
5144 Udwh ri fkdqjh ri wkh dqjxodu prphqwxp ri d urwdwlqj uljlg erg|1 1 1 57
614 H{hfxwlrq Wlphv iru Urexvw Hvwlpdwlrq Dojrulwkpv +uhsulqwhg iurp

^68`,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79
714 SrVDW04 ghvljq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
715 H{sdqghg ylhz ri SrVdw041 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
716 Prwlrq ri d qxwdwlqj Vsdfhfudiw1 Wkh erg| frqh urov rq wkh vsdfhfudiw

frqh iru U� ' U2 : U�1 �s6 lv wkh sulqflsdo d{lv ri lqhuwld/ $ lv wkh
lqvwdqwdqhrxv urwdwlrq d{lv/ w lv wkh qxwdwlrq dqjoh dqg O lv wkh
dqjxodu prphqwxp1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

717 Vlqjoh d{lv dqdorjxh Vxq vhqvru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87
718 Wkh slfwxuh vkrzv wkh txdwhuqlrqv rewdlqhg iurp wkh dwwlwxgh pdwul{

hvwlpdwhv xvlqj +7148, 0 +714;,1 Wkh eoxh olqh lv uhihuuhg wr wkh hvwl0
pdwhv dqg wkh uhg olqh lv uhihuuhg wr wkh wuxh gdwd1 Iru ylvxdol}dwlrq ri
wkh VYG phwkrg/ d vljqdo lqglfdwlqj zkhq Vxq vhqvru phdvxuhphqwv
duh dydlodeoh lv kljk dqg orz rwkhuzlvh/ ruljlqdwlqj d vtxduh zdyh lq
doo sorwv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

719 Iurp |& wr |&n�wkh vljq ri wkh pd{lpxp ydoxh irxqg fdq qrw fkdqjh1 96
71: SrVDW04 uhdo gdwd phdvxuhg e| wkh pdjqhwrphwhuv ^>A `/ dw 5333244235/

33=33=671 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98
yll



71; SrVDW04 uhdo yhfwru pdjqhwlf prphqw p ^Dp2`/ iurp doo frlov/ vwduw0
lqj dw 5333244235/ 33=33=671 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98

71< SrVDW04 uhdo dwwlwxgh/ Hxohu dqjohv= uroo/ slwfk dqg |dz/ dw 5333244235/
33=33=671 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99

7143 SrVDW04 LJUI �fwk rughu uhihuhqfh �hog frpsrqhqwv ^>A `/ dw 5333244235/
33=33=67/ lq ruelwdo FV1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

7144 Ruelwdo Fruglqdwh V|vwhp +RFV, dqg Erg| Frruglqdwh V|vwhp +EFV,
iru SrVDW04 uhdo gdwd1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

7145 � dqjoh uhsuhvhqwhg lq wkh vdwhoolwh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6
814 Whvw D1 UPV +eodfn olqh, ri wkh dqjxodu yhorflw| huuru ^udg2v` erxqghg

e| lwv vwdqgdug ghyldwlrq +eoxh olqh,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::
815 Whvw D1 UPV +eodfn olqh, ri wkh Hxohu dqjohv ^J` huuru lv erxqghg e|

lwv vwdqgdug ghyldwlrq +eoxh olqh,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;
816 Whvw D1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

817 Whvw D1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 :<

818 Whvw D1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<
819 Whvw D1 Wkh � hyroxwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3
81: Whvw G1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3

81; Whvw G1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 ;4

81< Whvw G1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4
8143 Whvw G1 Wkh � hyroxwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
8144 Whvw J1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

8145 Whvw J1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 ;6

8146 Whvw J1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7
8147 Whvw M1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8
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8148 Whvw M1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 ;8

8149 Whvw M1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9
814: Whvw E1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9

814; Whvw E1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 ;:

814< Whvw H1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0
odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;

8153 Whvw H1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 ;;

8154 Whvw H1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<
8155 Whvw K1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

8156 Whvw K1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 <3

8157 Whvw K1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
8158 Whvw N1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0

odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <4

8159 Whvw N1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho
lv wkh UPV iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1 1 1 1 1 1 1 1 <5

815: Whvw N1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
815; Whvw F1 UPV +eodfn olqh, ri wkh Hxohu dqjohv ^J` huuru lv erxqghg e|

lwv vwdqgdug ghyldwlrq +eoxh olqh, zklfk rqo| lv frpsxwhg rq VYG lv
uxqqlqj1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

815< Whvw F1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0
odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7

8163 Whvw F1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 1 1 1 1 1 1 1 1 1 1 <7

8164 Whvw F1 Hxohu dqjoh huuru1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
8165 Whvw F1 Hxohu dqjoh huuru1 Ghwdlo ri Ilj1 81641 1 1 1 1 1 1 1 1 1 1 1 1 1 <8
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8166 Whvw F1 Wkh � hyroxwlrq1 Hvwlpdwhg +eoxh olqh, dqg wuxh +uhg olqh,
ydoxhv ri �1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <9

8167 Whvw I1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjx0
odu yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu
yhorflw| ^/%c+c5 huu@udg2v`1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

8168 Whvw I1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 1 1 1 1 1 1 1 1 1 1 <:

8169 Whvw ]S1 HNI hvwlpdwhv/ iru dsur{1 :15 ruelwv/ ri wkh Hxohu dqjohv
+eoxh olqh, lq frpsdulvrq zlwk wkh hvwlpdwhv ri wkh HNI rq0erdug
ri wkh SrVDW04 vdwhoolwh +uhg olqh,1 Wkh pdjqhwrphwhuv duh wkh rqo|
gdwd vxsoolhg wr wkh �owhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

816: Whvw ]S1 HNI hvwlpdwhv ri wkh dqjxodu yhorflw| ^udg2v` iurp SrVDW04
uhdo gdwd iru 47 ruelwv1 Pdjqhwrphwhuv phdvxuhphqwv duh wkh rqo|
gdwd vxssolhg wr wkh �owhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

D14 Frqwlqxrxv surfhvv vdpsohg dw glvfuhwh wlphv dqg dq glvfuhwh phd0
vxuhphqw prgho1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

D15 Ndopdq �owhu orrs1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446
F14 Gh�qlwlrq ri wkh ruelw vl}h dqg vkdsh sdudphwhuv1 1 1 1 1 1 1 1 1 1 1 1 44;
F15 Gh�qlwlrq ri wkh ruelwdo rulhqwdwlrq sdudphwhuv1 1 1 1 1 1 1 1 1 1 1 1 1 44<
G14 Wkh ghvfulswlrq ri wkh frpsdfw irup ri wkh wzr0olqh hohphqw +WOH,

irupdw1 Lw frqvlvwv ri wkuhh olqhv/ zkhuh wkh �uvw lv wkh vdwhoolwhv*v
qdph dqg wkh qh{w wzr olqhv fruuhvsrqg wr wkh gdwd lq d uljlg irupdw1 455
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Olvw ri Wdeohv
714 Wzr0Olqh Hohphqw ri SrVDW04 xvhg lq VlpVdw hqylurqphqw1 1 1 1 1 1 8;
715 QRUDG hohphqwv xvhg ri wkh SrVDW04 vlpxodwlrq lq Vlpvdw1 1 1 1 1 1 8;
716 Wkh Wzr0Olqh Hohphqw ri SrVDW04 xvhg iru uhdo gdwd h{shulphqwv1 1 96
717 QRUDG hohphqwv xvhg ri wkh SrVDW04 uhdo gdwd1 1 1 1 1 1 1 1 1 1 1 1 97
718 Wkh vhyhudo whvwv shuiruphg wr wkh gdwd lq wklv zrun1 Wkh vkruwqdph

Lqlw lv uhihuuhg wr wkh lqlwldo frqglwlrqv sursrvhg1 1 1 1 1 1 1 1 1 1 1 1 1 :3
719 Wkh lqlwldo vwdwh frqglwlrqv dssolhg wr wkh SrVDW04 vlpxodwlrq1 1 1 1 :4
71: Lqlwldo ruelw frqglwrqv iru Mdqxdu|/ 4<<:1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4
71; Lqlwldo slwfk dqg dqjxodu yhorflw|1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4
71< Ghvluhg slwfk dqg dqjxodu yhorflw| iru wkh forvhg orrs whvwv1 1 1 1 1 1 1 :5
814 UPV vxppdu| ri wkh pd{lpxp Hxohu dqjohv iru doo Whvwv1 1 1 1 1 1 1 <<
815 UPV vxppdu| ri dqjxodu yhorflw| huuru iru doo Whvwv1 1 1 1 1 1 1 1 1 1 433
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Qrphqfodwxuh
Dfurq|pv dqg Deeuhyldwlrqv
DFV
DGV
FV
FRS
HNI
HVRT
IRDP
JSV
JHR
LJUS
OHR
OYOK
PPH
QRUDG
RFV
EFV
LFV
HFHI
UHTXHVW
UWVI
TXHVW
VYG
VJS7
XWF
Ht1
k1r1w1
z1u1w1
yg1
l1h1
h1j1

Dwwlwxgh Frqwuro V|vwhp
Dwwlwxgh Ghwhuplqdwlrq V|vwhp
Frruglqdwh V|vwhp
Fodvvlfdo Ruelw Sdudphwhuv
H{whqghg Ndopdq Ilowhu
Hvwlpdwru ri wkh Rswlpdo Txdwhuqlrq
Idvw Rswlpdo Dwwlwxgh Pdwul{
Joredo Srvlwlrqlqj V|vwhp
JHRvwdwlrqdu| vdwhoolwh
Lqwhuqdwlrqdo Jhrpdjqhwlf Uhihuhqfh Ilhog
Orz Hduwk Ruelw
Orfdo Yhuwlfdo Orfdo Krulq}rqwdo frruglqdwh v|vwhp
Plqlpxp Prgho Huuru
Dhurvsdfh Ghihqvh Frppdqg Qruwk Dphulfdq
Ruelwdo Frruglqdwh V|vwhp
Erg| Frruglqdwh V|vwhp
Lqhuwldo Frruglqdwh V|vwhp
Hduwk0Fhqwhuhg Hduwk0Il{hg frruglqdwh v|vwhp
UHfxuvlyh TXduwhqlrq HVWlpdwru
Uhdo Wlph Vhtxhqwldo Ilowhu
TXduwhqlrq HVWlpdwru
Vlqjxodu Ydoxh Ghfrpsrvlwlrq
hvshfldo Jhqhudo Shwxuedwlrq prgho ri irxuwk rughu
Xqlyhuvdo Wlph Frruglqdwhg
Htxdwlrq
kljkwhu rughu whupv
zlwk uhvshfw wr
iurp wkh Odwlq ylghuh phdqlqj orrn dw
iurp wkh Odwlq lg hvw phdqlqj wkdw lv
iurp wkh Odwlq h{hpsol judwld phdqlqj iru h{dpsoh

Olvw ri V|perov
lE�� pdwul{ ohiw rshudwru ri d txdwhuqlrqlf pxowlsolfdwlrq
l lv wkh devroxwh dqjxodu yhorflw| ri d urwdwlqj iudph
sE�� pdwul{ uljkw rshudwru ri d txdwhuqlrqlf pxowlsolfdwlrq
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t Hxohu v|pphwulf sdudphwhuv ru txdwhuqlrq
^ yhfwru sduw ri d txdwhuqlrq/ ^�/ ^2/ ^�
^e vfdodu sduw ri d txdwhuqlrq
tW frqmxjdwh ri d txdwhuqlrq
t3� lqyhuvh ri d txdwhuqlrq
� gluhfwlrq frvlqh pdwul{
�Et� gluhfwlrq frvlqh pdwul{ h{suhvvhg lq whupv ri wkh txdwhuqlrqv ru

dwwlwxgh pdwul{
O dqjxodu prphqwxp
w olqhdu prphqwxp
U sulqflsdo prphqwv ri lqhuwld pdwul{1
� h|h pdwul{
�S|o, frqwuro wrutxh
�}} judylw| judglhqw wrutxh
�_�r| glvwxuedqfh wrutxh
���ee, prphqwxp zkhho wrutxh
4E|� pdjqhwlf prphqw jhqhudwhg e| wkh vdwhoolwh frlov
M6e@r jhrpdjqhwlf �hog phdvxuhg e| rq0erdug lqvwuxphqwv
MJ jhrpdjqhwlf �hog suhglfwhg e| wkh LJUI prgho
)K6e@r yhfwru ri revhuydwlrqv wdnhq e| rq0erdug lqvwuxphqwv
)J yhfwru ri phdvxuhphqwv rewdlqhg iurp d prgho ri wkh dwwlwxgh vhqvruv
-�� phdq glvwdqfh ri wkh vdwhoolwh wr Hduwk fhqwhu
-r srvlwlrq yhfwru ri wkh vdwhoolwh fhqwhu pdvv z1u1w Hduwk fhqwhu
A shulrg ri ruelw
a frvw ixqfwlrq
} Jleev yhfwru ru Urguljxhv sdudphwhuv
/f ruelw dqjxodu udwh
$ dqjxodu yhorflw| yhfwru
$JK� dqjxodu yhorflw| ri erg| FV z1u1w1 lqhuwldo FV h{suhvvhg lq ruelw FV
/%/+/5*KJ dqjxodu yhorflw| frpsrqhqwv %/+/5 lq erg| FV z1u1w1 lqhuwldo FV
� dqjoh ehwzhhq wkh vdwhoolwh*v errp dqg wkh orfdo yhuwlfdo
> Hduwk*v judylwdwlrqdo frqvwdqw/ 61<;9338{43�e p�v32
{A vdpsolqj wlph
{ vwdwh yhfwru
�c wc � uroo/ slwfk/ |dz
7�E?� vshfldo ruwkrjrqdo Olh jurxs ri glphqvlrq ?
	i�/	i2/	i� frqvwlwxhqw yhfwruv ru xqlw yhfwruv wkdw iurp d FV1

Lwv gluhfwlrqv kdyh wkh srvlwlyh d{hv ri d FV1

{lll



x Hxohu urwdwlrq dqjoh
B$ dqjxodu yhorflw| shuwxuedwlrq yhfwru
Bt txdwhuqlrq shuwxuedwlrq yhfwrui8j iudph

Whuplqrorj|
doehgr iudfwlrq ri uh hfwhg udgldwlrq iurp wkh joreh gxh wr doo lqflghqw hqhuj| wkdw

idoov rq lwv vxuidfh
lqiuduhg +LU, wrwdo wkhupdo udgldwlrq iurp erwk wkh vxuidfh dqg wkh dwprvskhuh
Uroo/ Slwfk/ \dz Hxohu dqjohv ghvfulelqj wkh vdwhoolwh dwwlwxgh1 Uroo lv wkh �uvw

urwdwlrq durxqg wkh %0d{lv ri wkh ruelwdo frruglqdwh v|vwhp/ slwfk lv wkh qh{w
urwdwlrq durxqg wkh urwdwhg +0d{lv/ dqg |dz wkh �qdo urwdwlrq durxqg wkh
urwdwhg 50d{lv1

Xqlyhuvdo Frruglqdwhg Wlph lv d wlph vfdoh ghwhuplqhg xvlqj kljko| suhflvh
dwrplf forfnv1 Wkh ohqjwk ri d XWF vhfrqg lv gh�qhg lq whupv ri dq dwrplf
wudqvlwlrq ri wkh hohphqw fhvlxp xqghu vshfl�f frqglwlrqv/ dqg lv qrw gluhfwo|
uhodwhg wr dq| dvwurqrplfdo skhqrphqd1

Vpdoo Vdwhoolwhv lq wkh vslulw ri wkh fxuuhqw vpdoo vdwhoolwh zruog/ wkh vpdoo ru
plfur vdwhoolwhv duh nqrzq e| wkh vorjdq �Idvwhu/ Ehwwhu/ Vpdoohu/ Fkhdshu�1
Vpdoo vdwhoolwhv duh fkdudfwhul}hg e| oljkwhu v|vwhpv ghvljqhg lqvlgh vpdoohu
yroxphv zhljklqj ohvv wkdq 833nj1 Ehfdxvh ri wkh exgjhw uhvwulfwlrqv wkh| duh
exlow lq ihz |hduv ohdglqj wr d txlfn wxuq0durxqg lqvwhdg |hduv ri sodqqlqj
zkhq frpsduhg wr wkh frpphufldo vsdfh lqgxvwu|1 Vr ohdglqj0hgjh whfkqro0
rj| lv urxwlqho| lqfoxghg lq rughu wr surylgh lqqrydwlyh vroxwlrqv1 Wkh| duh
dxwrqrprxv v|vwhpv xvxdoo| kdylqj orz Hduwk ruelw1

gh{wudo uljkw0kdqghg1
Iudph lv dq ruwkrjrqdo uljkw0kdqghg wuldg zkrvh frqvwlwxhqw yhfwruv duh xqlw yhf0

wruv1
Frruglqdwh V|vwhp lv gh�qhg dv d iudph exw xvhg wr ghqrwh vshfldo iudphv uhodw0

lqj wkh vdwhoolwh/ lwv ruelw dqg wkh Hduwk1
frqvwlwxhqw yhfwru yhuvru ru xqlw yhfwru 	i1
Hfolswlf lv wkh phdq sodqh ri wkh Hduwk*v ruelw derxw wkh Vxq1
Suhfhvvlrq ri wkh htxlqr{hv lv wkh srlqw zkhuh wkh hfolswlf furvvhv wkh Hduwk

htxdwru iurp vrxwk wr qruwk1
{ly



]hqlwk lv d xqlw yhfwru lq wkh frqwuro FV srlqwlqj wr wkh gluhfwlrq rssrvlwh wr wkh
fhqwhu ri Hduwk1

Qdglu lv wkh gluhfwlrq rssrvlwh wr wkh ]hqlwk1
Jhrvwdwlrqdu| Vdwhoolwh lv d vdwhoolwh zkrvh ruelw kdv d shulrg ri rqh vlghudo gd|

+476916 plqxwhv, zlwk }hur lqfolqdwlrq dqg hffhqwulflw|/ l1h1/ dq htxdwruldo dqg
flufxodu ruelw1

Srodu ruelw lv dq ruelw zkrvh sodqh lv lqfolqhg derxw bfJ wr wkh htxdwruldo sodqh
lqwhuvhfwlqj wkh Qruwk dqg Vrxwk srohv1

{y



Fkdswhu 4
Lqwurgxfwlrq
414 Prwlydwlrq

Hvwlpdwlqj wkh rulhqwdwlrq ri d vsdfhfudiw zlwk uhvshfw wr +z1u1w1, d Frruglqdwh
V|vwhp +FV, lv hvvhqwldo iru prvw vsdfh plvvlrqv lq rughu wr vxssruw dq ruelw pd0
qrhxyuh1 Zlwkrxw dq h!flhqw dwwlwxgh ghwhuplqdwlrq dojrulwkp/ wkh plvvlrq pd|
idlo1 Wklv lv hyhq pruh lpsruwdqw iru dxwrqrprxv vsdfhfudiwv/ vxfk dv Orz Hduwk
Ruelw +OHR, vdwhoolwhv/ JHRvwdwlrqdu| +JHR, vdwhoolwhv/ ru lqwhusodqhwdu| vdwhoolwhv1

Gxh wr wkhlu w|slfdoo| orz exgjhw/ vpdoo vdwhoolwhv vx�hu vwuxfwxuh uhvwulfwlrqv1
Wkh| kdyh olplwhg pdvv dqg yroxph/ orz frvw frpsrqhqwv/ orz frvw wr odxqfk/ qrq0
rswlpdo ruelw lqvhuwlrq1 Wkurxjk wkh |hduv/ vpdoo vdwhoolwhv kdyh surylghg d sodwirup
iru vflhqwl�f uhvhdufk zkhuh qhz surgxfwv ru v|vwhp frqfhswv fdq eh ghprqvwudwhg/
pdnlqj srvvleoh iru vpdoo vdwhoolwhv wr ehqh�w iurp ohdglqj0hgjh whfkqrorj|1 Wkhuh0
iruh/ pruh dqg pruh vpdoo vdwhoolwhv fdq dffrpsolvk pdq| ixqfwlrqv ri wkh frq0
yhqwlrqdo vdwhoolwhv zlwkrxw wkh kxjh frvwv dvvrfldwhg zlwk lw1 Dq h{dpsoh lv wkh
frpphufldo Jhplql jhrvwdwlrqdu| plqlvdwhoolwh +wr eh odxqfkhg lq 5336 e| Vxuuh|
Vsdfh Fhqwhu/ XN, wkdw zloo surylgh uholdeoh dqg dffhvvleoh frppxqlfdwlrqv vhuylfhv
iru Qljhuld dqg Zhvw Diulfdq frxqwulhv1 Pruhryhu/ lw lv srvvleoh wr kdyh d txlfn wxuq0
durxqg lqvwhdg d ghfdgh ri sodqqlqj dqg exloglqj dv lw lv w|slfdo zlwk frqyhqwlrqdo
vdwhoolwhv1

Vlqfh vpdoo vdwhoolwhv duh w|slfdoo| lq OHR/ wkh suhihuuhg dwwlwxgh dfwxdwruv duh
wkrvh zklfk jhqhudwh d pdjqhwlf prphqwxp wkdw lqwhudfwv zlwk wkh Hduwk jhrpdj0
qhwlf �hog/ wkxv jhqhudwlqj d wrutxh wkdw urwdwhv wkh vdwhoolwh1 Wkhvh dfwxdwruv duh
fkhds wr exlog dqg kdyh orqj vhuylfh olih vlqfh qr ixho lv xvhg h{fhsw iru hohfwulf
srzhu zklfk lv rewdlqhg iurp wkh vrodu sdqhov1 Dovr jdv mhwv duh ehfrplqj dq rswlrq
iru wklv fodvv ri vdwhoolwhv exw wkhlu olih lv olplwhg e| jdv dydlodelolw|1

Wklv zrun lv lqfoxghg lq wkh FrqVdw4 surmhfw zklfk dlpv dw vwxg|lqj wkh g|qdp0
4Wklv zrun lv vxssruwhg e| SUD[LV [[L surjudp surmhfw SUD[LV2626142FWDH24<752<8/
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4151 KLVWRULFDO SHUVSHFWLYH

lfv ri erglhv xqghu wkh lq xhqfh ri judylwdwlrqdo/ dhurg|qdplf dqg frqwuro wrutxhv
lq wkh sduwlfxodu fdvh ri vpdoo vdwhoolwhv1 Wkh zrun fduulhg rxw lq wklv glvvhuwdwlrq
lv lqfoxghg lq wkh ghyhorsphqw ri qhz dssurdfkhv wr wkh dwwlwxgh frqwuro zkhuh
dwwlwxgh ghwhuplqdwlrq lv hvvhqwldo1

Wkhuh duh d uhgxfhg qxpehu ri dwwlwxgh vhqvruv rq0erdug vpdoo vdwhoolwhv= pdj0
qhwrphwhuv> Vxq vhqvruv> JSV 0 Joredo Srvlwlrqlqj V|vwhp> Hduwk vhqvruv> krul}rq
vhqvruv> vwdu vhqvruv1 Qrqh ri wkhvh vhqvruv surylghv gluhfwo| hlwkhu wkh dwwlwxgh ru
wkh dqjxodu yhorflw|/ h{fhsw Vwdu vhqvruv wkdw jlyh wkh dwwlwxgh ri wkh fdphud z1u1w1
lqhuwldo FV1 Wkh vwxg| ri wkh hvwlpdwlrq phwkrgv vxlwdeoh iru wkhvh uhgxfhg dwwlwxgh
vhqvruv dqg frslqj zlwk lwv qrlv| phdvxuhphqwv dqg dydlodelolw| lv sduw ri wklv zrun1
Riwhq rqo| d vlqjoh dwwlwxgh vhqvru/ wkh pdjqhwrphwhu/ lv dydlodeoh gxulqj wkh zkroh
ruelw/ ohdglqj wr wkh xvdjh ri wkh uhfxuvlyh Ndopdq Ilowhu +NI, wr hvwlpdwh wkh vwdwh
yhfwru1 Wkh srlqw0wr0srlqw phwkrgv duh vwxglhg dv dq dowhuqdwlyh wr Ndopdq Ilowhuv/
wr dyrlg wkhlu lpsohphqwdwlrq frpsoh{lw| dqg wkh dvvxpswlrqv pdgh rq wkh surfhvv
prgho dqg shuwxuedwlrqv1 Wklv lv sduwlfxoduo| wuxh iru qrq0olqhdu v|vwhpv/ dv lw lv
wkh fdvh iru vpdoo vdwhoolwhv/ gxh wr wkh qhhg wr olqhdul}h wkh NI durxqg wkh v|vwhp
wudmhfwru| dw hdfk vwhs 0 H{whqghg Ndopdq Ilowhu +HNI,1 Krzhyhu wkhvh phwkrgror0
jlhv mxvw hvwlpdwh wkh dwwlwxgh exw lw lv dovr hvvhqwldo wr kdyh hvwlpdwhv iurp dqjxodu
yhorflw| vlqfh xvxdoo| vpdoo vdwhoolwhv gr qrw kdyh j|urv rq0erdug1 Dovr/ wkh idfw
wkdw wkh srlqw0wr0srlqw phwkrgv/ lq rughu wr zrun/ pxvw kdyh dydlodeoh dw ohdvw phd0
vxuhphqwv ri wzr dwwlwxgh vhqvruv5 lq d vlqjoh srlqw lq wlph/ duh dovr dgguhvvhg lq
Fkdswhu 7/ dqg wkhq dssolhg wr SrVDW04 vdwhoolwh1

SrVDW04/ d vpdoo vdwhoolwh odxqfkhg lq 4<<6 e| Vxuuh| Vsdfh Fhqwhu dqg rzqhg
e| d Sruwxjxhvh Frqvruwlxp/ r�huv fkdoohqjlqj sureohpv/ zlwk wkhlu vhqvru dqg df0
wxdwru uhvwulfwlrqv1 Wkh vdwhoolwh kdv d judylw| judglhqw errp iru Hduwk vwdelol}dwlrq
xvlqj plqlpxp hqhuj|1 Gxh wr wkh vrodu sdqhov/ sodfhg rq lwv 7 idfhwv/ wkh vdwhoolwh
lv nhsw vslqqlqj vorzo| derxw wkh 50d{lv1

415 Klvwrulfdo Shuvshfwlyh
Wkh pdlq jrdo ri wkh dwwlwxgh ghwhuplqdwlrq v|vwhp lv wr frpsxwh wkh dwwlwxgh

ri d erg| �{hg FV z1u1w1 d FV ri lqwhuhvw/ dv zhoo dv wkh dqjxodu yhorflw|/ edvhg rq
qrlv| yhfwru phdvxuhphqwv wdnhq lq erwk v|vwhpv1

Wkhuh duh wzr zlgho| dssolhg phwkrgrorjlhv wr wkh dwwlwxgh ghwhuplqdwlrq sure0
ohp= wkh Ndopdq �owhu dqg wkh srlqw0wr0srlqw phwkrgv1 Dowkrxjk erwk hphujhg
lq wkh vl{wlhv/ rqo| uhfhqwo| srlqw0wr0srlqw phwkrgv kdyh ehhq vxemhfw wr lqwhqvlyh
uhvhdufk1 Lq frqwudvw/ wkh Ndopdq �owhu kdv ehhq dssolhg vxffhvvixoo| wr pdq| gli0
ihuhqw hvwlpdwlrq sureohpv vlqfh lw lv zhoo0vxlwhg wr hvwlpdwh vwdwh yhfwruv ri pxowl0
�Vwdelol}dwlrq dqg Frqwuro ri vpdoo Vdwhoolwhv�1

5H{fhsw wkh WULDG srlqw0wr0srlqw dojrulwkp1
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4151 KLVWRULFDO SHUVSHFWLYH

lqsxw2rxwsxw v|vwhpv edvhg lq pxowl0vhqvru gdwd1 Dq klvwrulfdo shuvshfwlyh lv pdgh/
edvhg rq wkhvh wzr phwkrgrorjlhv dqg frqvlghulqj dovr wkh dwwlwxgh sdudphwhul}d0
wlrqv xvhg1
41514 Lwhudwlyh Phwkrgv

Ndopdq �owhu*v dghtxdf| iru uhdo0wlph hvwlpdwlrq lv gxh wr lwv uhfxuvlyh sur0
fhvvlqj ri qrlv| vhqvru phdvxuhphqwv wr ghwhuplqh wkh vxffhvvlyh plqlpxp yduldqfh
vwdwh hvwlpdwhv1 Dvvxplqj vwdwlvwlfv ri wkh v|vwhp dqgphdvxuhphqwv qrlvh dv nqrzq/
dqg wdnlqj dgydqwdjh ri wkh v|vwhp prgho/ wkh �owhu sursdjdwhv wkh hvwlpdwhg vwdwh
iurp rqh wlph vwhs wr wkh qh{w1 Qhyhuwkhohvv/ wkhuh duh vhyhudo sureohpv dvvrfl0
dwhg zlwk wkh dssolfdwlrq ri Ndopdq �owhu wr vpdoo vdwhoolwhv/ h{sodlqhg lq ghwdlo lq
Vhfwlrq 614151

Eh|rqg wkh fkrlfh ri wkh �owhu/ wkh dwwlwxgh uhsuhvhqwdwlrq lv dqrwkhu sureohp0
dwlf lvvxh dgguhvvhg e| pdq| dxwkruv dqg uhylhzhg e| Vkxvwhu ^74`1 Txdwhuqlrq
uhsuhvhqwdwlrq lv wkh prvw frpprqo| xvhg vdwhoolwh dwwlwxgh hvwlpdwlrq ehfdxvh lw
lv qrw vlqjxodu iru dq| urwdwlrq1 Krzhyhu lw lv vxemhfw wr wkh frqvwudlqw tAt' � lq
rughu wr pdlqwdlq ruwkrjrqdolw| lq wkh hvwlpdwhg dwwlwxgh1 Wklv frqvwudlqw pxvw eh
wdnhq lqwr dffrxqw gxulqj wkh lpsohphqwdwlrq ri wkh HNI/ rwkhuzlvh wkh fryduldqfh
pdwul{ ehfrphv vlqjxodu1 Oh�huv hw do1 ^5:` ghvfulehg wkuhh gl�huhqw dssurdfkhv
wr flufxpyhqw wkh fryduldqfh pdwul{ vlqjxodulw| fdxvhg e| wkh txdwhuqlrq dwwlwxgh
uhsuhvhqwdwlrq1 Krzhyhu/ wkh dqjxodu yhorflwlhv duh rewdlqhg iurp j|urvfrshv/ zklfk
duh riwhq qrw xvhg lq vpdoo vsdfhfudiwv ehfdxvh qrw rqo| wkh| duh jhqhudoo| h{shqvlyh
exw dovr wkh| whqg wr idlo1 Dovr wr ryhufrph wkh txdwhuqlrq sureohp/ Edu0Lw}kdfn hw
do1 ^53` vkrzhg wkdw qrupdol}dwlrq lpsuryhv �owhu frqyhujhqfh dqg dffxudf|1 Dsso|0
lqj wkh fryduldqfh prgl�fdwlrqv ghvfulehg e| Oh�huwv hw do1 ^5:`/ Svldnl dqg Pduwho
^64`/ xvlqj rqo| pdjqhwrphwhu gdwd/ hvwlpdwhg wkh glvwxuedqfh wrutxhv dv zhoo dv wkh
dwwlwxgh/ dqjxodu yhorflw| dqg wkh yhfwru sduw ri wkh txdwhuqlrq/ ^ ' � ^� ^2 ^� �A 1
Wkh vfdodu sduw ri wkh txdwhuqlrq ^e lv rewdlqhg iurp wkh hvwlpdwhg yhfwru sduw xvlqj
wkh txdwhuqlrq frqvwudlqw1 Krzhyhu/ wkhlu phwkrg r�huv frduvh dwwlwxgh lqirupdwlrq
rqo| gxh wr wkh orz dffxudf| ri wkh revhuydwlrqv dqg wkh lqdffxudf| ri wkh nqrzohgjh
ri wkh Hduwk*v pdjqhwlf �hog/ dv vwuhvvhg e| wkh dxwkru*v1

Vlqfh wkh vdwhoolwh dwwlwxgh g|qdplfv lv d qrq0olqhdu v|vwhp zlwk qrq0olqhdu phd0
vxuhphqwv/ wkh dssolfdwlrq ri wkh Ndopdq �owhu lv rqo| srvvleoh diwhu olqhdul}dwlrq1
Wklv pd| ohdg wr glyhujhqfh sureohpv lq wkh huuru fryduldqfh pdwul{1 Vrph vrox0
wlrqv zhuh suhvhqwhg e| Eurzq dqg Kzdqj ^4;` lq rughu wr kdqgoh wklv sureohp1
Dovr Edn ^4` prghoohg vrph ri wkh glvfuhsdqflhv ehwzhhq wkh surfhvv prgho dqg wkh
dfwxdo ehkdylrxu ri wkh vsdfhfudiw dqg jdwkhuhg wkhp lq wkh fryduldqfh huuru pdwul{
ri dq HNI xvlqj pdjqhwlf �hog phdvxuhphqwv1 Ydwkvdo ^86` h{sdqghg wkh surfhvv
dqg phdvxuhphqw prghov wr vhfrqg rughu1 Krzhyhu/ wklv dssurdfk lqfuhdvhv wkh
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4151 KLVWRULFDO SHUVSHFWLYH

frpsoh{lw| ri wkh �owhu dqg uhsuhvhqwv d frpsxwdwlrqdo exughq1 Xvxdoo|/ lw lv rqo|
zruwkzkloh wr jr iru vhfrqg ru kljkhu rughu whfkqltxhv lq fdvh ri h{wuhph v|vwhp
qrqolqhdulwlhv1

Wkh surfhvv dqg phdvxuhphqw qrlvh duh dvvxphg wr eh prghoohg e| d }hur0phdq
Jdxvvldq vwrfkdvwlf surfhvv zlwk nqrzq fryduldqfh/ exw wkh fryduldqfh pdwulfhv
pxvw eh pdqxdoo| wxqhg/ qrw qhfhvvdulo| wr dfklhyh rswlpdo �owhu ghvljqv exw vrph0
wlphv wr lqfuhdvh forvhg orrs dwwlwxgh frqwuro shuirupdqfh1 Prrn dqg Mxqnlqv ^6:`
ghyhorshg d qhz dssurdfk/ ghvljqdwhg dv wkh Plqlpxp Prgho Huuru Hvwlpdwlrq
+PPH, phwkrg/ zkhuh wkh prgho huuru lv ghwhuplqhg gxulqj wkh hvwlpdwlrq sur0
fhvv1 Fudvvlglv dqg Pdunoh| ^:` xvhg wklv dssurdfk wr hvwlpdwh wkh dwwlwxgh ri d uhdo
vsdfhfudiw zlwkrxw wkh xwlol}dwlrq ri j|ur phdvxuhphqwv1 Krzhyhu/ wkh PPH �owhu
lv d edwfk hvwlpdwru1 Lqvsluhg lq wkhlu sdshu/ dqg dovr edvhg rq d suhglfwlyh wudfnlqj
vfkhph lqwurgxfhg e| Ox ^63`/ Fudvvlglv dqg Pdunoh| ^<` kdyh sursrvhg d suhglfwlyh
�owhu zkhuh wkh prgho huuru lv hvwlpdwhg dv sduw ri wkh vroxwlrq1 Wkh �owhu pd| wdnh
dq| irup/ hyhq qrqolqhdu/ vr wkh �owhu lv iuhh iurp fryduldqfh sursdjdwlrq/ ghfuhdv0
lqj wkh frpsxwdwlrqdo exughq dvvrfldwhg zlwk lw1 Pruhryhu/ lw fdq eh lpsohphqwhg
rq0olqh wr �owhu qrlv| phdvxuhphqwv/ hvwlpdwlqj txdwhuqlrq dwwlwxgh uhsuhvhqwdwlrq
dqg udwh wudmhfwrulhv1

Wkh Ndopdq �owhu xvhg lq wklv zrun lv edvhg rq wkh dssurdfk ri Svldnl dqg
Pduwho ^64` exw prgl�hg e| Vwh|q ^78` wr eh xvhg iru vdwhoolwhv zlwk |dz vslqqlqj
lqvwhdg ri dvvxplqj rqo| d 60d{lv qrplqdo Hduwk srlqwlqj vdwhoolwh dv grqh e| Svldnl
dqg Pduwho1 Dovr lq wklv glvvhuwdwlrq wkh Vxq vhqvruv duh xvhg wr lpsuryh �owhu
dffxudf|1 Wr dyrlg wkh fryduldqfh vlqjxodulw| wkh �owhu hvwlpdwhv wkh yhfwru sduw
ri wkh txdwhuqlrq/ uhgxflqj wkh udqn ri wkh fryduldqfh huuru pdwul{1 Wkh �owhu
fryduldqfh pdwul{ iru phdvxuhphqw lv edvhg lq wkh huuru duwl�fldoo| lqwurgxfhg lq
wkh VlpVdw6 vlpxodwru dqg lv sursrvhg dq huuru fryduldqfh pdwul{ iru wkh surfhvv
edvhg lq wkh txdwhuqlrq frqvwudlqw +vhh 61415,1
41515 Srlqw0wr0srlqw Phwkrgv

D gl�huhqw dssurdfk wr wkh dwwlwxgh hvwlpdwlrq sureohp frqvlvwv rq ghwhuplqlqj
wkh dwwlwxgh edvhg rq d vhtxhqfh ri qrlv| yhfwru phdvxuhphqwv1 Jlyhq d vhw ri ? � 2
yhfwru phdvxuhphqwv M�/111/M? lq wkh erg| v|vwhp/ dqg d vhw ri uhihuhqfh yhfwruv
h�/111/h? lq wkh ruelw v|vwhp/ wkhuh lv dq ruwkrjrqdo pdwul{ D +wkh dwwlwxgh pdwul{ ru
gluhfwlrq0frvlqh pdwul{, wkdw wudqvirupv urwdwlrqdo yhfwruv iurp wkh ruelwdo wr wkh
erg| frruglqdwhv1 Wkh sureohp ri �qglqj wkh ehvw hvwlpdwh ri wkh D pdwul{ zdv
srvhg e| Zdked ^87` zkr zdv wkh �uvw wr fkrrvh d ohdvw vtxduh fulwhulrq wr gh�qh
wkh ehvw hvwlpdwh/ l1h1/ wr �qg wkh ruwkrqrupdo pdwul{ D wkdw plqlpl}hv wkh orvv

6VlpVdw lv wkh vlpxodwlrq hqylurqphqw iru OHR vdwhoolwhv lpsohphqwhg lq Pdwode2Vlpxolqn
odqjxdjh xqghu wkh FrqVdw surmhfw1
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ixqfwlrq
uE�� ' �

2
?[

�'�
�� mM� ��h�m2 +414,

zkhuh �� lv d vhw ri srvlwlyh zhljkwv dvvljqhg wr hdfk phdvxuhphqw dqg m�m ghqrwhv
wkh Hxfolghdq qrup1 Lw zdv suryhg wkdw wkh orvv ixqfwlrq fdq eh uhzulwwhq dv

uE�� ' bf � |oE���A +415,
zlwk

bf '
?[

�'�
�� dqg � '

?[
�'�

��M�hA� +416,

Wkh orvv ixqfwlrq zloo eh plqlpxp zkhq wkh wudfh ri wkh pdwul{ surgxfw ��A
lv pd{lpxp/ xqghu wkh ruwkrqrupdolw| frqvwudlqw rq �1

Wkh t phwkrg/ lqwurgxfhg e| Gdyhqsruw ^44`/ surylghv d txdwhuqlrq0edvhg vr0
oxwlrq iru wkh Zdked sureohp/ zkhuh wkh dwwlwxgh txdwhuqlrq t zklfk plqlpl}hv
wkh orvv ixqfwlrq lv wkh hljhqyhfwru ri d pdwul{ g/ fruuhvsrqglqj wr g*v odujhvw
hljhqydoxh/ b4@ 1 Vkxvwhu ^6<` suhvhqwhg dq lpsohphqwdwlrq ri wkh t phwkrg/ wkh
TXduwhqlrq HVWlpdwru +TXHVW,/ zklfk sxusrvh lv wr ghwhuplqh b4@ dqg wkh
fruuhvsrqglqj t iurp wkh yhfwru revhuydwlrqv1 Wklv dyrlgv vroylqj wkh hljhqydoxh
sureohp h{solflwo|1 Wkh pdlq glvdgydqwdjh ri wklv phwkrg lv wkdw wkh phdvxuhphqwv
duh frpelqhg wr surylgh dq dwwlwxgh hvwlpdwh exw wkh frpelqdwlrq lv qrw rswlpdo lq
dq| vwdwlvwlfdo vhqvh1

Wkh Vlqjxodu Ydoxh Ghfrpsrvlwlrq +VYG, phwkrg/ zklfk frpsxwhv wkh dwwlwxgh
pdwul{ gluhfwo|/ lv yhu| vlpsoh dqg rqh ri wkh prvw urexvw hvwlpdwruv plqlpl}lqj
Zdked*v orvv ixqfwlrq/ wrjhwkhu zlwk wkh t phwkrg1 Krzhyhu/ wkh t phwkrg lv
idvwhu wkhq wkh VYG zkhq wkuhh ru pruh phdvxuhphqwv duh dydlodeoh ^68`1 Wkh Idvw
Rswlpdo Dwwlwxgh Pdwul{ +IRDP,/ lqwurgxfhg e| Pdunoh| ^67`/ lv d yduldwlrq ri wkh
t phwkrg zklfk dyrlgv wkh qhhg wr frpsxwh wkh hljhqyhfwruv dqg lv idvwhu wkdq wkh
t phwkrg/ wkrxjk htxdoo| urexvw1

Vkxvwhu dovr ghulyhg d vlpsoh h{suhvvlrq iru wkh fryduldqfh pdwul{ ri wkh Wkuhh
D{lv Dwwlwxgh Ghwhuplqdwlrq +WULDG, dojrulwkp ghgxfhg e| Ohuqhu ^5;`1 Lq wkh
odwwhu/ ghvslwh wkh vlpsolflw| ri wkh dwwlwxgh ghwhuplqdwlrq/ wkh fdofxodwlrq ri wkh
fryduldqfh pdwul{ zdv udwkhu frpsolfdwhg ehfdxvh ri wkh qhhg wr frpsxwh qxphurxv
sduwldo ghulydwlyhv dv gl�huhqfhv1 Ghvslwh lwv srsxodulw|/ wkh WULDG dojrulwkp7 fdq

7WULDG zdv lpsohphqwhg lq pdq| plvvlrqv/ iru lqvwdqfh wkh Vpdoo Dvwurqrp| Vdwhoolwh +VDV,
ru wkh Dwprvskhulf H{soruhu Plvvlrqv +DHP,1
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rqo| eh vroyhg iru wzr gl�huhqw dwwlwxgh phdvxuhphqwv1 Wklv uhsuhvhqwv dq lpsruwdqw
glvdgydqwdjh zkhq pruh phdvxuhphqwv duh dydlodeoh/ vlqfh vrph dffxudf| lv orvw1
Dfwxdoo|/ lw lv srvvleoh wr frpelqh wkh dwwlwxgh vroxwlrqv ri wkh ydulrxv revhuydwlrq
sdluv1 Krzhyhu/ wklv vroxwlrq whqgv wr eh wrr frvwo|1

Vr/ wkh srlqw0wr0srlqw phwkrgv wkdw xvh wkh yhfwru phdvxuhphqwv wr rewdlq wkh
dwwlwxgh dw d jlyhq wlph srlqw uhtxluh dw ohdvw wzr yhfwruv +h{fhsw wkh WULDG, wr
ghwhuplqh wkh dwwlwxgh dqg wkh| uhtxluh zhljkwlqj ri wkh hqwluh yhfwru phdvxuhphqw1
Doo srlqw0wr0srlqw phwkrgv idlo zkhq rqo| rqh vhw ri yhfwru phdvxuhphqwv lv dydlodeoh
+h1j1/ pdjqhwrphwhu gdwd rqo|,/ zklfk kdsshqv zkhq d vrodu hfolsvh rffxuv1 Pruh0
ryhu/ wkh| duh vlqjoh wlph srlqw edwfk dojrulwkp/ zkhuh doo phdvxuhphqwv wkdw duh
wdnhq dw d suhylrxv wlph duh ljqruhg1 Edu0Lw}dfn ^58` suhvhqwhg d uhfxuvlyh urxwlqh
ghulyhg iurp wkh TXHVW zklfk wdnhv lqwr dffrxqw doo wkh sdvw phdvxuhphqwv dqg
ehfdxvh ri wkdw hyhq rqh phdvxuhphqw lv hqrxjk wr xsgdwh wkh dwwlwxgh1 Lq rughu
wr gr vr/ wkh UHTXHVW dojrulwkp xvhv wkh nlqhpdwlf htxdwlrq wr sursdjdwh wkh
txdwhuqlrq rewdlqhg iurp wkh sdvw phdvxuhphqwv xqwlo wlph |&n� dqg xvhv lw wrjhwkhuzlwk wkh qhz phdvxuhphqwv dw wlph |&1 Lq vslwh ri wklv/ UHTXHVW uhtxluhv h{dfw
nqrzohgjh ri wkh dqjxodu yhorflw|/ uho|lqj rq j|urv phdvxuhphqwv1

Lq jhqhudo/ doo wkh srlqw0wr0srlqw phwkrgv ru ghwhuplqlvwlf phwkrgv frpsxwh
wkh dwwlwxgh pdwul{ h!flhqwo| dqg zlwk pxfk ohvv frpsxwdwlrqdo ordg wkdq wkh
HNI/ ehfdxvh wkh| gr qrw xvh lqirupdwlrq iurp wkh g|qdplf dqg nlqhpdwlf prghov/
dyrlglqj wkh prgholqj huuruv wkdw dulvh lq HNI1 Wkhuhiruh/ wkh| duh yhu| dwwudfwlyh
wr lpsohphqw lq vpdoo vdwhoolwhv zlwk vkruw frpsxwdwlrqdo uhvrxufhv1 Qhyhuwkhohvv/
wkh| doo uhtxluh wzr yhfwru phdvxuhphqwv lq rughu wr hvwlpdwh wkh dwwlwxgh1 Vrph
uhvhdufkhuv kdyh xvhg j|urvfrshv wr rewdlq wkh dqjxodu yhorflw|/ exw vr idu j|urv
duh vhogrp xvhg lq vpdoo vdwhoolwhv ehfdxvh wkh| duh xvxdoo| h{shqvlyh dqg duh riwhq
surqh wr idloxuhv/ dv uhihuuhg ehiruh1

416 Jrdov dqg Frqwulexwlrqv
Wkh pdlq jrdov dqg frqwulexwlrqv ri wklv zrun duh=

� Wr dqdo|vh wkh vhyhudo dssurdfkhv wr wkh sureohp ri dwwlwxgh hvwlpdwlrq lq
vpdoo vdwhoolwhv/ hvshfldoo| uhfxuvlyh yhuvxv srlqw0wr0srlqw phwkrgv1

� Wr ghwhuplqh wkh prvw vxlwdeoh uhsuhvhqwdwlrq iru vdwhoolwh dwwlwxgh/ wr eh xvhg
lq wkh DGV dqg DFV1

� Wr lpsohphqw dq HNI dqg wkh VYG srlqw0wr0srlqw phwkrg lq wkh VlpVdw
vlpxodwru/ frslqj zlwk SrVDW04 fkdudfwhulvwlfv1

� Wr lqwurgxfh d phwkrg iru wkh hvwlpdwlrq ri dqjxodu yhorflw| zkhq wkh VYG
dojrulwkp lv xvhg1

9



4171 WKHVLV RXWOLQH

417 Wkhvlv Rxwolqh
Wkh suhvhqw grfxphqw lv rujdql}hg dv iroorzv=

Fkdswhu 4/ Lqwurgxfwlrq 0 dq ryhuylhz wr wkh dwwlwxgh ghwhuplqdwlrq ri vpdoo
vdwhoolwhv lv suhvhqwhg dv zhoo dv wkh prwlydwlrq wr wklv zrun1 Dovr d klvwrulfdo shu0
vshfwlyh derxw wkh wzr pdlq phwkrgrorjlhv xvhg +NI dqg srlqw0wr0srlqw phwkrgv,/
frqvlghulqj wkh dwwlwxgh sdudphwhul}dwlrqv/ lv surylghg1

Fkdswhu 5/ Vsdfhfudiw Dwwlwxgh Prghov 0 wkh Frruglqdwh V|vwhpv uhohydqw wr
wkh hvwlpdwlrq sureohp duh ghvfulehg/ dv zhoo dv wkh vhyhudo zd|v wr uhsuhvhqw wkh
dwwlwxgh ri d vsdfhfudiw/ srlqwlqj rxw wkh prvw vxlwdeoh wr DGFV1 D eulhi h{sodqdwlrq
ri wkh g|qdplf htxdwlrqv ri d vslqqlqj uljlg erg| lv surylghg dqg vxevhtxhqwo|
sduwlfxodul}hg wr wkh vpdoo vdwhoolwhv h{whuqdo wrutxhv1

Fkdswhu 6/ Dwwlwxgh Ghwhuplqdwlrq Phwkrgv 0 wzr phwkrgv uhsuhvhqwdwlyh
ri wkh wzr pdlq dssurdfkhv wr wkh hvwlpdwlrq sureohp dssolhg wr vpdoo vdwhoolwhv
duh h{sodlqhg1 Wkh dojrulwkpv xvhg lq wklv zrun duh ghvfulehg/ dqg wkh fkdoohqjhv
lpsrvhg e| wkh vwdwh hvwlpdwlrq ri vpdoo vdwhoolwhv duh dovr dgguhvvhg1

Fkdswhu 7/ Vlpxodwlrq Vhwxs 0 SrVDW04/ wkh pdlq fdvh vwxg|/ lv whfkqlfdoo|
ghvfulehg zlwk dwwlwxgh hvwlpdwlrq lq shuvshfwlyh1 Wkh dwwlwxgh vhqvruv dydlodelolw|
dqg h!flhqf|/ dfwxdwruv uhvwulfwlrqv dqg wkh frqwuro prgho xvhg duh dovr ghvfulehg1
Wkh sureohpv idfhg zkloh lpsohphqwlqj wkh HNI dqg VYG dojrulwkpv duh ghvfulehg1

Fkdswhu 8/ Uhvxowv 0 wkh uhvxowv rewdlqhg iurp SrVDW04 vlpxodwlrq zlwk dqg
zlwkrxw d frqwuroohu lq wkh orrs duh suhvhqwhg1 D vwdwlvwlfdo dqdo|vlv ri wkh vhyhudo
whvwv shuiruphg wr wkh vlpxodwlrq ri SrVDW04 dqg d frpsdulvrq ri shuirupdqfh
ri wkh hvwlpdwru dojrulwkpv/ HNI dqg VYG lv rewdlqhg1 Edvhg rq pdjqhwrphwhuv
dqg dwwlwxgh hvwlpdwh iurp d �owhu uxqqlqj rq0erdug SrVDW04 vdwhoolwh/ wkh HNI
suhvhqwhg lq wklv zrun lv dssolhg dqg frpphqwv pdgh frqfhuqlqj wkh sureohpv
dvvrfldwhg wr wkh dgmxvwphqwv pdgh wr wkh lqlwldo NI irupxodwlrq1

Fkdswhu 9/ Frqfoxvlrqv dqg Ixwxuh Zrun 0 vrph frqfoxvlrqv duh gudzq/ dv
zhoo dv uhpdunv iru ixwxuh zrun1

:



Fkdswhu 5
Vsdfhfudiw Dwwlwxgh Prghov

Wkh rulhqwdwlrq ri d vsdfhfudiw pxvw eh nqrzq z1u1w1 wkh Hduwk/ wkh Vxq ru
wkh vwduv1 Vlploduo|/ wkh vhqvru phdvxuhphqwv/ wkh orfdo pdjqhwlf �hog/ dqg wkh
orfdo Vxq prgho pxvw kdyh lwv rulhqwdwlrq yhfwru ghvfulehg z1u1w1 d uhihuhqfh iudph1
Wkh Frruglqdwh V|vwhpv uhohydqw wr wklv zrun dv zhoo dv wkh sdudphwhul}dwlrq ri
lwv uhodwlrqv duh gh�qhg lq Vhfwlrq 5141 Wkh ixqgdphqwdo txdqwlw| wkdw uhsuhvhqwv
wkh dwwlwxgh ri d vsdfhfudiw lv wkh Gluhfwlrq Frvlqh Pdwul{ +GFP,/ exw wkhuh duh
rwkhu sdudphwhul}dwlrqv xvhg lq dhurvsdfh dssolfdwlrqv dv zhoo/ ghvfulehg lq Vhfwlrq
5151 Iru doo wkrvh fdvhv/ wkh sdudphwhuv xvhg duh uhodwhg wr wkh hohphqwv ri wkh
GFP1 Hdfk uhsuhvhqwdwlrq kdv lwv dgydqwdjhv2glvdgydqwdjhv1 Dq dqdo|vlv ri wkrvh
dgydqwdjhv2glvdgydqwdjhv lv shuiruphg lq Vhfwlrq 516 dqg wkh prvw frpprqo| xvhg
sdudphwhul}dwlrqv iru wkh dwwlwxgh ghwhuplqdwlrq sureohp lv lqihuuhg1

Ehjlqqlqj zlwk Qhzwrq*v vhfrqg odz/ wkh g|qdplf htxdwlrqv ri prwlrq iru d
vslqqlqj vdwhoolwh z1u1w d �{hg frruglqdwh v|vwhp lv eulh | rewdlqhg lq Vhfwlrq 517/
iroorzhg e| dq lqwurgxfwlrq wr wkh nlqhpdwlf htxdwlrqv1

514 Frruglqdwh V|vwhpv
Ilyh uhihuhqfh frruglqdwh v|vwhpv +gh{wudo ruwkrqrupdo wuldg, duh xvhg wkurxjk0

rxw wklv zrun1 Wkh prvw lpsruwdqw rqhv duh fhqwhuhg rq wkh vsdfhfudiw dqg wkh rwkhuv
h{suhvv wkh vdwhoolwh rulhqwdwlrq z1u1w1 wkh Hduwk1 Wzr ri wkrvh duh frqvlghuhg wr
eh htxdo/ frqwuro dqg erg| FV/ vlqfh wkh rqo| gl�huhqfh lv lq wkhlu d{hv ri lqhuwld/
zklfk lv qrw uhohydqw iru wkh sxusrvh ri wklv zrun1

Ruelwdo Frruglqdwh V|vwhp +RFV, ie�J/e�J/ e!Jj0 lwv ruljlq lv sodfhg lq wkh pdvvfhqwhu ri wkh vsdfhfudiw dqg lw lv dwwdfkhg wr vsdfhfudiw ruelw durxqg wkh Hduwk1 Wkhe!J lv srlqwlqj }hqlwk/ e�J lv wdqjhqw wr wkh ruelw rssrvlwh wr wkh ruelwdo yhorflw| dqge�J lv ruwkrjrqdo wr wkh sodqh ri ruelw1
Erg| Frruglqdwh V|vwhp +EFV, ie�K/ e�K/ e!Kj0 lwv ruljlq lv sodfhg lq wkh fhqwhu

;
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Iljxuh 514= Ruelwdo Fruglqdwh V|vwhp +RFV, dqg Erg| Frruglqdwh V|vwhp +EFV,1
pdvv ri wkh vsdfhfudiw dqg lwv d{hv duh wkh sulqflsdo d{hv ri lqhuwld1 Wklv uhihuhqwldo
iudph lv dwwdfkhg wr wkh erg| ri wkh vdwhoolwh/ urwdwlqj durxqg wkh d{lv zlwk wkh
vpdoohvw prphqw ri lqhuwld/ e!K/e�K dqge�K duh doljqhg zlwk wkh wzr uhpdlqlqj sulqflsdoprphqwv ri lqhuwld ri wkh vdwhoolwh lq rughu wr irup d uljkw0kdqghg wuldg1 Wklv lv wkh
uhihuhqfh FV iru dwwlwxgh phdvxuhphqwv dqg pdjqhwrutxhuv1

Frqwuro Frruglqdwh V|vwhp +FFV, ie�S/e�S/ e!Sj0 Zkhq wkh frruglqdwh v|vwhp
zklfk ruljlq lv wkh vdwhoolwh pdvv fhqwhu grhv qrw lqfoxgh wkh sulqflsdo d{hv ri lqhuwld/
dq dgglwlrqdo frruglqdwh v|vwhp pxvw eh frqvlghuhg zklfk lv xvxdoo| ghqrwhg dv wkh
frqwuro FV1 Iru dwwlwxgh hvwlpdwlrq sxusrvhv wklv lvvxh lv qrw wdnhq lqwr dffrxqw
vlqfh/ iru vlpsolflw| ri wkh hvwlpdwru dojrulwkp/ wkh dssur{lpdwlrq ri frqvlghulqj
wkh sulqflsdo d{hv ri lqhuwld dorqj wkh erg| FV lv pdgh/ lq rughu wr lqfuhdvh wkh
frpsxwdwlrqdo h!flhqf| ri wkh dojrulwkp1 Vr lq wklv zrun/ wkh FFV dqg wkh EFV
duh frqvlghuhg wr eh wkh vdph1

Lqhuwldo Frruglqdwh V|vwhp +LFV, ie��/ e��/ e!�j0 lwv ruljlq lv sodfhg rq wkh
Hduwk*v pdvv fhqwuh dqg lw grhv qrw urwdwh zlwk wkh Hduwk1 Wkh e!� lv dorqj wkh
Hduwk vslq yhfwru dqg srlqwv iurp Vrxwk wr Qruwk1 e�� dqg e�� irup d sodqh sdudooho wr
wkh Hduwk*v htxdwruldo sodqh/ zkhuhe�� lv dorqj wkh yhuqdo htxlqr{ dqge�� frpsohphqwvwklv uljkw0kdqghg wuldg1

Hduwk0Fhqwhuhg Hduwk0Il{hg +HFHI, Frruglqdwh V|vwhp ie�|/ e�|/ e!|j0 lwvruljlq lv sodfhg rq wkh Hduwk*v pdvv fhqwuh urwdwlqj zlwk Hduwk/ dqg lw frlqflghv zlwk

<
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Iljxuh 515= Lqhuwldo Frruglqdwh V|vwhp1
LFV rq wkh yhuqdo htxlqr{1 Krzhyhu/ Hduwk*v vslq d{lv lv qrw lqhuwldo exw lw urwdwhv
derxw wkh hfolswlf sroh/ d pryhphqw nqrzq dv wkh suhfhvvlrq ri wkh htxlqr{hv/ vorz
hqrxjk wr kdyh qhjoljleoh h�hfwv rq vpdoo vsdfhfudiw*v1

515 Urwdwlrq Yhfwru dqg Iudph
Wkhuh duh vhyhudo phwkrgv wr uhsuhvhqw wkh urwdwlrq ehwzhhq wzr frruglqdwh

v|vwhpv=
� Gluhfwlrq Frvlqh Pdwul{
� Hxohu Dqjoh2D{lv
� Hxohu Dqjohv= oJ,,/ R�|S�/ +@�
� Hxohu V|pphwulf Sdudphwhuv ru Txdwhuqlrqv
� Jleev Yhfwru
Wkh prvw jhqhudo uhsuhvhqwdwlrq ri d urwdwlrq ehwzhhq wzr wuldgv lv wkh GFP1

Lw lv dovr xvhg wr pds yhfwruv iurp rqh FV wr dqrwkhu1 Vlqfh wkh GFP lv gl!fxow wr
kdqgoh/ gl�huhqw dssurdfkhv wr dwwlwxgh yhfwruv uhsuhvhqwdwlrq dulvh lq vsdfhfudiw/
dqg duh xvhg wr sdudphwhul}h wkh GFP1 Wklv lv glvfxvvhg lq vhfwlrq 5161
51514 Gluhfwlrq Frvlqh Pdwul{

Ohw +_ dqg +K eh wzr FV +gh{wudo ruwkrqrupdo wuldg, zkrvh frqvwlwxhqw yhfwruvduh uhvshfwlyho| 	_�/ 	_2/ 	_�/ dqg 	M�/ 	M2/ 	M�1 Wkh gluhfwlrq frvlqh ehwzhhq 	M� dqg 	M�lv ���/ +vhh Ilj 516,1Wkh urwdwlrq ehwzhhq wkh wzr wuldgv +K dqg +_ fdq eh zulwwhq lq whupv ri wkh
frvlqh ri wkh dqjoh ehwzhhq hdfk ri wkh srvlwlyh +K frqvwlwxhqwv dqg hdfk ri wkh
srvlwlyh +_ frqvwlwxhqwv1

43



5151 URWDWLRQ YHFWRU DQG IUDPH

 

),cos(
^^

jiijA db=

 

1

^

d  
2

^

d  

3

^

d  

2

^

b
 

1

^

b  

3

^

b  

Iljxuh 516= Gluhfwlrq Frvlqhv dqjoh ehwzhhq wuldg +K dqg +_1
;?
=

	M� ' SJrE	M�c 	_��	_� n SJrE	M�c 	_2�	_2 n SJrE	M�c 	_��	_�	M2 ' SJrE	M2c 	_��	_� n SJrE	M2c 	_2�	_2 n SJrE	M2c 	_��	_�	M� ' SJrE	M�c 	_��	_� n SJrE	M�c 	_2�	_2 n SJrE	M�c 	_��	_�
Vlqfh wkh qlqh frvlqhv kdyh gl�huhqw ydoxhv ohw xv h{suhvv lq whupv ri ���1;?
=

	M� ' ���	_� n��2	_2 n���	_�	M2 ' ��2	_� n�22	_2 n�2�	_�	M� ' ���	_� n��2	_2 n���	_�
Wkh @�� duh wkh hohphqwv ri wkh Gluhfwlrq Frvlqh Pdwul{ +GFP, �=

� '
5
7 ��� ��2 ���

��2 �22 �2�
��� ��2 ���

6
8 +514,

Wklv urwdwlrq pdwul{ ghvfulehv wkh wuldg +K lq whupv ri wkh wuldg +_/ frpsohwho|vshfli|lqj wkh uhodwlyh rulhqwdwlrq ehwzhhq wkh wzr frruglqdwh v|vwhpv1
+K ' �K_+_ +515,

Vr/ wkh rulhqwdwlrq ri d yhfwru h/ h{suhvvhg lq whupv ri wkh wuldg +_ / h ' o�	_� n
o2	_2 n o�	_�/ fdq eh h{suhvvhg lq whupv ri wuldg +K wkurxjk wkh Dwwlwxgh pdwul{/

hK ' �K_h_ +516,

Gluhfwlrq Frvlqh Pdwul{ Surshuwlhv
Vlqfh wkh GFP uhsuhvhqwv wkh urwdwlrq ehwzhhq wzr ruwkrqrupdo iudphv wkh

hohphqwv ri wkh GFP pxvw vdwlvi| wkh iroorzlqj frqglwlrqv=��K_
�A �K_ ' U dqg ��K_

�A ' ��K_
�3� +517,
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Iljxuh 517= Wkh rulhqwdwlrq ri d yhfwru h/ h{suhvvhg lq whupv ri wkh wuldg +_1
Wkhvhv surshuwlhv lv yhu| xvhixo/ hvshfldoo| wr pds d yhfwru h/ iurp d wuldg +K wr d
wuldg +_

h_ ' ��K_
�A hK ' �_KhK +518,

Dovr yhul�hg lv
_e|

���K_
�A �K_

�
' _e| ��K_

�A _e|E�K_� ' _e|2E�K_� ' � +519,
khqfh/ _e|E�K_� ' 	�1 Wr suhvhuyh wkh ohqjkw ri yhfwruv dqg wkh dqjohv ehwzhhq
wkhp/ wkh ghwhuplqdqw pxvw eh 41

_e|E�K_� ' � +51:,
Wkh ruwkrqrupdo jurxs ri pdwulfhv wkdw vdwlv�hv wkh suhylrxv uhodwlrqv lv dq

vshfldo ruwkrjrqdo Olh jurxs ri glphqvlrq ?E?� ��*2/ 7�E?�1 Wkh dwwlwxgh pdwul{
�/ ehorqjv wr wkh hvshfldo ruwkrjrqdo jurxs ri glphqvlrq 61
51515 Hxohu D{lv2Dqjoh

Rqh xvxdo uhsuhvhqwdwlrq ri urwdwlrqv/ gxh wr lwv fohdu sk|vlfdo lqwhusuhwdwlrq/
lv wkh Hxohu d{lv2dqjoh1 Xvlqj Hxohu*v wkhruhp 0 �Wkh prvw jhqhudo glvsodfhphqw ri
d uljlg erg| zlwk rqh srlqw �{hg lv htxlydohqw wr d vlqjoh urwdwlrq ri dq dqjoh derxw
vrph d{lv wkurxjk wkdw srlqw� 0 dqg frqvlghulqj wkh dqjoh dv x dqg wkh xqlw yhfwru
	i ' � 	i� 	i2 	i�

�A derxw wkh 3 d{lv ri urwdwlrq +vhh Ilj1 518,/ wkh GFP fdq eh
rewdlqhg iru wklv urwdwlrq/ dv

�5Ex� '
5
7 SJr x r�? x f�r�? x SJr x f

f f �

6
8 +51;,
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Iljxuh 518= Dqjoh2d{lv urwdwlrq derxw 31
Vlploduo|/ wkh urwdwlrq pdwulfhv iru urwdwlrqv derxw wkh % dqg + d{lv duh/

�+Ex� '
5
7 SJr x f �r�? x

f � f
r�? x f SJr x

6
8 +51<,

�%Ex� '
5
7 � f f

f SJr x r�? x
f �r�? x SJr x

6
8 +5143,

zkhuh doo pdwulfhv kdyh wkhlu wudfh htxdo wr/
wudfhE�%� ' wudfhE�+� ' wudfhE�5� ' � n 2 ULtx +5144,

Iru d jhqhudo d{lv 	i/ 	e ' Ee�c e2c e��A /wkh gluhfwlrq frvlqh pdwul{ pd| eh h{suhvvhglq whupv ri wkh Hxohu d{lv2dqjoh e|/

�Exc 	e� '
5
7 ULtx n e2�E�3 ULtx� e�e2E�3 ULtx� n e� t�?x e�e�E�3 ULtx�3 e2 t�?xe�e2E�3 ULtx�3 e� t�?x ULtx n e22E�3 ULtx� e2e�E�3 ULtx� n e� t�?xe�e�E�3 ULtx�3 e2 t�?x e2e�E�3 ULtx�3 e� t�?x ULtx n e2�E�3 ULtx�

6
8 +5145,

' ��{� ULtxnE�3 ULtx� 	e	eA3 t�?x d	ifo +5146,

zkhuh d	i�o lv gh�qhg e| +5164,1
Li t�?x 9' f/ wkhq wkh xqlw yhfwru 	i zloo eh jlyhq e| wkh iroorzlqj h{suhvvlrq/

e� ' �2�3��22 t�?xe2 ' ���3���2 t�?xe� ' ��23�2�2 t�?x
+5147,

Wkhq/ wkh Hxohu dqjoh x dqg wkh xqlw yhfwru 	i fdq eh rewdlqhg iurp wkh dfwxdo
dwwlwxgh pdwul{/ Ht1 +5144, dqg +5147,1
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51516 Hxohu Dqjohv urooE��/ slwfkEw�/ |dzE��
Dqrwkhu vhw ri sdudphwhuv e| zklfk wkh rulhqwdwlrq ri d uljlg erg| fdq eh

vshfl�hg duh wkh Hxohu Dqjohv1 Jlyhq wzr FV/ d urwdwlqj %+5 dqg d �{hg ft ~
v|vwhp/ wkh Hxohu dqjohv jlyh wkh rulhqwdwlrq ri %+5 v|vwhp uhodwlyh wr wkh �{hg
ft ~ v|vwhp1 Wkhuh duh gl�huhqw vhtxhqfhv ri Hxohu dqjohv urwdwlrq1 Rqo| wkh
vhtxhqfh dgrswhg lq wklv glvvhuwdwlrq lv ghvfulehg khuh1 Wkh wkuhh urwdwlrqv duh
suhvhqwhg lq Ilj1 5191

Iljxuh 519= Wkh Hxohu dqjoh �� 2� � urwdwlrq ru Uroo 0 �/ slwfk 0 w dqg |dz 0 )1

41 D srvlwlyh urwdwlrq [ derxw wkh % d{lv/ uhvxowlqj lq wkh %�+�5� frruglqdwh
v|vwhpv zkhuh %� � %1

51 D srvlwlyh urwdwlrq w dqjoh derxw wkh +� d{lv/ uhvxowlqj lq wkh %��+��5�� frruglqdwh
v|vwhpv zkhuh +�� � +�1

61 D srvlwlyh urwdwlrq � derxw wkh 5�� d{lv/ uhvxowlqj lq wkh �qdo %���+���5��� v|vwhp
zkhuh 5��� � 5��

Wklv rughu ri urwdwlrq lv riwhq uhihuuhg dv wkh uroo +�,/ slwfk +w,/ |dz +�, vhtxhqfh
dqg lv uhodwhg wr wkh %+5 urwdwlrq ru 456 vhtxhqfh1

Hdfk urwdwlrq fdq eh h{suhvvhg lq whupv ri wkh Hxohu Dqjoh2D{lv suhvhqwhg lq
vhfwlrq 515151 Vr wkh uroo/ slwfk/ |dz vhtxhqfh lv wkh surgxfw ri wkh wkuhh pdwulfhv
iurp Htv1+51;, 0 +5143,/ �%E�� �+Ew� �5E�� zkhuh wkh x dqjoh lv gl�huhqw iru hdfk
lqglylgxdo urwdwlrq1 Wkh �qdo surgxfw pdwul{ lv/

��2�E�c wc �� '
5
7 ULt w ULt� ULt � t�? w t�?� n t�?� ULt� 3 ULt� t�? w ULt� n t�?� t�?�

3 t�?� ULt w 3 t�?� t�? w t�?� n ULt� ULt� t�?� t�? w ULt� n ULt� t�?�
t�? w 3 ULt w t�?� ULt w ULt�

6
8 +5148,
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Dq| vhtxhqfh ri urwdwlrqv fdq eh h{suhvvhg e| d vlqjoh urwdwlrq derxw wkh yhfwru
	i wkurxjk dq dqjoh x1
51517 Jleev Yhfwru

Xvlqj wkh x dqjoh dqg wkh xqlw yhfwru 	i gh�qhg iru Hxohu*v Wkhruhp lq vhf0
wlrq 51515/ dqrwkhu dwwlwxgh yhfwru uhsuhvhqwdwlrq iuhtxhqwo| xvhg lq d vsdfhfudiw/ lv
gh�qhg e|

}� � e� |@? x
2

}2 � e2 |@? x
2

}� � e� |@? x
2

+5149,

Wkh GFP lv jlyhq lq whupv ri wkh Jleev yhfwru e|
�E}� ' �

� n }2� n }22 n }2�

5
7 � n }2� n }22 n }2� 2 E}�}2 n }�� 2 E}�}� 3 }2�

2 E}�}2 3 }�� �3 }2� n }22 3 }2� 2 E}2}� n }��
2 E}�}� n }2� 2 E}2}� 3 }�� �3 }2� 3 }22 n }2�

6
8 +514:,

Wkh Jleev* yhfwru ru wkh Urguljxhv* sdudphwhuv surylgh d frpsxwdwlrqdo dgydq0
wdjh frpsduhg wr wkh rwkhu uhsuhvhqwdwlrqv/ vlqfh lw lv d plqlpdo sdudphwhul}dwlrq
qrw lqyroylqj wuljrqrphwulf ixqfwlrqv dv lq wkh Hxohu dqjohv uhsuhvhqwdwlrq1
51518 Hxohu V|pphwulf Sdudphwhuv 0 Txdwhuqlrqv

Txdwhuqlrqv zhuh �uvw lqwurgxfhg e| Kdplowrq lq 4;76 dqg ehorqj wr wkh hvsh0
fldo ruwkrjrqdo Olh jurxs 7�E��/ ^76` zklfk fdq eh lghqwl�hg zlwk urwdwlrqv lq vsdfh1
Wkh| duh frpsrvhg ri d vfdodu sduw ^e/ dqg d yhfwru sduw ri wkuhh xqlw yhfwruv/ ^�/
^2 dqg ^� 5 ?�1 Lq sduwlfxodu/ wkh xqlw txdwhuqlrqv irup d xqlw vskhuh lq ?e1

o ^�/ ^2/ ^�/ ^e o' �
Surshuwlhv
D txdwhuqlrq lv uhsuhvhqwhg e| d vfdodu sduw dqg d yhfwru sduw/

t ' ^r n ^� ' E^rc^�� ' ^e n ^�=n ^2Hn ^�& +514;,
Wkh txdwhuqlrqv uhsuhvhqw d vskhuh lq ?e/ zkhuh wkh udglxv lv wkh prgxoh ri wkh

txdwhuqlrq1 Lq sduwlfxodu/ wkh xqlw txdwhuqlrqv vdwlvi| wkh iroorzlqj frqvwudlqw/
^2� n ^22 n ^2� n ^2e ' � +514<,
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zkhuh ^e/ ^�/ ^2/ ^� " ?/ dqg �/ �/ & vdwlvi| wkh frqglwlrqv
=2 ' H2 ' &2 ' ��

�� ' ��� ' &
�& ' �&� ' �
&� ' ��& ' �

+5153,

Txdwhuqlrqv kdylqj }hur vfdodu sduw duh fdoohg sxuh txdwhuqlrqv=
^e ' f ', t ' f n ^� ' f n ^�� n ^2� n ^�!�

Wkh frqmxjdwh ri d txdwhuqlrq t/ ghqrwhg e| tW/ vlploduo| wr wkh lqyhuvh ri wkh
frpsoh{ qxpehuv/ lv gh�qhg e| qhjdwlqj lwv yhfwru sduw/

tW ' ^r � ^� ' ^e � ^��� ^2�� ^�! +5154,
Wkh lqyhuvh ri d txdwhuqlrq t/ ghqrwhg e| t3�/ lv dovr rewdlqhg vlploduo| wr

frpsoh{ qxpehuv/
t3� ' tW

ttW ' ^r
^2� n ^22 n ^2� n ^2e � ^�

^2� n ^22 n ^2� n ^2e +5155,
Vlqfh ^2� n ^22 n ^2� n ^2e ' �/ iurp Ht1 +514<,/ wkhq

t3� ' tW +5156,
Lw lv frqyhqlhqw wr h{suhvv txdwhuqlrqv lq whupv ri d e � � yhfwru/ iru pdwul{

dojheud dssolfdwlrq/ wr vlpsoli| wkh pdqlsxodwlrq ri htxdwlrqv1

t '

5
997

^�
^2
^�
^e

6
::8 '

� ^
^e

�
+5157,

Txdwhuqlrqlf Pxowlsolfdwlrq
Pxowlsolfdwlrq dqg glylvlrq duh qhz rshudwlrqv gh�qhg iru txdwhuqlrqv1 Wkh

surgxfw ri wzr txdwhuqlrqv/ s dqg t/ lv shuiruphg olnh sro|qrpldo pxowlsolfdwlrq
frqvlghulqj wkhp dv k|shufrpsoh{ qxpehuv/

st ' ERe n R�� n R2� n R�!�E^e n ^�� n ^2� n ^�!� ' +5158,
' ERr^r � T� � ^�c Rr^� n ^rT� n T� � ^��

zkhuh +�, ghqrwhv lqqhu surgxfw dqg +�, ghqrwhv furvv surgxfw1
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Wdnlqj wkh deryh uhodwlrqv lqwr dffrxqw/

st @

5
997

se �s� s2 s�
s� se �s� s2�s2 s� se s��s� �s2 �s� se

6
::8t ru st @

5
997

te t� �t2 t��t� te t� t2
t2 �t� te t��t� �t2 �t� te

6
::8s +5159,

st / �+s,t ru st / +t,s +515:,
zkhuh sEs� lv wkh uljkw rshudwru dqg lEs� lv wkh ohiw rshudwru1

Lw vkrxog eh qrwlfh wkdw txdwhuqlrq frpsrvlwlrq/ hvwdeolvkhg e| ^48`/ lv jlyhq
e| �Et��Es� ' �Est�1 Iru wkh vdnh ri vlpsohu qrwdwlrq/ lw lv pruh frqyhqlhqw wr
shuirup d gluhfw pxowlsolfdwlrq �Et��Es� ' �Ets�1 Khqfh/

t s ' st +515;,
Vr wkh qrphqfodwxuh xvhg lq wklv zrun lv/

t s ' lEt�s ' sEs�t +515<,
Iru vlpsolflw| uhdvrqv wkh lEs� dqg sEs� pdwulfhv fdq eh uhgh�qhg dv/

lEt� '
� ^e��f� � d^�o ^�^A ^e

�

sEs� '
� Re��f� n dT�o T�TA Re

� +5163,

zkhuh/

dM�o '
5
7 f �K5 K+

K5 f �K%�K+ K% f

6
8 +5164,

lv d vnhz0v|pphwulf pdwul{ uhsuhvhqwlqj wkh furvv surgxfw ri wzr yhfwruv/ +vhh Ilj1
51:,/ U ' dS% S+ S5oA dqg M ' dK% K+ K5oA /

U� M '
5
7 S+K5 � S5K+

S5K% � S%K5
S%K+ � S+K%

6
8 ' dU�oM +5165,

dU�oM ' � dM�o U +5166,

4:
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θ 

c X b 

c 

b 

Iljxuh 51:= Furvv surgxfw ri wzr yhfwruv1
Dwwlwxgh Pdwul{ 0 �Et�

Uhvshfwlqj wkh frqvwudlqw gh�qhg e| Ht1+514<,/ wkh txdwhuqlrqv fdq eh gh�qhg
lq whupv ri wkh Hxohu d{lv2dqjoh e|/

^� � e�r�?x
2

^2 � e2r�?x
2

^� � e�r�?x
2

^e � SJrx2

+5167,

Vxevwlwxwlqj lqwr Ht1+5145,/ wkh GFP lv h{suhvvhg lq whupv ri wkh txdwhuqlrqv/
ghqrwhg dv Dwwlwxgh Pdwul{/ e|

�Et� '
5
7 ^2��^22�^2�n^2e 2 E^�^2n^�^e� 2 E^�^��^2^e�2 E^�^2�^�^e� �^2�n^22�^2�n^2e 2 E^2^�n^�^e�2 E^�^�n^2^e� 2 E^2^��^�^e� �^2��^22n^2�n^2e

6
8 +5168,

' �^2e� o ^ o2
���{� n 2^^A � 2^e d^�o

zkhuh d^�o lv wkh vnhz0v|pphwulf pdwul{ gh�qhg e| Ht1+5164,1
Krzhyhu/ wkhuh lv d ohvv fxpehuvrph zd| wr uhsuhvhqw wkh urwdwlrq pdwul{1 Lq

idfw/ wkh txdwhuqlrq pxowlsolfdwlrq fdq eh xvhg wr uhsuhvhqw dwwlwxgh lq d jlyhq FV1
Jlyhq wzr vxffhvvlyh urwdwlrqv uhsuhvhqwhg e| txdwhuqlrqv/ wkh wrwdo urwdwlrq

pd| eh rewdlqhg wkurxjk txdwhuqlrqlf pxowlsolfdwlrq1 Ohw xv frqvlghu wzr vxffhvvlyh
urwdwlrqv uhsuhvhqwhg e| wkh dwwlwxgh pdwul{ �Et�� dqg �Et���� Wkh wrwdo urwdwlrq lv
jlyhq dv iroorzv=

�Et���Et��� ' �Et|� +5169,
4;
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Wklv lv htxlydohqw wr shuiruplqj d gluhfw txdwhuqlrq pxowlsolfdwlrq/

�Et���Et��� ' �Et�  t��� +516:,
Wkhuhiruh/

t| ' t�  t�� +516;,
dqg iurp Ht1+515<,/

t| '

5
997

^�

e ^�

� �^�

2 ^�

��^�

� ^�

e ^�

� ^�

2^�

2 �^�

� ^�

e ^�

��^�

� �^�

2 �^�

� ^�

e

6
::8 t�� +516<,

' lEt��t��

Wklv wudqvirupdwlrq pdwul{ lv hdvlhu wr frpsxwh wkdq wkh GFP vlqfh lw rqo|
uhtxluhv irxu sdudphwhuv t*�/ djdlqvw wkh qlqh sdudphwhuv ���/ ri wkh GFP/ dqg grhv
qrw lqyroyh wuljrqrphwulf ixqfwlrqv dv lq wkh GFP gh�qlwlrq/ Ht1+514,1

Vr wkh txdwhuqlrq pxowlsolfdwlrq surylghv d vlpsoh phwkrg wr frpsxwh wkh wrwdo
wudqvirupdwlrq iurp erg| wr ruelw wr lqhuwldo FV jlyhq wkh txdwhuqlrq uhsuhvhqwlqj
wkh uhvshfwlyh urwdwlrq/

tK� ' tKJ  tJ� +5173,
' lEtKJ�tJ� +5174,
' sEtJ� � tKJ +5175,

Uhfdoolqj wkh GFP gh�qlwlrq lq Vhfwlrq 51514 dqg wkh FV ri lqwhuhvw gh�qhg lq
Vhfwlrq 514/ wkh urwdwlrq pdwul{ wkdw ghvfulehv wkh ruelw FV lq whupv ri wkh erg|
FV lv jlyhq dv

�EtKJ� '
k e�KJ e�KJ e!KJ

l +5176,
zkhuh e�KJ/ e�KJ/ e!KJ/ duh wkh frqvwlwxhqw yhfwruv ri wkh %/ + dqg 50d{hv ri wkh ruelw FV/
surmhfwhg dorqj wkh erg| FV1 Wkhvh xqlw yhfwruv e�KJ/ e�KJ/ e!KJ/ pd| eh sdudphwhul}hg
e| wkh txdwhuqlrqv/

e�KJ ' � ^2��^22�^2�n^2e 2 E^�^2�^�^e� 2 E^�^�n^2^e�
�A

e�KJ ' � 2 E^�^2n^�^e� �^2�n^22�^2�n^2e 2 E^2^��^�^e�
�A

e!KJ '
� 2 E^�^��^2^e� 2 E^2^�n^�^e� �^2��^22n^2�n^2e

�A +5177,

4<
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516 Dwwlwxgh Sdudphwhul}dwlrq Dqdo|vlv
Vhyhudo zd|v wr sdudphwhul}h wkh dwwlwxgh ri d vsdfhfudiw zhuh suhvhqwhg lq

wkh suhylrxv vhfwlrq1 D pruh frpsohwh vxuyh| ri dwwlwxgh uhsuhvhqwdwlrqv fdq eh
irxqg lq ^74` ru ^88`1 Wkh prvw jhqhudo uhsuhvhqwdwlrq ri wkh rulhqwdwlrq ri d uljlg
erg| lv jlyhq e| wkh GFP/ +514,1 Dv uhihuuhg ehiruh/ wklv uhsuhvhqwdwlrq lv qrw yhu|
xvhg vlqfh wkh ruwkrjrqdolw| lv gl!fxow wr pdlqwdlq dqg wkh phwkrgv wkdw surylgh
rswlpdo ruwkrjrqdol}dwlrq uhtxluh frpsxwdwlrqdoo| h{shqvlyh pdwulfhv1 Dovr/ wkh
uhgxqgdqf| ri lwv qlqh sdudphwhuv @��/ wxuq lw lqwr dq xqiulhqgo| uhsuhvhqwdwlrq1 Vr/rwkhu zd|v wr uhsuhvhqw urwdwlrqv dulvhg/ vxfk dv wkh Hxohu D{lv2Dqjoh/ wkh uroo slwfk
dqg |dz Hxohu dqjohv/ wkh Jleev yhfwru dqg txdwhuqlrqv1 Dprqj wkhp/ wkh txdwhu0
qlrqv duh zlgho| dssolhg lq dwwlwxgh sdudphwhul}dwlrq1 Wklv uhsuhvhqwdwlrq r�huv
vhyhudo dgydqwdjhv zkhq frpsduhg wr wkh rwkhuv= lw lv qrw vlqjxodu iru dq| dqjoh/ dv
rssrvhg wr wkh Hxohu d{lv2dqjoh/ Jleev yhfwru ru uroo/ slwfk dqg |dz Hxohu dqjoh uhs0
uhvhqwdwlrqv1 Dqrwkhu uhdvrq lv wkh idfw wkdw wkh nlqhpdwlf htxdwlrqv duh olqhdu dqg
wkh frpsxwdwlrq ri wkh dvvrfldwhg pdwul{ lqyroyhv rqo| dojheud h{suhvvlrqv/ zkloh
wkh Hxohu dqjohv uhsuhvhqwdwlrq lqyroyhv qrqolqhdu frpsxwdwlrqv/ gxh wr wkh xvh ri
wuljrqrphwulf ixqfwlrqv/ ohdglqj wr dgglwlrqdo frpsxwdwlrqdo exughq1 Pruhryhu/ wkh
dwwlwxgh pdwul{ h{suhvvhg lq whupv ri txdwhuqlrqv fdq eh hdvlo| frpsxwhg e| +5168,/
zkloh wkh Hxohu dqjohv ru D{lv2Dqjoh djdlq lqyroyh wuljrqrphwulf ixqfwlrqv ++5148,
ru +5145,,/ dqg dovr wkh surgxfw ri urwdwlrqv lv uhodwlyho| vlpsoh vlqfh lw lv h{suhvvhg
lq whupv ri txdwhuqlrq pxowlsolfdwlrq1

Krzhyhu/ wkh txdwhuqlrqv uhsuhvhqwdwlrq kdv wkh sureohp ri qrw ehlqj d plqlpdo
uhsuhvhqwdwlrq +l1h/ zlwk 6 sdudphwhuv rqo|,/ zklfk lv d gudzedfn lq txdwhuqlrqv/
ohdglqj wr gl!fxowlhv lq pdlqwdlqlqj wkh urwdwlrq pdwul{ ruwkrjrqdolw|1 Wklv lvvxh
kdv wr eh dgguhvvhg iru �owhulqj dojrulwkpv/ lqfuhdvlqj wkh dvvrfldwhg frpsxwdwlrqdo
ordg1 Dovr lw kdv qr fohdu sk|vlfdo lqwhusuhwdwlrq/ lq rssrvlwlrq wr wkh Hxohu dqjoh
uhsuhvhqwdwlrq1 Vr/ xvxdoo| wkh txdwhuqlrqv duh xvhg lq wkh DGV dqg wkhq wudqv0
iruphg lqwr Hxohu dqjoh iru uhvxowv dqdo|vlv dv zhoo dv lq wklv glvvhuwdwlrq1 Lq wklv
zrun/ zkhqhyhu wkh dwwlwxgh pdwul{ lv uhihuuhg/ lw phdqv wkh GFP sdudphwhul}hg
e| wkh txdwhuqlrqv1

517 Vsdfhfudiw Htxdwlrqv ri Prwlrq
Phfkdqlfv kdv wzr pdlq srlqwv ri ylhz= Odjudqjldq dqg Kdplowrq1 Wkh Od0

judqjldq dssurdfk lv edvhg rq yduldwlrqdo sulqflsohv dqg lw lv zkdw jhqhudol}hv prvw
gluhfwo| wr wkh uhodwlylvw frqwhqw1 Wkh Kdplowrq phfkdqlfv lv edvhg gluhfwo| rq wkh
hqhuj| frqfhsw dqg lv pruh forvho| wlhg wr txdqwxp phfkdqlfv1

D vkruw ryhuylhz ri wkh g|qdplfv ri d vslqqlqj vsdfhfudiw/ z1u1w1 d �{ FV/ lv
suhvhqwhg lq wkh qh{w vhfwlrq/ edvhg rq wkh Odjudjldq dssurdfk1
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51714 G|qdplf Htxdwlrqv
G|qdplfv lv wkh vwxg| ri wkh prwlrqv ri d sduwlfoh ru d v|vwhp ri sduwlfohv gxh

wr h{whuqdo irufhv dfwlqj lq wkhvh v|vwhpv1 D vsdfhfudiw/ dqg lq wklv sduwlfxodu fdvh
d vdwhoolwh/ lv d prylqj erg| lq vsdfh1 Wkhuhiruh/ lw lv d erg| dqlpdwhg zlwk d
fhuwdlq yhorflw|/ uxohg e| wkh odzv ri G|qdplfv1 Wkh vdwhoolwh lv frqvlghuhg d uljlg
erg| vlqfh lw lv dvvxphg wkdw wkh glvwdqfh ehwzhhq dq| wzr ri lwv hohphqwv ri pdvv
uhpdlqv �{hg/ qrw ghirupdeoh ru  h{leoh dprqj wkhp exw uljlgo| frqqhfwhg1

Qhzwrq*v vhfrqg odz iru wkh wudqvodwlrqdo prwlrqS6 ' 6@ vwdwhv wkdw wkh vxp
ri wkh h{whuqdo irufhv S6 dfwlqj rq d v|vwhp lv htxdo wr wkh wrwdo pdvv 6 ri wkh
v|vwhp wlphv wkh devroxwh dffhohudwlrq @ ri lwv fhqwhu ri pdvv1

 
CM 

∑∑F=ma 

a 

Iljxuh 51;= D uljlg erg| zlwk pdvv 6 kdv dq dffhohudwlrq @ gxh wr h{whuqdo irufh
61

Uhsodflqj wkh dfhohudwlrq @ e| wkh ghulydwlyh ri wkh yhorflw|/ _ �
_| / Qhzwrq vhfrqg

odz ehfrphv [
6 ' 6_�

_| +5178,
ru [

6 ' _
_| E6�� +5179,

Wkh yhfwru 6� lv fdoohg wkh olqhdu lpsxovh ru prphqwxp u
w ' 6� +517:,

Gl�huhqwldwlqj wkh olqhdu lpsxovh z1u1w1 wlph |/ dqg xvlqj wkh uhvxow lq +5178,/
Qhzwrq*v vhfrqg odz ehfrphv/ [

6 ' �w +517;,
Li wkhuh duh qr h{whuqdo irufhv/ wkhq wkh wrwdo prphqwxp dssolhg wr wkh v|vwhp

ri sduwlfohv lv frqvwdqw/
Sulqflsoh ri frqvhuydwlrq ri olqhdu prphqwxp/S6 ' f , w 'frqvwdqw +517<,
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Iljxuh 51<= Dqjxodu prphqwxp1
Frqvlghulqj d sduwlfoh ri pdvv 6 prylqj lq d sodqh xqghu wkh dfwlrq ri dq

h{whuqdo irufh 6 +vhh Ilj1 51<,/ wkh h{whuqdo surgxfw ehwzhhq wkh srvlwlrq yhfwru ri
d sduwlfoh zlwk pdvv 6 dqg wkh olqhdu prphqwxp z1u1w1 d �{hg uhihuhqfh srlqw iJj/
lv fdoohg wkh prphqw ri wkh olqhdu prphqwxp ru dqjxodu prphqwxp M/

O ' h�6� +5183,
' h�6�h +5184,

Gl�huhqwldwlqj wkh dqjxodu prphqwxp z1u w1 wlph/ wkh dqjxodu prphqwxp eh0
frphv/

�O ' h�6�hn �h�6�h ' h�6�h +5185,
Vlqfh S6 ' 6�h/ �O ' h �S61 Dv wkh prphqw � ri wkh irufh 6 derxw wkh

�{hg srlqw iJj lv wkh uhvxow ri wkh yhfwru furvv surgxfw ehwzhhq wkdw irufh dqg wkh
srvlwlrq yhfwru h zkhuh wkh irufh lv dssolhg/ wkh htxlydohqw odz iru urwdwlrqdo prwlrq
lv rewdlqhg/ [

� ' �O +5186,
dqg lw vwdwhv wkdw wkh wrwdo prphqwS� ri wkh h{whuqdo irufhv dfwlqj rq wkh v|vwhp
lv htxdo wr wkh wlph udwh ri fkdqjh ri wkh dqjxodu prphqwxp O1

Li wkh wrwdo ri wkh h{whuqdo irufhv duh sdudooho wr wkh srvlwlrq yhfwru h wkhq wkh
dqjxodu prphqwxp dssolhg wr wkh v|vwhp ri sduwlfohv lv frqvwdqw/

Sulqflsoh ri frqvhuydwlrq ri dqjxodu prphqwxp/S� ' f , O 'frqvwdqw +5187,
Iru d erg| lq d wulglphqvlrqdo sodqh urwdwlqj durxqg d �{hg d{lv ���/ wkh

yhorflw| lv wkh furvv surgxfw ehwzhhq wkh dqjxodu yhorflw| $ dqg wkh srvlwlrq ri wkh
erg| z1u1w1 wkh iudph/ � ' _h

_| ' $ � h +vhh Ilj1 5143,1
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Iljxuh 5143= Udwh ri fkdqjh ri d urwdwlqj yhfwru1
Wkh dqjxodu yhorflw| ri wkh erg| lv d yhfwru sdudooho wr wkh d{lv ri urwdwlrq ri

wkh erg|/ $ ' _w
_|	!1 Wkh dqjxodu prphqwxp ehfrphv/

OJ ' h�6E$ � h� +5188,
Vlqfh lq +5188, OJ lv d yhfwru zlwk wkh vdph gluhfwlrq ri $ zlwk wkh prgxoh

htxdo wr S6h2/ dqg uhfdoolqj wkdw wkh prphqw ri lqhuwld U ' S6h2/ wkh dqjxodu
prphqwxp ehfrphv/

OJ ' U$ +5189,
Xvlqj wklv uhvxow dqg Ht1+5186,/ Qhzwrq*v odz iru urwdwlrqdo prwlrq ehfrphv/[

�J ' �OJ ' U �$ +518:,
Frqvlghu qrz wkdw wkhuh lv d uhihuhqwldo iudph iJ%+5j urwdwlqj zlwk wkh erg|/

erwk wkh f �t �~ dqg ft ~ FV lq Ilj1 5144 duh lqhuwldo dqg wkh ruljlqv ri f �t �~
dqg %+5 duh frlqflghqw1 $ lv wkh dqjxodu yhorflw| ri wkh uljlg erg| z1u1w1 wkh iudph
%+51 Wkhq wkh devroxwh udwh ri fkdqjh ri wkh dqjxodu prphqw �O z1u1w1 wkh iudph
f �t �~ lv/

�OJ%�+�5� ' �OJ%+5 nl�OJ +518;,
dqg l lv wkh devroxwh dqjxodu yhorflw| ri wkh urwdwlqj iudph iJ%+5j dv ylhzhg iurp
wkh iudph iCj1 Vlqfh wkh iudph
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Iljxuh 5144= Udwh ri fkdqjh ri wkh dqjxodu prphqwxp ri d urwdwlqj uljlg erg|1
if%+5j urwdwhv zlwk wkh uljlg erg| wkhq

l ' $ +518<,
Xvlqj +518:, dqg wkh FV gh�qhg lq wkh suhylrxv vhfwlrq wkh g|qdplf urwdwlrqdo

htxdwlrq ri prwlrq iru dq ruelwlqj vdwhoolwh lv jlyhq e|[
�C ' �OJ%+5nl�OC +5193,

H{suhvvhg lq wkh frruglqdwh d{hv %+5/ gh�qhg ehiruh dv wkh sulqflsdo d{hv dw wkh
fhqwhu ri pdvv ri wkh uljlg erg|/ wkh surgxfwv ri lqhuwld duh doo }hur/ U%+ ' U+% '
U+5 ' U5+ ' U%5 ' U5% ' f dqg wkh dqjxodu prphqwxp O lv sdudooho wr wkh dqjxodu
yhorflw| $1 Xvlqj +5189,/ +5193, uhgxfhv wrS�% ' U%% �/% n EU55 � U++�/+/5S�+ ' U++ �/+ n EU%% � U55�/5/%S�5 ' U55 �/5 n EU++ � U%%�/%/+

+5194,

nqrzq dv wkh Hxohu*v htxdwlrqv ri prwlrq1
Vroylqj wkhvh htxdwlrqv lq rughu wr wkh udwh ri fkdqjh ri wkh dqjxodu yhorflw|/ wkh

g|qdplf htxdwlrq ri prwlrq ehfrphv/
�/% ' U3�%% ES�% � EU55 � U++�/+/5�
�/+ ' U3�++ ES�+ � EU%% � U55�/5/%�
�/5 ' U3�55 ES�5 � EU++ � U%%�/%/+�

+5195,

Frqvlghulqj wkh FV gh�qhg iru wklv zrun lq Vhfwlrq 514/ l1h1/ wkh dqjxodu yhorflw|
ri erg| FV z1u1w1 wkh lqhuwldo FV h{suhvvhg lq erg| FV/ lv h{suhvvhg dv $KK�1
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51715 Nlqhpdwlf Htxdwlrqv
Nlqhpdwlfv vwxglhv wkh prwlrqv ri d sduwlfoh ru d v|vwhp ri sduwlfohv/ uhodwlqj

srvlwlrq/ yhorflw|/ dfhohudwlrq dqg wlph/ glvuhjduglqj wkh h{whuqdo irufhv wkdw ruljlqv
wkh prwlrq1

Vr/ jlyhq wkh dqjxodu yhorflw| h{suhvvhg dv d ixqfwlrq ri wkh h{whuqdo prphqwv/
zklfk duh jlyhq e| wkh g|qdplf htxdwlrqv/ wkhuh lv wkh qhhg wr uhodwh wkh dqjxodu
yhorflw| zlwk wkh ghulydwlyh ri wkh urwdwlrq yhfwru1 Vlqfh wkh dwwlwxgh lv sdudph0
whul}hg e| txdwhuqlrqv/ suhvhqwhg lq Vhfwlrq 516/ wkh nlqhpdwlf htxdwlrq jlyhv wkh
pdwkhpdwlfdo uhodwlrq ehwzhhq txdwhuqlrqv dqg dqjxodu yhorflw|/ ^88`/

_
_|tKJE|� ' �

2lE$KKJ�tKJ +5196,
zlwk/

lE$KKJ� ' �
2

5
997

f /K5cKJ �/K+cKJ /K%cKJ�/K5cKJ f /K%cKJ /K+cKJ/K+cKJ �/K%cKJ f /K5cKJ�/K%cKJ �/K+cKJ �/K5cKJ f

6
::8 +5197,

zkhuh wkh dqjxodu udwhv frpsrqhqwv xvhg duh erg| FV z1u1w1 ruelw FV $KKJ/ ehfdxvhwkh nlqhpdwlf htxdwlrqv ghvfuleh wkh urwdwlrq ehwzhhq wkh ruelwdo d{hv dqg wkh
vdwhoolwh d{hv1 Dv vxfk/ rqh pxvw uhodwh wkh ruelwdo dqg wkh lqhuwldo uhihuhqfhv/

$KK� ' $KKJ n$KJ� +5198,
$KKJ ' $KK� �$KJ� +5199,

Wkh yhfwru $JJ� ' d /f f f oA lv wkh dqjxodu yhorflw| ri wkh ruelw FV z1u1w1
lqhuwldo FV +vhh Ilj 514, zulwwhq lq ruelw FV1 Khqfh/ wkh xqnqrzq $KJ� fdq eh zulwwhqlq erg| FV wkurxjk wkh wudqvirupdwlrq pdwul{ �KJEt�/ +5176,/

$KJ� ' �KJEt�$JJ� ' /fe�KJ +519:,
Khqfh/ wkh dqjxodu yhorflw| xvhg lq wkh nlqhpdwlf htxdwlrqv lv frpsxwhg dffrug0

lqj wr/
$KKJ ' $KK� � /fe�KJ +519;,

Qrwh wkdw uhsuhvhqwlqj wkh dqjxodu yhorflw| lq whupv ri d txdwhuqlrq/ z '� /% /+ /5 f �A / wkh pdwul{ lEz KKJ� iurp +5197, lv frlqflghqw zlwk wkh ohiw rs0
hudwru lEt� ri d txdwhuqlrqlf pxowlsolfdwlrq gh�qhg lq +5163,1 Wkxv wkh nlqhpdwlf
htxdwlrq +5196, fdq eh zulwwhq dv iroorzv/

_
_|tE|� ' �

2z t +519<,
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51716 Vpdoo Vdwhoolwh H{whuqdo Wrutxhv
Wkhuh duh vhyhudo h{whuqdo prphqwv/ S�/ dssolhg wr wkh vdwhoolwh erg| wkdw

zloo lq xhqfh lwv g|qdplf pryhphqw +vhh Ht1+5195,,1 Wkh h{whuqdo wrutxhv dfwlqj
rq wkh vsdfhfudiw duh= S� ' �_| n�}} n�S|o, n���ee,1
Judylw| Judglhqw Wrutxh/ �}}

Iru vdwhoolwhv dw orz ruelw wkh pdlq frqwulexwlrq wr wkh h{whuqdo wrutxhv lv wkh
judylw| judglhqw wrutxh/ ^88`

�}} ' � >
-�r

�e!K � Ue!K
� +51:3,

zkhuh > lv wkh Hduwk*v judylwdwlrqdo frqvwdqw> -r lv wkh srvlwlrq yhfwru ri wkh vdwhoolwhpdvv fhqwhu z1u1w1 wr wkh Hduwk fhqwhu> U ' � U%% U++ U55 �A duh wkh sulqflsdo
prphqwv ri lqhuwld1 Vlqfh wkh hoolswlf ruelw ri wkh vdwhoolwh lv vlpsol�hg wr flufxodu
iru hffhqwulflwlhv forvh wr }hur/ wkh -r ehfrphv wkh phdq glvwdqfh ri wkh vdwhoolwh wr
Hduwk fhqwhu -r � -�� 1 Wkh >

-���
hohphqw fdq eh zulwwhq dv wkh vtxduh ri wkh ruelw

dqjxodu udwh/
>
-� � /2f +51:4,

Vlqfh wkh GFP fdq eh gh�qhg lq whupv ri wkh xqlw yhfwruv/e�JK/ e�JK/ e!JK/ +5177, ri wkh
%K/ +K dqg 5K d{hv/ dqg �KJ '

k e�KJ e�KJ e!KJ
l
c wkhq wkh judylw| judglhqw ehfrphv/

�}} ' �/2f

5
7 EU5 � U+��2�Et����Et�

EU% � U5����Et����Et�
EU+ � U%����Et��2�Et�

6
8 +51:5,

Glvwxuedqfh Wrutxh/ �_|
Wkh �_| wrutxh lv wkh glvwxuedqfh prphqw zulwwhq lq frqwuro FV gxh wr dhur0

g|qdplf gudj dqg vrodu suhvvxuh/ hffhqwulflw| ri wkh ruelw dqg rwkhu h�hfwv1 Wkh
dhurg|qdplf wrutxh lv yhu| lpsruwdqw iru vsdfhfudiw ruelwlqj ehorz 733 np ^88`1
Uhfhqw vwxglhv zhuh fduulhg rxw ^4` dqdo|vlqj wkh lpsruwdqfh ri wkhvh vhyhudo w|shv
ri frqwulexwlrqv lq wkh glvwxuedqfh prphqw frpsduhg zlwk wkh judylw| judglhqw
prphqw1
Frqwuro Wrutxh/ �S|o,

Dqrwkhu wrutxh wkdw pxvw eh frqvlghuhg lv wkh frqwuro prphqw/
�S|o, 'S 4E|��S M6e@r +51:6,

Wklv wrutxh lv h{suhvvhg lq wkh FFV dqg lv jhqhudwhg e| wkh furvv frxsolqj ehwzhhq
wkh pdjqhwlf prphqw 4E|� dqg wkh Hduwk*v pdjqhwlf �hog M6e@r/ phdvxuhg e| rq0
erdug lqvwuxphqwv1
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5171 VSDFHFUDIW HTXDWLRQV RI PRWLRQ

Prphqwxp Zkhho Wrutxh/ ���ee,

Dgglwlrqdoo|/ vrph vdwhoolwhv/ olnh VXQVDW ru Fklqd Wvlqjkxd04 plfurvdwhoolwh/
kdyh lqfoxghg d zkhho ru glvn lq rughu wr fkdqjh wkh dwwlwxgh ri wkh vdwhoolwh1 Wkhvh
fdq eh lqfoxghg dv dq dgglwlrqdo whup lq wkh g|qdplf htxdwlrq ri prwlrq1

Wkh zkhho kdv dq dqjxodu prphqwxp/ w��ee, ' U$��ee,1 Iurp +518:,/ wkh g|0
qdplf urwdwlrqdo htxdwlrqv/ ri wkh uljlg erg| lv/[

�J ' U �$KJ_+ n U �$��ee, ' �OJn ��J +51:7,
Frqvlghu qrz wzr frruglqdwh v|vwhpv/ rqh urwdwlqj zlwk wkh uljlg erg| dqg wkh

rwkhu �{hg/ dv vhhq lq g|qdplfv vxevhfwlrq1 Wkh whup gxh wr wkh zkhho kdv wr eh
wdnhq lqwr dffrxqw lq wkh g|qdplf htxdwlrq +5193,/ zklfk uhvxowv lq[

�C ' �OJ%+5nl�OC n ��J nl� �C +51:8,
Vlqfh ��f lv wkh vsdfhfudiw wrutxh dfwlqj lq wkh zkhho/ lw lv xvxdoo| uhsuhvhqwhg dv

���ee, dqg wkh Ht1+51:8, lv uhzulwwhq dv[
�C ' �OJ%+5nl� EOC n �C� n���ee, +51:9,

Xvlqj Ht1 +518<,/ uhfdoolqj wkdw wkh surgxfwv ri lqhuwld duh }hur +vhh Vhfwlrq
51714,/ dqg vroylqj z1u1w1 wkh ghulydwlyh ri wkh dqjxodu yhorflw|$/ wkh Hxohu htxdwlrqv
ri prwlrq ehfrph/

�$KK� ' U3� ��}} n�S|o, n�_| ����ee, �$KK� � �U$KK� n U$��ee,
�� +51::,

zkhuh ���ee, lv wkh prphqwxp zkhho1
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Fkdswhu 6
Dwwlwxgh Ghwhuplqdwlrq Phwkrgv

D uholdeoh/ urexvw dojrulwkp fdsdeoh wr hvwlpdwh wkh vdwhoolwh*v vwdwh lv hvvhq0
wldo lq dxwrqrprxv vsdfhfudiwv vxfk dv vpdoo vdwhoolwhv1 D frqwuro dojrulwkp wkdw
h!flhqwo| pdqrhxyuhv wkh vdwhoolwh*v dwwlwxgh uhtxluhv wkh nqrzohgjh ri wkh dqjxodu
yhorflw| dqg txdwhuqlrq hvwlpdwhv1 Wkh vwduwlqj srlqw iru dq| dwwlwxgh ghwhuplqdwlrq
phwkrg lv wr dqdo|vh wkh dwwlwxgh vhqvruv rq0erdug vpdoo vdwhoolwhv= pdjqhwrphwhuv/
Vxq vhqvruv/ Hduwk vhqvruv/ krul}rq vhqvruv/ vwdu vhqvruv dqg Joredo Srvlwlrq V|vwhp
+JSV,1 J|urv duh dovr xvhg wr phdvxuh wkh dqjxodu yhorflw| gluhfwo|/ krzhyhu wkh|
riwhq idlo wr zrun/ wkxv mhrsdugl}lqj wkh DGV dqg wkh plvvlrq1 Ehfdxvh ri wklv/
j|urv duh riwhq qrw hyhq lqfoxghg lq vpdoo vdwhoolwhv vxfk dv SrVDW04/ Ûuvwhg/ Iuhmd
ru VXQVDW1

Dw ohdvw rqh dwwlwxgh vhqvru pxvw eh shupdqhqwo| dydlodeoh dorqj wkh zkroh ruelw
iru wkh hvwlpdwru dojrulwkp wr zrun surshuo|1 Rqh vxfk vhqvru lv wkh pdjqhwrphwhu1
Wklv pdgh pdjqhwrphwhuv wkh prvw xvhg vhqvruv iru dwwlwxgh ghwhuplqdwlrq1 Wr
dyrlg orfdo phdvxudelolw| sureohpv/ wkh gdwd iurp wkh pdjqhwrphwhuv pxvw eh frp0
elqhg zlwk rwkhu dwwlwxgh vhqvruv gdwd ru zlwk lqirupdwlrq iurp wkh vdwhoolwh prgho1
Wklv ohdgv wr wzr pdlq phwkrgrorjlhv wr wdfnoh wkh vsdfhfudiw dwwlwxgh ghwhuplqdwlrq
sureohp=

� srlqw0wr0srlqw ru ghwhuplqlvwlf phwkrgv 0 hvwlpdwh rqo| wkh dwwlwxgh/ edvhg rq
yhfwru revhuydwlrqv iurp dw ohdvw wzr dwwlwxgh vhqvruv/ glvuhjduglqj doo wkh
lqirupdwlrq iurp wkh sdvw phdvxuhphqwv dqg2ru iurp wkh vdwhoolwh*v htxdwlrqv
ri prwlrq1

� uhfxuvlyh hvwlpdwlrq phwkrgv 0 hvwlpdwh wkh hohphqwv ri wkh vwdwh yhfwru iurp
pdjqhwrphwhuv/ wdnlqj dgydqwdjh ri wkh g|qdplf dqg nlqhpdwlf prghov wr
sursdjdwh wkh hvwlpdwhg vwdwh yhfwru ehwzhhq phdvxuhphqwv1

Dq rswlpdo vwdwh uhfxuvlyh hvwlpdwru/ lq wkh vhqvh wkdw lw plqlpl}hv wkh phdq
vtxduh hvwlpdwlrq huuru zkhq dssolhg wr olqhdu g|qdplf v|vwhpv lv wkh Ndopdq �owhu1
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6141 UHFXUVLYH HVWLPDWLRQ PHWKRGV

Krzhyhu/ dv vkrzq lq Fkdswhu 5/ vpdoo vdwhoolwh*v htxdwlrqv ri prwlrq duh qrq0olqhdu
dqg/ lq rughu wr xvh d Ndopdq �owhu/ lwv olqhdul}dwlrq pxvw eh pdgh1 Gxh wr wklv/
wkh Ndopdq �owhu rswlpdolw| dqg vwdelolw| surshuwlhv duh qrw jxdudqwhhg1 Vr/ wkhuh
duh rwkhu uhfxuvlyh qrq0olqhdu hvwlpdwruv/ olnh kljkhu rughu �owhuv/ wkdw wu| wr kdqgoh
lqdffxudflhv ru vlpsol�fdwlrq huuruv uhvxowlqj iurp wkh olqhdul}dwlrqv ru wr prgho
wkh surfhvv dqg revhuydwlrq zlwk qrq0Jdxvvldq glvwulexwlrqv +vhh Vhfwlrq 415,1 Wkh
uhfxuvlyh phwkrgrorj| xvhg lq wklv glvvhuwdwlrq lv wkh HNI zklfk dssolfdwlrq wr wkh
vpdoo vdwhoolwhv lv h{sodlqhg lq qh{w vhfwlrq1

Wkh srlqw0wr0srlqw phwkrgv duh dwwudfwlyh iru dwwlwxgh hvwlpdwlrq dojrulwkpv
vlqfh wkhvh sureohpv duh dyrlghg dqg dovr wkhuh lv qr qhhg wr lqlwldol}h wkh �owhu ru
wr jxdudqwhh v|pphwu| dqg srvlwlyh0gh�qlwh vwdwh huuru fryduldqfh pdwul{1 Vlqfh wkh
srlqw0wr0srlqw phwkrgv duh h{foxvlyho| edvhg rq d vhw ri qrlv| yhfwru phdvxuhphqwv
wr ghwhuplqh wkh dwwlwxgh pdwul{/ wkhuh pxvw eh wzr vhwv ri phdvxuhphqwv iurp
gl�huhqw dwwlwxgh vhqvruv1 Dv vwuhvvhg ehiruh/ pdjqhwrphwhuv duh dozd|v dydlodeoh
dqg Vxq vhqvruv zklfk duh ohvv vxvfhswleoh wr huuruv wkdq wkh Hduwk vhqvruv/ duh wkh
prvw frpprq vhqvruv xvhg rq0erdug OHR vpdoo vdwhoolwhv1

Dprqj srlqw0wr0srlqw vroxwlrqv wr Zdked*v sureohp/ +h1j1 Txhvw/ Gdyhqsruw*v
t/ HVRT ru IRDP,/ wkh Vlqjxodu Ydoxh Ghfrpsrvlwlrq +VYG, zdv fkrvhq iru wklv
zrun gxh wr lwv urexvwqhvv dqg orz frpsxwdwlrqdo uhtxluhphqwv zkhq frqvlghulqj
wzr dwwlwxgh vhqvruv1 Krzhyhu/ sureohpv dulvh zkhq mxvw rqh vhqvru lv dydlodeoh/ h1j1/
zkhq wkh Vxq lv rxw ri udqjh ri wkh Vxq vhqvru ru zkhq wkh vdwhoolwh lv lq wkh gdun
vlgh ri Hduwk/ wkdw pxvw eh kdqgohg zkhq VYG lv xvhg1 Wklv lv ghvfulehg lq pruh
ghwdlo lq Vhfwlrq 6151

614 Uhfxuvlyh Hvwlpdwlrq Phwkrgv
Uhfxuvlyh phwkrgv duh vxlwdeoh iru qrqolqhdu v|vwhpv/ hvshfldoo| iru wkh vpdoo

vdwhoolwhv* DGV lq forvhg orrs dojrulwkpv zkhuh wkh olqhdul}dwlrq lv shuiruphg derxw
wkh �owhu*v hvwlpdwhv wudmhfwru|/ wkdw ghshqgv rq wkh phdvxuhphqwv gdwd1 Vlqfh
wkh wudmhfwru| lv frqwlqxrxvo| xsgdwhg/ wkh dojrulwkp sdudphwhuv fdq qrw eh suh0
frpsxwhg rqfh iru wkh hqwluh vhw ri gdwd dv iru wkh edwfk0dojrulwkpv1 Dovr/ wkh
Ndopdq �owhu lv zhoo vxlwhg wr uhdo0wlph sureohpv ehfdxvh lw gluhfwo| hvwlpdwhv wkh
vwdwh yhfwru dw d vlqjoh wlph/ edvhg rq wkh phdvxuhphqwv dw wkdw wlph dqg doo phd0
vxuhphqwv xs wr wkdw wlph zlwk d idglqj phpru|1 Krzhyhu/ wkh Ndopdq �owhu mxvw
jxdudqwhhv rswlpdo vwdwh hvwlpdwh zkhq dssolhg wr olqhdu v|vwhpv41 Wkh vwdwh vsdfh
irupxodwlrq iru vpdoo vdwhoolwhv lv qrq0olqhdu erwk uhjduglqj wkh v|vwhp dqg wkh revhu0
ydwlrq prghov1 Vwloo/ wkh Ndopdq �owhu fdq eh xvhg e| olqhdul}dwlrq ri wkh htxdwlrqv
wkdw ghvfuleh wkh v|vwhp/ dgguhvvhg lq wkh qh{w vhfwlrq1

4Vhh Dsshqgl{ D iru ghwdlov1
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6141 UHFXUVLYH HVWLPDWLRQ PHWKRGV

Wkh HNI suhvhqwhg lv edvhg lq wkh zrun ri Svldnl hw1 do1 ^6;`/ xvlqj Vwh|q
prgl�fdwlrqv ^78`/ vr wkdw lw fdq eh xvhg iru vslqqlqj vdwhoolwhv dqg zlwk Vxq vhqvru
phdvxuhphqwv1
61414 Ndopdq Ilowhu Dssolhg wr Vpdoo Vdwhoolwhv
Vwdwh Yhfwru

Lq wklv zrun wkh vwdwh yhfwru lqfoxghv doo wkh vwdwh yduldeohv uhtxluhg wr hqvxuh
dffxudwh vsdfhfudiw dwwlwxgh ghwhuplqdwlrq1 Wkhvh yduldeohv duh wkh dqjxodu yhorflw|/
$/ dqg wkh txdwhuqlrqv/ t=

 E|� ' �
$E|� tE|� �A +614,

Wkhvh vwdwh yduldeohv zhuh fkrvhq ehfdxvh= wkh txdwhuqlrq/ t/ gluhfwo| uhsuhvhqwv
wkh vdwhoolwh*v dwwlwxgh> wkh dqjxodu yhorflw|/ $/ vljql�fdqwo| d�hfwv wkh htxdwlrqv
ri prwlrq ri wkh vdwhoolwh dqg uhsuhvhqwv dq lpsruwdqw sk|vlfdo txdqwlw|1 Rwkhu
yduldeohv pljkw eh lqfoxghg/ h1j1 vhqvru plvdoljqphqwv/ glvwxuedqfh wrutxh +vhh
Vhfwlrq 51716,/ qrlvh/ sdudphwhuv wkdw lq xhqfh wkh vhqvru phdvxuhphqwv ru rwkhu
ruelwdo sdudphwhuv ehvlghv dwwlwxgh1 Krzhyhu wkhuh duh jxlgholqhv/ ^88` wr uhvwulfw
wkh fkrlfh ri wkh vwdwh yduldeohv= wkhvh pxvw eh prghoohg iru sursdjdwlrq zklfk pd|
eh lpsrvvleoh wr dfklhyh ru wrr frpsoh{ wr shuirup> qrq0revhuydeoh vwdwh yduldeohv
vkrxog qrw eh frqvlghuhg ru dssursuldwh phdvxuhphqwv vkrxog eh dgghg wr pdnh
wkh v|vwhp frpsohwho| revhuydeoh> vrph pd| eh kljko| fruuhodwhg dqg wkhuhiruh
uhgxqgdqw> zkhqhyhu hdfk sdudphwhu lv dgghg/ wkh pdwulfhv udqn lqfuhdvhv wkxv
uhtxlulqj pruh frpsxwhu phpru|/ uhgxflqj wkh h!flhqf| ri wkh hvwlpdwru dojrulwkp1
Wkh fulwhulrq wr fkrrvh wkh vwdwh yhfwru ghshqgv rq wkh dwwlwxgh dffxudf| uhtxluhg
wr dffrpsolvk wkh vdwhoolwh plvvlrq1 Iru lqvwdqfh/ iru SrVDW04/ zklfk lv rq dq
h{shulphqwdo plvvlrq/ wkh plqlpxp qxpehu ri vwdwh sdudphwhuv qhhghg iru wkh
frqwuro dojrulwkp/ frslqj zlwk rqh vhqvru shupdqhqwo| dydlodeoh rq0erdug/ duh wkh
txdwhuqlrqv dqg dqjxodu yhorflw|1
V|vwhp Prgho
Wkh vdwhoolwh lv ghvfulehg e| d frqwlqxrxv wlph qrq0olqhdu prgho/ gh�qhg dv=

� E|� ' sE E|�c�E|�c |� n�E|� +615,
zkhuh �E|� lv dvvxphg wr eh }hur phdq Jdxvvldq surfhvv qrlvh zlwk nqrzq frydul0
dqfh/

�E|� � �ifc 'E|�j
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6141 UHFXUVLYH HVWLPDWLRQ PHWKRGV

�E|� lv d ghwhuplqlvwlf frqwuro lqsxw yhfwru dqg/ sE E|�c�E|�c |� lv d qrq0olqhdu frq0
wlqxrxv ixqfwlrq zklfk ghvfulehv wkh wlph fkdqjhv ri wkh vdwhoolwh vwdwh/ jlyhq e| wkh
g|qdplf dqg nlqhpdwlf htxdwlrqv +5195, dqg +5196,5
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5
999999997

U3�%%
�S�% � EU55 � U++�/K+cK�/K5cK�

�
U3�++

�S�+ � EU%% � U55�/K5cK�/K%cK�
�

U3�55
�S�5 � EU++ � U%%�/K%cK�/K+cK�

�
�
2

5
997

f /K5cKJ �/K+cKJ /K%cKJ�/K5cSJ f /K%cKJ /K+cKJ/K+cSJ �/K%cKJ f /K5cKJ�/K%cSJ �/K+cKJ �/K5cKJ f

6
::8
5
997

^�
^2
^�
^e

6
::8

6
::::::::8

+616,

Vlqfh wkh vwdwh gl�huhqwldo htxdwlrqv dv zhoo dv wkrvh uhodwlqj wkh vwdwh dqg wkh
phdvxuhphqwv/ +ghvfulehg dkhdg, wkh Ndopdq �owhu lv qrw dssolfdeoh xqohvv wklv
qrq0olqhdu v|vwhp lv olqhdul}hg derxw wkh fxuuhqw �owhu*v hvwlpdwhv/ uhvxowlqj lq wkh
H{whqghg Ndopdq Ilowhu +HNI,1

Wkh olqhdul}dwlrq/ e| gh�qlwlrq/ lv d vpdoo shuwxuedwlrq derxw dq rshudwlrqdo
srlqw/ zklfk lv wkh hvwlpdwhg vwdwh1 Wkh dfwxdo vwdwh  E|� fdq eh gh�qhg dv wkh vxp
ehwzhhq wkh hvwlpdwhg vwdwh 	 E|� dqg d shuwxuedwlrq ri wkh vwdwh B E|�1 Khqfh/ wkh
vwdwh yduldeoh lv gh�qhg dv/

 E|� ' 	 E|� n B E|� +617,
Wkh qrq0olqhdu prgho/ Ht1+615,/ ehfrphv/

�	 E|� n B � E|� ' sE	 E|� n B c�E|�c |� n�E|� +618,
Dvvxplqj wkdw B E|� lv vpdoo dqg dssur{lpdwlqj wkh �uvw whup rq wkh uljkw e| d
Wd|oru*v vhulhv h{sdqvlrqv/

sE	 E|� n B E|�c�E|�c |� � sE	 E|�c�E|�c |� n Ys
Y 

����
 '	 

B E|� n ��L�| +619,
dqg uhwdlqlqj rqo| wkh �uvw0rughu whupv/

�	 E|� n B � E|� ' sE	 E|�c�E|�c |� n Ys
Y 

����
 '	 

B E|� n�E|� +61:,
Vlqfh wkh 	 E|� vdwlv�hv wkh ghwhuplqlvwlf gl�huhqwldo htxdwlrq

�	 E|� ' sE	 E|�c�E|�c |� +61;,
htxdwlrq +61:, ehfrphv
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B � E|� ' Ys
Y 

����
 '	 

B E|� n�E|� +61<,
Gh�qlqj 8 E	 E|�c�E|�c |� ' Ys

Y 
��
 '	 dqg uhsodflqj lqwr Ht1+61;, ohdgv wr wkh olq0

hdul}hg prgho wr eh xvhg e| wkh HNI=
B � E|� ' 8 E	 E|�c�E|�c |� n�E|� +6143,

Olqhdul}dwlrq ri Vwdwh Yhfwru
Dffruglqj wr Ht1+617, wkh vwdwh yhfwru fdq eh gh�qhg dv=�

$E|�
tE|�

�
'

� 	$E|� n B$E|�
�t n BtE|�

�
+6144,

Krzhyhu vrph vshfldo fduh pxvw eh wdnhq= wkh txdwhuqlrq uhsuhvhqwv d urwdwlrq/
vr wkh vxp ri wzr txdwhuqlrqv lv qr orqjhu d txdwhuqlrq1 Vlqfh wkh vpdoo shuwxuedwlrq
lv dovr d txdwhuqlrq/ wkh txdwhuqlrq uxohv iru pxowlsolfdwlrq +vhh Vhfwlrq 51518,/ pxvw
eh uhvshfwhg1 Gh�qlqj wkh txdwhuqlrq dv d ixqfwlrq ri wkh txdwhuqlrq shuwxuedwlrq
dqg wkh hvwlpdwhg txdwhuqlrq/ iroorzv wkdw=

t ' Bt �t +6145,
dqg wkh olqhdul}hg vwdwh yhfwru ehfrphv/�

$

t
�
'

� 	$ n B$
Bt �t

�
+6146,

Dowkrxjk +6146, lv wkh rqo| uhsuhvhqwdwlrq zlwk d sk|vlfdo phdqlqj/ vlqfh d
txdwhuqlrq uhsuhvhqwv d urwdwlrq/ +6144, lv dovr pdwkhpdwlfdoo| fruuhfw dqg zrunv
lq sudfwlfh zlwk jrrg uhvxowv1 Ixuwkhupruh/ lw lv pruh urexvw wr odujh shuwxuedwlrqv
lq wkh vwdwh yhfwru/ qrw fdxvlqj wkh hvwlpdwru �owhu wr glyhujh1 Glyhujhqfh kdsshqv
zkhq +6146, lv xvhg/ dv vkrzq e| Vwh|q ^78`1

Wkh olqhdul}hg vwdwh yhfwru/ iurp Ht1+6146,/ kdv glphqvlrq vhyhq1 Krzhyhu/ wkh
xqlw frqvwudlqw rq wkh txdwhuqlrq/ Ht1+514<,/ ohdgv wkh vwdwh huuru fryduldqfh wr eh
vlqjxodu/ dv dgguhvvhg e| Oh�huwv hw1do1 ^5:` dqg ghprqvwudwhg e| Edn ^4`/

�d.%.o '
5
7 �$$ f�fe

fef�
� �^^ f

f f
� 6
8 +6147,

Wkh vlqjxodulw| lv qhfhvvdu| ehfdxvh lw suhvhuyhv wkh txdwhuqlrq frqvwudlqw +514<,
h{solflwo|1 Krzhyhu lw lv gl!fxow wr pdlqwdlq gxh wr wkh dffxpxodwlrq ri urxqg0r�
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huuruv1 Wkh ehvw zd| wr pdlqwdlq wkh vlqjxodulw| lv wr uhsuhvhqw wkh � pdwul{ e| d
vpdoohu glphqvlrq pdwul{ ^5:`/

�dS%So '
� �$$ f�f�
f�f� �^^

�
+6148,

dv zhoo dv wkh Ndopdq jdlq/ gdS%So/ dqg wkh pdwulfhv lqyroyhg lq wkh HNI dojrulwkp=
+vhh Vhfwlrq 61414, Md�%So/'dS%So dqg xdS%So1Vr/ wkh vwdwh xsgdwh/ +D1:, 	 n& ' 	 3

& n g&i&/ ri wkh HNI pxvw eh frpsxwhg
fduhixoo|1 Lqvwhdg ri wkh vhyhq hohphqwv/ wkh shuwxuedwlrq vwdwh yhfwru kdv ehhq
uhgxfhg wr vl{ hohphqwv/

B ' � B/% B/+ B/5 B^� B^2 B^� �A +6149,
dqg B zloo eh xsgdwhg dffruglqj B 'g&i&1Vwloo/ wkh shuwxuedwlrq ri wkh vfdodu sduw ri wkh txdwhuqlrq pxvw eh frpsxwhg1
Iurp wkh txdwhuqlrq frqvwudlqw +514<,/

B^e '
s�� o B^ o +614:,

dv vxjjhvwhg e| Svldnl hw1 do1 ^6;`/ Edn ^4`/ dqg Vwh|q ^78`1
Wkh vwdwh xsgdwh ri wkh txdwhuqlrq lv uhexlow dffruglqj wr/

�t n
&n� ' Bt �t 3

&n� +614;,
' � B^ B^e �A  �t 3

&n�
' � B^ s�� o B^ o

�A  �t 3
&n�

dqg xvlqj +515<,/
�t n

&n� ' sE�t 3
&n��

� B^ s�� o B^ o
�A +614<,

Wkh vwdwh xsgdwh ri wkh dqjxodu yhorflw| lv frpsxwhg dv

	$n
&n� ' 	$3

&n� n B$ +6153,
' � 	/3

%*&n� 	/3
+*&n� 	/3

5*&n�
�A n � B/% B/+ B/5

�A +6154,
Olqhdul}dwlrq ri G|qdplf Htxdwlrqv

Wkh g|qdplf htxdwlrqv +5195, pxvw kdyh wkh h{whuqdo prphqwv h{solflw gh�qhg
lq rughu wr eh olqhdul}hg1 Vlqfh wkh vpdoo vdwhoolwh vwxglhg lq wklv zrun lv wkh SrVDW04
+vhh Vhfwlrq 71515,/ wkh uhohydqw h{whuqdo prphqwv lq xhqfh wkh g|qdplfv dv iroorzv=
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�$ ' U3� E�S|o, n�}} � $ � U$� / +6155,
zkhuh $ lv wkh dqjxodu yhorflw| ri wkh erg| FV z1u1w1 lqhuwldo FV h{suhvvhg lq erg|
FV/ $KK�/ exw khuh dqg khqfhiruwk ghqrwhg vlpso| dv $/ iru qrwdwlrq frqyhqlhqfh/
xqohvv uhihuuhg rwkhuzlvh1

Wkh olqhdul}dwlrq ri +6155, ohdgv wr
B �$ ' U3� EB�S|o, n B�}} n EdU$�o� d$�oU� B$� +6156,

zkhuh

dU$�o� d$�oU '
5
7 f EU+ � U5�	/5 EU+ � U5�	/+

EU5 � U%�	/5 f EU5 � U%�	/+
EU% � U+�	/+ EU% � U+�	/% f

6
8 +6157,

Olqhdul}dwlrq ri Judylw| Judglhqw Wrutxh/ B�}} Uhfdoolqj wkh judylw| jud0
glhqw htxdwlrq +51:3,

�}} ' �/2f
�	!K � U	!K

�
wkh xqlw yhfwru dorqj wkh erg|/ 	!K/ fdq eh zulwwhq dv 	!K ' �KJEt�	!J dffruglqj wr
+516,1 Wkh judylw| prphqw +51:3, ehfrphv/

�}} ' �/2f
�
�Et�	!J � U�Et�	!J

� +6158,
Dffruglqj wr wkh gh�qlwlrq ri txdwhuqlrq iurp Ht1+6145, dqg edvhg rq +516:,/

wkh dwwlwxgh pdwul{ dv ixqfwlrq ri wkh txdwhuqlrq shuwxuedwlrq lv

�Et� ' �EBt �t � +6159,
' �EBt��E�t �

Wkhq/ wkh judylw| judglhqw fdq eh zulwwhq dv iroorzv
�}} ' �/2f

�
�EBt��E�t �	!J � U�EBt��E�t �	!J

� +615:,
zklfk fdq eh zulwwhq/

�}} ' �/2f
�
�EBt�	!K � U�EBt�	!K

� +615;,
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Dffruglqj wr wkh gh�qlwlrq ri wkh txdwhuqlrq lq whupv ri wkh Hxohu d{lv2dqjoh
dqg vlqfh Bt lv d vpdoo shuwxuedwlrq ri wkh dwwlwxgh txdwhuqlrq

Bt '

5
997

e� t�? Bx
2e2 t�? Bx
2e� t�? Bx
2ULt Bx

2

6
::8 r

5
997

B^�
B^2
B^�
�

6
::8 '

� B^
�

�
+615<,

Qrwh wkdw wkh GFP fdq eh h{suhvvhg lq whupv ri d txdwhuqlrq +vhh Ht1+5168,,/
�Et� ' E^2e� o ^ o2�� n 2^^A � 2^e d^�o dqg iurp +615<,/ qhjohfwlqj vhfrqg dqg
kljkhu rughu whupv/ wkh GFP uhgxfhv wr

�EBt� ' �� 2 dB^�o +6163,
Uhsodflqj lqwr +615;,/ lw iroorzv

�}} ' �/2f
k
E�� 2 dB^�o� 	!K � U E�� 2 dB^�o� 	!K

l +6164,
dqg ohdylqj rxw doo wkh vhfrqg dqg kljkhu rughu whupv/ wkh olqhdul}hg judylw| judglhqw
wrutxh rewdlqhg lv

B�}} ' S/2f
��	!K � U dB^�o 	!K � dB^�o 	!K � U	!K

� +6165,
dqg xvlqj +5166,/ ohdgv wr/

B�}} ' S/2f
�k	!K�l

U
k	!K�l

B^� k
U	!K�l k	!K�l

B^
� +6166,

ru/
B�}} ' S/2f

�k	!K�l
U
k	!K�l� k

U	!K�l k	!K�l�
B^ +6167,

Khqfh/ wkh olqhdul}hg judylw| judglhqw wrutxh lv

B�}} ' S/2f

5
7 E�2

2���2���EU+�U5� �����2�EU+�U5� ������EU+�U5�
��2�2�EU5�U%� E�2

����2���EU5�U%� ��2����EU5�U%��������EU%�U+� �2����EU%�U+� E�2
����22��EU%�U+�

6
8 Bt

' S/2f6}}B^ +6168,
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Olqhdul}dwlrq ri Frqwuro Prphqw B�S|o, Wkh frqwuro prphqw iurp +51:6, lv/
�S|o, '4E|�� M6e@r +6169,

Wkh M6e@r fdq eh h{suhvvhg dv d ixqfwlrq ri wkh txdwhuqlrq/ M6e@r ' �KJEt�MJ1
Khqfh/ wkh frqwuro prphqw htxdwlrq ehfrphv/

�S|o, '4E|���KJEt�MJ

Wkh pdjqhwlf prphqw/ zklfk ghshqgv rq wkh frqwuro odz dssolhg wr wkh vdwho0
olwh/ lv dovr h{suhvvhg lq whupv ri wkh txdwhuqlrq dqg ri dqjxodu yhorflw|/ pxvw dovr
eh sduwldoo| gl�huhqwldwhg z1u1w1 wkh vwdwh1 Wklv phdqv wkdw hdfk wlph wkhuh lv d
pdjqhwlf prphqw dfwxdwlqj lq wkh vdwhoolwh wkh HNI pxvw kdyh dffhvv wr wkh frqwuro
jdlqv/ zklfk lv lqfrqyhqlhqw1 Iru h{dpsoh/ wkh Suhglfwlyh vwdelolvdwlrq dssolhg wr
SrVDW04 vdwhoolwh lq wkh VlpVdw vlpxodwru lv edvhg lq rqh ri wkh dydlodeoh pdjqhwlf
prphqwv wkdw plqlpl}h d frvw ixqfwlrq ^7:`1 Vr wkhuh lv qr h{suhvvlrq iru wkh pdj0
qhwlf prphqw ixqfwlrq1 Ehvlghv/ lw lv gl!fxow wr ghwhuplqh wkh frqwuro jdlq ydoxhv
iurp wkh vdwhoolwh*v uhdo gdwd/ dv kdsshqhg zlwk wkh uhdo gdwd xvhg lq wklv zrun iurp
wkh SrVDW04 vdwhoolwh1

Wr kdqgoh wklv sureohp/ rqh pd| hlwkhu qhjohfw wkh olqhdul}dwlrq ri wkh frq0
wuro prphqw/ dvvxplqj wkdw wkh surfhvv qrlvh fryduldqfh pdwul{/ '/ zloo wdnh lw
lqwr dffrxqw ru xvh dq dffxudwh frqwuro prphqw prgho lq rughu wr ixoo| olqhdul}h
wkh pdjqhwlf prphqw1 Lq wklv zrun/ wkh olqhdul}dwlrq ri wkh frqwuro prphqw zdv
qhjohfwhg1

Uhsodflqj wkh uhvxowv iurp wkh olqhdul}dwlrq rewdlqhg ehiruh lqwr +6156,/ wkh olq0
hdul}hg g|qdplf htxdwlrqv/

B �$ 'U3� � dU$�o� d$�oU S/2f8}}
� � B$

Bt
�

+616:,

Olqhdul}dwlrq ri Nlqhpdwlf Htxdwlrq
Iurp Htxdwlrq +6146,/ wkh txdwhuqlrq lv jlyhq dv d ixqfwlrq ri wkh txdwhuqlrq

huuru dqg ri wkh hvwlpdwhg txdwhuqlrq e| wkh iroorzlqj h{suhvvlrq=
t ' Bt �t ': Bt ' t �t 3� +616;,

Uhsuhvhqwlqj wkh dqjxodu yhorflw| lq whupv ri d txdwhuqlrqz' � /% /+ /5 f �A
dqg iurp wkh gh�qlwlrq ri wkh txdwhuqlrq surgxfw +515<, xvhg lq wklv zrun/ wkh nlqh0
pdwlfv htxdwlrq +5196, ehfrphv=

t ' �
2lEz�t ' �

2sEt�z +616<,
' �

2z t +6173,
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Iurp wkh dssolfdwlrq ri wkh fkdlq uxoh wr +616;, iroorzv/
t ' _

_| EBt �t � ' B t  �t n Bt ��t +6174,
Xvlqj wkh suhylrxv h{suhvvlrq lq wkh nlqhpdwlf htxdwlrqv/

B t  �t n Bt 1�t '�
2z t +6175,

Uljkw pxowlso|lqj +6175, e| �t 3�/ lw iroorzv lpphgldwho|
B t ' �

2z t �t 3� � Bt ��t �t 3� +6176,
Iurp wkh Nlqhpdwlfv/

��t ' �
2�z �t +6177,

��t �t 3� ' �
2�z +6178,

dqg xvlqj +616;,/ iurp h{suhvvlrq +6176, iroorzv wkdw/
B t ' �

2z Bt� �
2Bt �z +6179,

Uhfdoolqj wkdw wkh dqjxodu yhorflw| fdq eh h{suhvvhg lq whupv ri d shuwxuedwlrq
$ ' 	$ n B$/ iroorzv wkdw/

B t ' �
2 �z Btn �

2Bz Bt� �
2Bt �z +617:,

Uhsuhvhqwlqj wkh txdwhuqlrq pxowlsolfdwlrq zlwk wkh khos ri wkh ohiw dqg uljkw
rshudwruv gh�qhg lq Vhfwlrq 51518/

2B t ' lE�z�BtnlEBz�Bt� sE�z�Bt +617;,
'

� � d	$�o 	$�	$A f
�
Btn

� � dB	$�o B	$�B	$A f
�
Bt� � d	$�o 	$�	$A f

�
Bt

'
� �2 d	$�o� dB	$�o B	$�B	$A f

�
Bt +617<,

Iurp +617<, dqg +615<,/ B t '
� E�2 d	$�o� dB	$�o�B^nB	$�B	$A B^

�
dqg qhjohfwlqj vhf0

rqg rughu whupv +� dB	$�o B^� dqg +�B	$A B^,/ iroorzv
6:
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B �̂ ' � d	$�o B^n �
2B	$/ zlwk B �̂e ' f +6183,

Wkh dqjxodu yhorflw|/ xvhg lq wkh nlqhpdwlfv +vhh Vhfwlrq 51715,/ lv gh�qhg dv lq
erg| FV z1u1w ruelw frruglqdwhv h{suhvvhg lq whupv ri erg| FV/

B �̂ ' � �	$KKJ�� B^n �
2B	$

KKJ/ zlwk B �̂e ' f +6184,
Krzhyhu/ wkh dqjxodu yhorflw| pxvw uhihu wr erg| z1u1w lqhuwldo FV1 Vr uhsodflqj

+5199, lqwr wkh suhylrxv h{suhvvlrq/
B �̂ ' � �	$KK��� B^n �	$KJ��� B^n �

2B	$
KK� � �

2B	$
KJ� +6185,

Iurp +519:, 	$KJ� ' �KJEt�	$JJ�/ uhvxowlqj B	$KJ� ' �KJEBt��KJE�t�	$JJ� ' �KJEBt�	$KJ�1Xvlqj +6163,/ wkh olqhdul}hg dqjxodu yhorflw| lv B	$KJ� ' E�� 2dB^�o� 	$KJ� ' �	$KJ� n2d	$KJ��oB^1 Wkxv/ +6185, zloo ehfrph

B �̂ ' � �	$KK��� B^n �	$KJ��� B^n �
2B	$

KK� � �	$KJ��� B^� �	$KJ� +6186,
Vlqfh 	$KJ� lv frqvwdqw iru d flufxodu ruelw/ wkhq wkh lw lv frqvlghuhg wr eh lqfoxghg lq
wkh qrlvh/ �E|� iurp +6143,1 Khqfh +6186, vlpsol�hg/ ohdgv wr

B �̂ ' �
2B	$

KK� � �	$KK��� B^ +6187,
Wkh olqhdul}dwlrq ri wkh g|qdplf htxdwlrqv/ +616:,/ dqg nlqhpdwlf htxdwlrqv

+6187, duh xvhg lq +6143,/ ohdglqj wr wkh iroorzlqj pdwul{/

8 E	 E|�c |� '
� U3� EdU	$K��o� d	$K��o U� U3�S/f6}}

�
2��f� �d	$KK��o

�
+6188,

HNI Sursdjdwlrq
Wr sursdjdwh wkh vwdwh yhfwru dqg wkh vwdwh huuru fryduldqfh pdwul{ ehwzhhq

phdvxuhphqwv/ iurp rqh wlph vwhs/ |& wr wkh qh{w/ |&n�/ wkh wudqvlwlrq pdwul{/ x&/pxvw eh xvhg +vhh Dsshqgl{ D,/
	 3
&n� ' x&	 n& +6189,

�3
&n� ' x&�n

& x& n'& +618:,
6;
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Wkh wudqvlwlrq pdwul{ lv rewdlqhg iurp wkh olqhdul}hg g|qdplf dqg nlqhpdwlf
htxdwlrqv +6188,/

x& � �n 8 E	 E|�c |�{A n E8 E	 E|�c |�{A �2
2- +618;,

Wkxv/ d ehwwhu zd| wr sursdjdwh wkh vwdwh yhfwru lv wr lqwhjudwh qxphulfdoo| wkh
qrqolqhdu g|qdplfv +6156,/ dqg wr xvh d forvhg0irup ri wkh nlqhpdwlf htxdwlrqv zlwk
frqvwdqw erg| udwhv/ t&n� ' i T ��2l&{A�t&1Wkh prvw frpprq rqh0vwhs lqwhjudwlrq phwkrg xvhg iru vsdfhfudiw lv wkh 70vwdjh
Uxqjh0Nxwwd phwkrg/ dffruglqj wr Zhuw} ^88`/

	 3
&n� ' 	 n& n �

S E!� n 2!2 n 2!� n !e� +618<,
zlwk/

!� ' sE	 n& c &�
!2 ' sE	 n& n �

2!�c & n
�
2 �

!� ' sE	 n& n �
2!2c & n

�
2 �

!e ' sE	 n& n �!�c & n ��
zkhuh sE	 n& c |� ' sE	$n

& c |� lv jlyhq e| wkh g|qdplf htxdwlrqv ri prwlrq
	$3
&n� '

U U3� E�S|o, n�}} � $ � U$� _|n 	$n
& 1 Khqfh/

sE	$n
& c |� ' U3� E�S|o, n�}} �$ � U$� +6193,

lv xvhg iru glvfuhwh sursdjdwlrq ri wkh dqjxodu yhorflw|1 Wkh sursdjdwlrq ri wkh
txdwhuqlrq/ dvvxplqj wkdw wkh dqjxodu yhorflw| lv frqvwdqw ryhu wkh vdpsolqj lqwhuydo/
lv pdgh dffruglqj wr wkh forvhg irup vroxwlrq ^88`/

t&n� ' i T
��
2l&{A

�
t& +6194,

'
�
ULt

� 7/&{A
2

�
�n �

7/&
t�?

� 7/&{A
2

�
l&

�
t& +6195,

zkhuh 7/& ' s/2% n /2+ n /251
Revhuydwlrq Prgho

Wkh glvfuhwh qrqolqhdu revhuydwlrq prgho kdv wkh irup
)& ' �&E E|&�c |&� n �& zlwk & ' �/ 2/ ��� +6196,

6<
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zkhuh wkh phdvxuhphqw qrlvh fryduldqfh pdwul{ / lv jlyhq e|

. ��&�A&
� ' � -& / � ' �

f / � 9' � +6197,
zkhuh � lv wkh urz lqgh{ dqg � lv wkh froxpq lqgh{1

Uhsodflqj wkh vwdwh yduldeoh gh�qlwlrq +617, lqwr wkh revhuydwlrq prgho
)& ' �&E	 E|&� n B E|�c |&� n �& +6198,

dqg dvvxplqj wkdw B%E|� lv vpdoo dqg xvlqj wkh Wd|oru*v vhulhv h{sdqvlrq ri wkh �uvw
whup uhwdlqlqj rqo| wkh �uvw0rughu whupv/ wkh iroorzlqj h{suhvvlrq lv rewdlqhg=

�&E	 E|&� n B E|&�c |&� r �&E	 E|&�c |&� n Y�
Y 

����
 '	 

B E|� +6199,
Gh�qlqj M&E	 &� ' Y�

Y 
��
 '	 / wkh olqhdul}hg phdvxuhphqw prgho lv

)& � �&E	 E|&�c |&� ' M&E	 &�B n �& +619:,
Vr wkh olqhdul}hg lqqrydwlrq huuru prgho wr eh xvhg lv/

i& ' M&E	 &�B n �& +619;,
Vlqfh d furvv surgxfw ehwzhhq sdudooho yhfwruv lv qxoo/ dqg iurp )6e@r ' �Et�)J/

wkh lqqrydwlrq huuru lv gh�qhg dv
i& ' )K6e@rc& ��KJE�t&�)J& +619<,

' )K6e@rc& � 	)K& +61:3,
zkhuh )K6e@r lv d yhfwru zkrvh hohphqwv duh wkh phdvxuhphqwv rewdlqhg iurp wkh
dwwlwxgh vhqvruv dqg )J lv wkh yhfwru frpsxwhg iurp d prgho ri wkh phdvxuhphqwv/
qdphg dv wkh uhihuhqfh yhfwru1

Iru dq huuru iuhh phdvxuhphqw dqg uhihuhqfh yhfwru/
)K6e@rc& ' �KJEt&�)J& +61:4,

Wkxv/ wkh furvv surgxfw ehwzhhq wkh qrupdol}hg phdvxuhphqw dqg wkh qrupdo0
l}hg uhihuhqfh lq erg| frruglqdwhv jlyhv wkh lqqrydwlrq huuru/

i& ' )K6e@rc& ��KJEt&�)J&
i& ' )K6e@rc& � )K&

+61:5,
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Frqvlghulqj wkdw wkhuh lv qrlvh dvvrfldwhg zlwk wkh phdvxuhphqw dqg wkh uhihu0
hqfh yhfwru/ wkh h{suhvvlrq ehfrphv/

)K6e@rc& ' �KJEt&�)J& n �&
Uhfdoolqj wkh gh�qlwlrq ri txdwhuqlrq +6145,

)K6e@rc& ' �KJEBt&  �t&�)J& n �& +61:6,
dqg xvlqj +516:,/

)K6e@rc& ' �KJEBt&��KJE�t&�)J& n �& +61:7,
Nqrzlqj wkdw 	)K ' �KJE�t�)J/ wkh suhylrxv h{suhvvlrq ehfrphv/

)K6e@rc& ' �KJEBt&�	)K& n �& +61:8,
Wkh lqqrydwlrq huuru iurp +61:5, ehfrphv/

i& ' �KJEBt&�	)K& � 	)K& n �& � 	)K& +61:9,
Khqfh/

i& ' �KJEBt�	)K& � 	)K& n ��& +61::,
zkhuh ��& ' �& � 	)K&1 Vroylqj wkh suhylrxv h{suhvvlrq/ lw iroorzv wkdw/

i& ' 2
5
97

�	+K+�2 n �	+K5�2 �	+K%	+K+ �	+K%	+K5�	+K%	+K+
�	+K%�2 n �	+K5�2 �	+K+	+K5�	+K%	+K5 �	+K+	+K5

�	+K%�2 n �	+K+�2
6
:8
&

B^n ��& +61:;,

Gh�qlqj

�M&E	)K&� ' 2
5
97

�	+K+�2 n �	+K5�2 �	+K%	+K+ �	+K%	+K5�	+K%	+K+
�	+K%�2 n �	+K5�2 �	+K+	+K5�	+K%	+K5 �	+K+	+K5

�	+K%�2 n �	+K+�2
6
:8
&

+61:<,

zkhuh 	)K& ' � 	+K% 	+K+ 	+K5
�1 Wkh lqqrydwlrq huuru pd| eh zulwwhq lq whupv ri wkh

vwdwh yhfwru dv iroorzv/
i& ' � f�f� �M&E	)K&�

� Y & n ��& +61;3,
' M&E	 &�Y & n ��& +61;4,

zkhuh/
M&E	 &� ' � f�f� �M&E	)K&�

� +61;5,
D vxppdu| ri wkh HNI dojrulwkp dssolhg wr vpdoo vdwhoolwhv/ dv suhvhqwhg ehiruh/

iroorzv=
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HNI Dojrulwkp
Ehwzhhq phdvxuhphqwv

SURMHFW DKHDG
41 Sursdjdwlrq ri wkh vwdwh yduldeohv  3

&n� ' � 	$3&n� t&n� �A wkurxjk Uxqjh0
Nxwwd phwkrgv +618<,/ +6193, dqg +6194,/
	$3
&n� ' 	$n

& n �
S E!� n 2!2 n 2!� n !e�1 zkhuh !� ' sE	$n

& c &�/ !2 ' sE	$n
& n

�
2!�c &n �

2 �/ !� ' sE	$n
& n �

2!2c &n �
2 �/ !e ' sE	$n

& n�!�c &n�� dqg sE	$n
& c |� 'U3� E�S|o, n�}} �$ � U$�

t&n� '
k
ULt � 7/&{A

2
��n �

7/& t�?
� 7/&{A

2
�l&

l
t&/ zkhuh 7/& ' s/2% n /2+ n /25

51 Frpsxwh 8 E	 E|�c |� zlwk +6188,1
61 Frpsxwh wudqvlwlrq pdwul{/ x& � �n 8 E	 E|�c |�{A n E8 E	 E|�c|�{A �2

2-
71 Sursdjdwlrq ri wkh vwdwh huuru fryduldqfh pdwul{ +618:,/ �3

&n� ' x&�n
& xA& n

'&n�

Dfurvv phdvxuhphqwv )6e@r*&n�

41 Frpsxwh 	)K&n� ' �KJE�t&�)J&n�

51 Frpsxwh iurp +61;5, M3
&n�

61 Xsgdwh wkh Ndopdq jdlq +vhh Ht1+D1:, lq Dsshqgl{ D,/
g&n� ' �3

&n�M3A
&n�

�M3
&n��3

&n�M3A
&n� n-&n�

�
71 Frpsxwh wkh Lqqrydwlrq Huuru +619<,/ i&n� ' )K6e@rc&n� � 	)J&n�

81 Frpsxwh wkh shuwxuedwlrq xsgdwh +6149,/ B &n� ' g&n�i&n�
91 Xsgdwh hvwlpdwh +6153,/ 	$n

&n� ' 	$3
&n� n B$&n�

:1 Xsgdwh hvwlpdwh +614<,/ �tn&n� ' sE�t3&n��Bt&n� zkhuh Bt&n� '
� B^&n�s�� o B^&n� o

�

;1 Frpsxwh Mn
&n� dv M3

&n� lq vwhs 4 exw/ 	)KJ_+*&n� lv frpsxwhg xvlqj wkh xsgdwhgvwdwh/ �t&n�1
<1 Frpsxwh wkh vwdwh huuru fryduldqfh pdwul{ +vhh Ht1+D1:, lq Dsshqgl{ D,/

�n
&n� '

���g&n�Mn
&n�

��3
&n�

���g&n�Mn
&n�

�A ng&n�-&n�gA&n�
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61415 H{whqghg Ndopdq Ilowhu Lqwulqvlf Sureohpv
Wkh Ndopdq �owhu lv rswlpdo rqo| zkhq dssolhg wr olqhdu g|qdplf v|vwhpv1

Qhyhuwkhohvv/ lw fdq vwloo eh xvhg iru qrq0olqhdu v|vwhpv e| olqhdul}lqj htxdwlrqv wkdw
ghvfuleh wkh v|vwhp1 Krzhyhu vhyhudo sureohpv dulvh=

� wkh olqhdul}dwlrq ri wkh surfhvv dqg wkh phdvxuhphqw prghov pd| lqwurgxfh
vljql�fdqw huuruv>

� wkh surshuwlhv ri wkh Ndopdq �owhu fdq qrw eh jxdudqwhhg iru wkh HNI/ zklfk
pd| ohdg wr glyhujhqfh ri wkh vwdwh hvwlpdwh huuru>

� wkh surfhvv qrlvh lv wuhdwhg dv Jdxvvldq zlwk nqrzq yduldqfh zklfk lv qrw
xvxdoo| dq dffxudwh ghvfulswlrq ri wkh hvwlpdwlrq huuruv>

� wkh surfhvv huuru pdwul{/ '/ lv pdqxdoo| wxqhg wr uhdfk frq�ghqfh lq wkh �owhu>
� wkh lqlwldo vwdwh/ %J/ dqg vwdwh huuru fryduldqfh pdwul{/ �J/ duh uhtxluhg1
Wkh lqlwldol}dwlrq ri wkh vwdwh yhfwru dqg wkh � pdwul{/ pd| eh d sureohp1 Li

wkh vwduwlqj srlqw lv xqnqrzq/ wkh lqlwldo vwdwh yhfwru lv lq jhqhudo yhu| gl�huhqw
iurp wkh wuxh vwdwh/ fdxvlqj wkh fryduldqfh pdwul{ wr mxps iurp d odujh ydoxh wr
d vpdoo ydoxh ru forvh wr }hur lq rqh vwhs/ riwhq fdxvlqj wkh dojrulwkp wr glyhujh1
Lq sudfwlfh vrph edwfk zrun pxvw eh grqh wr rewdlq d vxlwdeoh lqlwldo � pdwul{
wkdw zloo qrw fdxvh wkh HNI wr glyhujh1 Dovr wkh v|pphwu| ri wkh vwdwh huuru
fryduldqfh pdwul{ pxvw eh dvvxuhg zkloh wkh HNI dojrulwkp lv uxqqlqj lq rughu wr
dyrlg glyhujhqfh sureohpv gxh wr qxphulfdo lqdffxudflhv1 Iru d uhdo vdwhoolwh zklfk
lv vxssrvhg wr zrun iru orqj shulrgv/ lw lv ghvludeoh wr lpsohphqw dojrulwkpv wkdw
kdqgoh qxphulfdo lqvwdelolw| zlwk d vshfldo frqfhuq dqg duh htxlydohqw wr wkh Ndopdq
�owhu dojrulwkp1 Dffruglqj wr ^47` wkh prvw qxphulfdo vwdeoh dojrulwkpv iru Ndopdq
�owhu lpsohphqwdwlrq duh jlyhq e| ^7` dqg ^84`1

Wkh prgholqj ri d vsdfhfudiw lv d frpsoh{ lvvxh ehfdxvh wkh h{whuqdo irufhv pxvw
eh wdnhq lqwr dffrxqw lq wkh vdwhoolwh htxdwlrqv ri prwlrq/ dffruglqj wr Qhzwrq*v
odz1 OHR vdwhoolwhv kdyh wkh lq xhqfh ri h{whuqdo wrutxhv +rzlqj wr vrodu suhvvxuh/
vrodu khdwlqj/ dhurg|qdplf gudj, zklfk duh qrq0olqhdu dqg ydu| dorqj wkh ruelw
dqg dowlwxgh1 Lq sudfwlfh wkh| duh glvuhjdughg gxh wr lwv gl!fxow prghoolqj zklfk
zrxog juhdwo| lqfuhdvh wkh frpsoh{lw| ri wkh surfhvv prgho1 Krzhyhu/ wkh| lq xhqfh
wkh dffxudf| ri wkh hvwlpdwhg dqjxodu yhorflw| gxulqj wkh sursdjdwlrq +5195, zkhuh
wkh| duh h{solflw h{suhvvhg1 Dovr/ wkh olqhdul}dwlrq ri wkh htxdwlrqv wkdw ghvfuleh
wkh v|vwhp lv dq dssur{lpdwlrq wkdw lv jrlqj wr lqwurgxfh huuruv lq wkh hvwlpdwhv
fdofxodwlrq1

Vrph ri wkh sureohpv glvfxvvhg suhylrxvo| zhuh dgguhvvhg e| gl�huhqw dxwkruv1
Lqvwhdg ri qhjohfwlqj vhfrqg dqg kljkhu rughu whupv frplqj iurp wkh g|qdplfv olq0
hdul}dwlrq/ Ydwkvdo ^86` frqvlghuhg whupv xs wr vhfrqg rughu1 Wklv dssurdfk lqfuhdvhv
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wkh frpsoh{lw| ri wkh �owhu dqg lwv frpsxwdwlrqdo exughq1 Lw lv rqo| zruwkzkloh wr
jr iru vhfrqg ru kljkhu rughu whfkqltxhv lq fdvh ri h{wuhph v|vwhp qrqolqhdulwlhv1

Dqrwkhu dssur{lpdwlrq lv wr dvvxph Jdxvvldq qrlvh zlwk nqrzq yduldqfh iru wkh
revhuydwlrqv dqg wkh surfhvv/ zklfk lv qrw dq dffxudwh ghvfulswlrq ri wkh hvwlpdwlrq
huuruv1 Lq dgglwlrq wr wklv/ wkh surgxfwv ri lqhuwld duh frqvlghuhg doo }hur ehfdxvh
sulqflsdo gluhfwlrqv duh dvvxphg wr eh doljqhg zlwk frqwuro FV gxh wr wkh vsdfh0
fudiw jhrphwu| ^88` dqg wkhuh lv vrph xqfhuwdlqw| lq wkh fdoleudwlrq ri wkh sulqflsdo
prphqwv ri lqhuwld1 Lq sudfwlfh/ wkhvh duh v|vwhpdwlf huuruv wkdw fdqqrw eh prg0
hoohg xvlqj Jdxvvldq zklwh qrlvh/ ghyldwlqj wkh hvwlpdwh iurp lwv wuxh sdudphwhuv1
Wr dyrlg wkhvh sureohpv/ wkh vwdwh huuru dqg surfhvv qrlvh fryduldqfh pdwulfhv duh
wxqhg zlwk wkh �owhu lq wkh dwwlwxgh forvhg frqwuro orrs/ wr frpshqvdwh wkh uhvxowlqj
huuruv1 Vr/ d vhw ri S{S hohphqwv/ iurp �J pdwul{/ soxv S{S hohphqwv iurp wkh '
pdwul{ dqg �?{�? iru wkh - pdwul{/ zkhuh ? lv wkh qxpehu ri dydlodeoh vhqvruv/ pxvw
eh ghwhuplqhg ehiruh wkh HNI fdq eh xvhg1 Vlqfh wkhvh duh v|pphwulf pdwulfhv/
wkh qxpehu ri hohphqwv lv uhgxfh wr S{SnS

2 iru hdfk �J/ ' pdwulfhv/ dqg �?{�?n�?
2 iru

wkh - pdwul{1
Wudglwlrqdoo|/ doo hohphqwv zhuh pdqxdoo| wxqhg zklfk lv wlph frqvxplqj/ surqh

wr vxemhfwlyh huuru dqg frpsoh{/ vlqfh wkh vwdwh yduldeohv d�hfw hdfk rwkhu1 Wdnlqj
dgydqwdjh ri wkh v|pphwu| ri wkh vwdwh huuru fryduldqfh pdwul{ dqg ri wkh SrVDW04
jhrphwu|/ d uhgxfhg jurxs ri sdudphwhuv kdv wr eh wxqhg1 Vpdoo vdwhoolwhv zlwk
judylw| judglhqw vwdelolvdwlrq xvxdoo| kdyh d suhihuuhg vslq d{lv/ 5 d{lv1 Wkxv/ lw lv
uhdvrqdeoh wr dvvxph lghqwlfdo fryduldqfh huuruv iru wkh dqjxodu yhorflwlhv z1u1w1 %
dqg + d{lv1 Xvlqj wklv/ wkh qxpehu ri hohphqwv uhgxfh rqfh djdlq wr �. hohphqwv iru
hdfk pdwul{ �J dqg '1

Lqvwhdg ri pdqxdo wxqlqj/ ^89` xvhg d jhqhwlf dojrulwkp wr wxqh wkh surfhvv qrlvh
fryduldqfh pdwul{'/ wkh phdvxuhphqw qrlvh fryduldqfh pdwul{ - dqg wkh vwdwh huuru
fryduldqfh pdwul{ �J dw wkh vdph wlph/ zlwk wkh HNI lqvlgh wkh forvhg frqwuro orrs/
dqg hydoxdwlqj shuirupdqfh e| phdvxulqj wkh dffxudf| ri wkh uhvxowlqj dwwlwxgh
frqwuro orrs1 Wkh wrwdo qxpehu ri hohphqwv wr eh frpsxwhg lv �� iru �J dqg ' dqg
�?{�?n�?

2 iru wkh - pdwul{/ zkhuh lw zdv dvvxphg wkdw wkh ^� dqg ^2 kdg lghqwlfdo
fryduldqfh huuruv dv zhoo dv ^� dqg ^e1 Lw zdv qhfhvvdu| wr jurxs wkh sdudphwhuv
wr uhgxfh wkh qxpehu ri sdudphwhuv wr eh irxqg dqg grlqj vr pdnlqj wkh wxqlqj
sureohp pdqdjhdeoh1 Krzhyhu/ wklv vwloo phdqv pdq| sdudphwhuv wr eh wxqhg dqg
d orw ri edwfk zrun kdv wr eh grqh lq rughu wr �qg rxw doo sdudphwhuv qhhghg wr
fruuhfwo| uxq wkh HNI1

D gl�huhqw dssurdfk zdv wdnhq e| Edn ^4`/ zkr gh�qhg wkh phdvxuhphqw qrlvh
fryduldqfh pdwul{/ -/ e|/

-|J|E|&n�� ' -6E|&n�� n�E	̂3
&n��-KE|&n���E	̂3

&n��
zkhuh -6 lv wkh vhqvru qrlvh dqg -K lv wkh jhrpdjqhwlf �hog prgho huuruv1 Dovr/
wkh surfhvv qrlvh fryduldqfh pdwul{ zdv prghoohg wdnlqj lqwr dffrxqw vrph ri wkh
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glvfuhsdqflhv ehwzhhq wkh surfhvv prgho dqg wkh dfwxdo ehkdylrxu ri wkh vsdfhfudiw
dqg zdv jdwkhuhg lq wkh iroorzlqj surfhvv qrlvh fryduldqfh pdwul{/

' '
� '�� n'� n'�r f�f�

f�f� 'r^

�
+61;6,

zkhuh '�� uh hfwv wkh xqfhuwdlqw| ri wkh prphqwv ri lqhuwld dqg wkh qrlvh dfwlqj
rq wkh dqjxodu yhorflw| udwhv zklfk pdnhv wklv pdwul{ wr ghshqg rq wkh dfwxdo vwdwh
ri wkh vdwhoolwh1 Wkh '� lqglfdwhv wkh lq xhqfh ri wkh dhurg|qdplf gudj1 '�r dqg
'r^ duh gldjrqdo surfhvv qrlvh sdudphwhuv/ hpslulfdoo| ghwhuplqhg wr frpshqvdwh
olqhdul}dwlrqv dqg lqdghtxdflhv lq wkh sursdjdwlrq ri wkh vwdwh1 Wklv lv d jrrg
dssurdfk wr wkh sureohp ri prghoolqj d qrq0olqhdu v|vwhp wr eh xvhg lq wkh HNI
vlqfh wkhuh duh yhu| ihz sdudphwhuv wr eh ghwhuplqhg1 Wkxv/ wkh surfhvv qrlvh
fryduldqfh pdwul{ grhv qrw qhhg wr eh wxqhg h{kdxvwlyho|1 Krzhyhu wkhvh sdudphwhuv
duh ghshqgdeoh ri wkh vdwhoolwh ihdwxuhv olnh fdoleudwlrq ri wkh lqhuwldv prphqwv dqg
lw wdnhv vrph wlph wr �qg rxw wkh ydoxhv vxlwdeoh wr wkh dojrulwkp1

Dovr/ Vwh|q ^78` kdv vxjjhvwhg d surfhvv huuru fryduldqfh pdwul{/ zkhuh wkh dqjx0
odu yhorflw| lv nhsw frqvwdqw gxulqj wkh hqwluh olih ri wkh vdwhoolwh dqg wkh txdwhuqlrq
huuru lv sursruwlrqdo wr wkh rwkhu hohphqwv ri wkh txdwhuqlrq gxh wr wkh txdwhuqlrq
frqvwudlqw/

' '
� _�@} �j�%/j�+ /j�5

� f�[�
f�[� &^_�@}E�� ^2�c �� ^22/�� ^2��

�
+61;7,

zkhuh j�%/ j�+ / j�5 duh wxqhg iru d vshfl�f vdwhoolwh1 Dv h{sodlqhg ehiruh gxh wr wkhjhrphwu| ri wkh vdwhoolwh xvxdoo| j�% ' j�+ 9' j�5 dqg &^ lv hpslulfdoo| ghwhuplqhg1Djdlq wkh phdvxuhphqw qrlvh fryduldqfh pdwul{ zdv vhw dv d gldjrqdo pdwul{1 Iru
wklv qrlvh fryduldqfh pdwulfhv wkhuh duh e sdudphwhuv wr eh ghwhuplqhg/ zklfk lv d
uhgxfhg qxpehu frpsdulqj zlwk wkh �2 hohphqwv ri wkh fryduldqfh xvxdoo| pdqxdoo|
wxqhg1 Rqh pd| vd| wkdw wkhvh duh qrw wkh ehvw fryduldqfhv pdwulfhv wr jhw jrrg
vwdwh hvwlpdwhv uhvxowv exw lw lv d yhu| jrrg vwduwlqj srlqw wr kdyh wkh HNI uxqqlqj
surshuo|1

615 Srlqw0wr0srlqw Dssurdfkhv
Wkh ghwhuplqlvwlf ru srlqw0wr srlqw phwkrgv frqvlvwv ri ghwhuplqlqj wkh dwwlwxgh

pdwul{/ �/ rq d vhw ri qrlv| yhfwru phdvxuhphqwv1 Jlyhq d vhw ri plqlpdo wzr/
? � 2/ yhfwru phdvxuhphqwv wdnhq e| wkh dwwlwxgh vhqvruv rq0erdug wkh vdwhoolwh/
)K6e@rc����)K6e@rc? / wkxv zulwwhq lq erg| FV dqg wkh fruuhvsrqghqw vhw ri uhihuhqfh
yhfwruv/ )J����)J?/ rewdlqhg iurp wkh prgho ri wkh vdph dwwlwxgh vhqvruv/ wkxv zulwwhq
rq ruelw FV1 Wkhuh lv d pdwul{ ghqrwhg e| �/ wkdw uhsuhvhqwv wkh urwdwlrq ehwzhhq
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Iljxuh 614= H{hfxwlrq Wlphv iru Urexvw Hvwlpdwlrq Dojrulwkpv +uhsulqwhg iurp
^68`,1
erwk ruelw dqg erg| FV/ +lq Vhfwlrq 51514,/ khqfh uhodwlqj erwk yhfwruv/

)K6e@r ' �KJ)J +61;8,
Wkxv wkh sureohp uhvxphv wr �qg wkh ruwkrjrqdo dwwlwxgh pdwul{ �/ rqo| edvhg

rq wkh phdvxuhphqwv1 Zdked ^87` zdv wkh �uvw wr fkrrvh d ohdvw vtxduh fulwhulrq wr
gh�qh wkh ehvw hvwlpdwh ri �/

uE�� ' �
2

?[
�'�

�2� o )K6e@rc� ��)J� o +61;9,

zkhuh o � o ghqrwhv wkh Hxfolghdq qrup1
Vr wkh srlqw0wr0srlqw phwkrgv frqvlvw ri dowhuqdwlyh dssurdfkhv wr wkh vroxwlrq ri

wkh sureohp srvhg e|Zdked lq rughu wr ghwhuplqh wkh ehvw dwwlwxgh pdwul{�1 Pdq|
dojrulwkpv zhuh lqwurgxfhg dv/ ghvfulehg lq Vhfwlrq 415/ exw dffruglqj wr Pdunoh|
dqg Pruwdul ^68` wkh prvw urexvw/ uholdeoh dqg dffxudwh srlqw0wr0srlqw hvwlpdwruv
duh wkh t phwkrg dqg wkh VYG/ ehfdxvh doo/ exw wkhvh wzr/ lqyroyh srwhqwldoo|
qxphulfdoo| xquholdeoh surfhgxuhv ^68`1

Dovr/ wkh Gdyhqsruw vroxwlrq kdv suryhq wr eh pruh h!flhqw wkdq wkh VYG
phwkrg h{fhsw iru wkh wzr dwwlwxgh vhqvruv fdvh/ dv ghslfwhg lq Ilj1 614 ^68`1

Wdnlqj wkdw lqwr dffrxqw iru wkh SrVDW04 fdvh vwxg| lq wklv glvvhuwdwlrq/ zkhuh
wkhuh duh rqo| wzr dydlodeoh dwwlwxgh phdvxuhphqwv/ wkh VYG zdv fkrvhq lq wklv
zrun1
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Wkh ghulydwlrq ri wkh VYG dojrulwkp lv jlyhq lq dsshqgl{ E/ exw wkh dojrulwkp
fdq eh vxppdul}hg lq wkh iroorzlqj vhw ri htxdwlrqv=

� '
?[

�'�
��)K6e@rc�)JA� +61;:,

� ' L7T A

Wkh X dqg Y pdwulfhv duh ruwkrjrqdo dqg
7 ' _�@}Er�c r2c r�� +61;;,

zlwk � vlqjxodu ydoxhv r� /r2 dqg r� rughuhg dv=
r� � r2 � r� � f +61;<,

Wkh dwwlwxgh pdwul{ lv jlyhq e|/
�JR| ' L

� �2{2 f
f _e|EL�_e|ET �

�
T A +61<3,

Iru wkh frpsxwdwlrq ri wkh vwdwh huuru fryduldqfh pdwul{
j ' _e|EL�_e|ET �r�
� ' L

k
_�@}

�
�

r2nj c �
r�nj c �

r�nr2
�l

LA +61<4,

Wkh VYG dojrulwkp lv yhu| vlpsoh wr lpsohphqw/ frpsduhg wr wkh HNI/ vlqfh
wkhuh lv qr qhhg wr jlyh lqlwldo ydoxhv wr dq| vwdwh huuru fryduldqfh pdwul{ dqg wr wkh
vwdwh yhfwru/ wr wxqh dq| surfhvv qrlvh fryduldqfh pdwul{/ wr olqhdul}h wkh g|qdplf
dqg nlqhpdwlf htxdwlrqv ri prwlrq/ ru wr dvvxph wkh surfhvv dqg phdvxuhphqwv
qrlvhv dv Jdxvvldq zlwk nqrzq fryduldqfhv1 Wkhuhiruh/ wkh sureohpv ghvfulehg suh0
ylrxvo| duh dyrlghg dv zhoo dv wkh wlph frqvxphg wr vroyh wkhp1 Dovr/ iru gl�huhqw
vdwhoolwhv/ wkh HNI fryduldqfh pdwulfhv pxvw eh uh0wxqhg zkloh wkh VYG dojrulwkp
grhv qrw1 Rq wkh rwkhu kdqg/ rqh pd| vd| wkdw vrph xvhixo lqirupdwlrq iurp wkh
v|vwhp prgho lv orvw/ lq wkh VYG phwkrg/ exw vlqfh wkh v|vwhp prgho lv qrq0olqhdu
dqg kdv wr eh olqhdul}hg/ lw lv ehwwhu wr ljqruh lw wkdq wr lqwurgxfh plvohdglqj lqiru0
pdwlrq wr wkh �owhu1

Qhyhuwkhohvv/ d sureohp dulvhv zkhq wkh vdwhoolwh lv ruelwlqj lq wkh gdun vlgh ri
wkh Hduwk ru zkhq wkh Vxq lv rxwvlgh wkh �hog ri ylhz ri wkh Vxq Vhqvru1 Dw wklv
srlqw qr dwwlwxgh vhqvruv duh dydlodeoh h{fhsw rqo| iru pdjqhwrphwhuv/ wkhuhiruh wkh
srlqw0wr0srlqw phwkrgv duh lqfdsdeoh ri ghwhuplqlqj wkh vdwhoolwh*v dwwlwxgh ehfdxvh
wkh| ghshqg rq wkh dydlodelolw| ri wzr phdvxuhphqw yhfwruv1 Vr wkh sursdjdwlrq
ri wkh dwwlwxgh pxvw eh grqh wkurxjk wkh nlqhpdwlfv/ exw vlqfh wkhvh jdsv duh
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vpdoo shulrgv ri wlph/ wkh lqfxuuhg huuru lv yhu| vpdoo dqg hdvlo| fruuhfwhg zkhq
wkh VYG dojrulwkp lv rshudwlrqdo djdlq1 Wkh vdph dssolhv zkhq wkh hvwlpdwru
dwwhpswv wr zrun zlwkrxw wkh Vxq vhqvru1 Wkhvh lvvxhv duh dgguhvvhg lq fkdswhu 7/
zkhuh wkh VYG dojrulwkp lv suhvhqwhg lq ghwdlo iru SrVDW041 Dqrwkhu fulwlfdo lvvxh
lv wr rewdlq hvwlpdwhv ri wkh dqjxodu yhorflw| zklfk duh qhhghg iru vrph frqwuro
dojrulwkpv1 Wkxv/ wkh dqjxodu yhorflw|/ qrw jlyhq e| dq| srlqw0wr0srlqw phwkrg/
lv rewdlqhg wkurxjk nlqhpdwlf htxdwlrqv/ xvlqj wkh txdwhuqlrq hvwlpdwhv uhvxowlqj
iurp wkh VYG dojrulwkp/ dv h{sodlqhg qh{w1
Dqjxodu Yhorflw| fdofxodwlrq
Iurp wkh nlqhpdwlfv/

t ' �
2lE$� t

Wr pdqlsxodwh wkh htxdwlrq/ wkh dqjxodu yhorflw| lv uhsuhvhqwhg lq whupv ri d
txdwhuqlrq z ' � /% /+ /5 f �A / dqg xvlqj wkh gh�qlwlrq ri wkh txdwhuqlrq
surgxfw +515<,/ wkh nlqhpdwlfv +5196, ehfrphv=

t ' �
2z t

Pxowlso|lqj erwk whupv e| wkh lqyhuvh ri wkh txdwhuqlrq/ wkh h{suhvvlrq fdq eh
zulwwhq dv iroorzv/

z ' 2t t3� +61<5,
zkhuh iurp +5156, wkh lqyhuvh ri wkh txdwhuqlrq lv jlyhq e| t3� ' � �^� �^2 �^� ^e �A 1
Xvlqj djdlq wkh gh�qlwlrq ri wkh txdwhuqlrq surgxfw +515<,/

z ' 2s �t3�� t +61<6d,
Wkh glvfuhwh h{suhvvlrq wr eh dssolhg ehwzhhq phdvxuhphqwv/ |& dqg |&n�/ zlwkd vdpsolqj wlph ri {A lv jlyhq e|/

z|&n� ' 2sEt|&n��t|&n� +61<7,
Wkh ghulydwlyh ri wkh txdwhuqlrq/ t/ lv rewdlqhg dgglqj d sroh/ @/ wr wkh *ghulydwru*

v|vwhp wkdw rewdlqv t iurp t/ wr gdps wkh kljk iuhtxhqf| qrlvh1 Wkh wudqvihu
ixqfwlrq r

rn@ lv glvfuhwl}hg xvlqj wkh elolqhdu wudqvirup/ zkhuh r # 5
{A

53�
5n� 1 Wkh

glvfuhwh h{suhvvlrq wr eh dssolhg ehwzhhq phdvxuhphqwv zlwk d vdpsolqj wlph ri
{A lv jlyhq e| wkh gl�huhqfh htxdwlrq

t|& ' E�� @{A � t|&3� � @{A t|&32 n t|& � t|&3� +61<8,
7;
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Lq dgglwlrq wr wklv/ wkh sursdjdwlrq ri wkh txdwhuqlrq ehwzhhq phdvxuhphqwv
uhtxluhv wkh nqrzohgjh ri wkh dqjxodu yhorflw| dqg vlqfh qr j|urv duh rq0erdug ri
pdq| vpdoo vdwhoolwhv/ lw lv lpshudwlyh wr kdyh dqjxodu yhorflw| hvwlpdwhg ehvlghv wkh
dwwlwxgh1 Wkhvh lvvxhv zloo lqfuhdvh wkh frpsxwdwlrqdo ordg ri wkh VYG dojrulwkp
lpsohphqwdwlrq exw qr dgglwlrqdo huuruv duh lqwurgxfhg lq wkh dojrulwkp wkdw zloo
d�hfw lwv shuirupdqfh hvwlpdwlqj wkh dwwlwxgh1 Lw fdq eh vhhq dv d frpsohphqwdu|
dojrulwkp wkdw fdq eh xvhg lq vpdoo vsdfhfudiwv iru zklfk wkh nqrzohgjh ri dqjxodu
yhorflw| lv hvvhqwldo1
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Fkdswhu 7
Vlpxodwlrq Vhwxs

Wr ydolgdwh wkh hvwlpdwlrq dojrulwkpv ghvfulehg lq Fkdswhu 6/ d vlpxodwhg OHR
vdwhoolwhv hqylurqphqw/ VlpVdw/ lv xvhg/ zkhuh doo sdudphwhuv duh frqwuroohg dqg
nqrzq/ dv ghvfulehg lq Vhfwlrq 7141 SrVDW04 zdv xvhg dv wkh ehqfkpdun ri wkh
VlpVdw vlpxodwru vlqfh lw lv uhsuhvhqwdwlyh ri wkh vpdoo vdwhoolwh fodvv zlwk kdugzduh
frqvwudlqwv/ uhgxfhg srzhu vxsso|/ uhvwulfwlyh dfwxdwruv dqg qrlv| dwwlwxgh vhqvruv
wkdw duh qrw dozd|v dydlodeoh/ frpprq wr prvw vpdoo vdwhoolwhv/ dqg lw lv dgguhvvhg
lq Vhfwlrq 715141 Ixuwkhupruh/ doo frqglwlrqv qhhghg wr uxq wkh HNI dqg wkh VYG
dojrulwkpv duh ghvfulehg/ dv zhoo dv wkh glvwxuedqfh yduldeohv dgghg rq sxusrvh wr
lqfuhdvh wkh gl!fxowlhv ri wkh hvwlpdwru1 Diwhuzdugv/ wkh uhdo gdwd rewdlqhg iurp
SrVDW04 vdwhoolwh lv suhvhqwhg/ dqg h{sodlqhg lq ghwdlo krz wr kdqgoh lw/ lq Vhfwlrqv
715161 Dovr/ wkh dfwlrqv shuiruphg ryhu wkh uhdo gdwd wr uhgxfh huuruv dqg rewdlq
ehwwhu uhvxowv duh dgguhvvhg1

Wkh whvwv shuiruphg ryhu wkh vlpxodwhg SrVDW04 duh suhvhqwhg lq 716 dqg wkh
prvw lpsruwdqw dvshfwv dqg jrdov wkdw wkh whvwv zhuh phdqw wr vwuhvv duh h{sodlqhg1
Dovr/ wkh whvwv dssolhg wr wkh uhdo gdwd ri SrVDW04 vdwhoolwh lv h{sodlqhg lq wklv
vhfwlrq1 Pruhryhu/ wkh vwdwlvwlfdo lqirupdwlrq xvhg wr dqdo|vh wkh shuirupdqfh ri
wkh hvwlpdwruv dojrulwkpv/ HNI dqg VYG/ iru wkh vlpxodwlrq fdvh dqg iru wkh uhdo
gdwd lv gh�qhg dqg h{sodlqhg lq Vhfwlrq 7171

714 VlpVdw Vlpxodwru
VlpVdw lv d PDWODE2Vlpxolqn surjudp ghyhorshg xqghu wkh FrqVdw4 surmhfw

zklfk dlpv dw uhsurgxflqj d uhdolvwlf hqylurqphqw/ dv shufhlyhg e| wkh DGFV ri
vsdfhfudiwv/ lq wkh sduwlfxodu fdvh ri vpdoo vdwhoolwhv1 Vlqfh wkh �uvw |hdu ri wkh
surmhfw/ vhyhudo uhvhdufkhuv dqg vwxghqwv kdyh ehhq vwxg|lqj dqg prghoolqj doo hq0
wlwlhv zklfk lqwhudfw zlwk vpdoo vdwhoolwhv lq rughu wr vlpxodwh wkh hyroxwlrq ri wkh

4Vxssruwhg e| SUD[LV [[L surjudp surmhfw SUD[LV2626142FWDH24<752<81
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vdwhoolwh dwwlwxgh prwlrq dqg lwv wlph0ydu|lqj ehkdylrxu ^7;`/ ^7<` ^83`1 Wkh lpsoh0
phqwdwlrq ri g|qdplf dqg nlqhpdwlf htxdwlrqv ri prwlrq ri d vdwhoolwh lv ghvfulehg
lq ^77`1 Wkh VSJ7 sursdjdwlrq prgho/ vxlwdeoh iru suhglfwlrq ri qhdu Hduwk vdwhoolwhv
srvlwlrq dqg yhorflw| zdv lpsohphqwhg1 SrVDW04 zdv xvhg dv d fdvh vwxg| iru wkh
VlpVdw vlpxodwru/ zkhuh SrVDW04 vhqvruv ^7;` dqg dfwxdwruv zhuh uhdolvwlfdoo| vlpx0
odwhg dv zhoo dv wkh Hduwk*v ruelw jhrpdjqhwlf �hog1 Rqh ri wkh pdmru sureohpv wkdw
DGFV idfh lv wkdw/ ehvlghv ehlqj qrlv|/ wkh vhqvruv duh qrw dozd|v dydlodeoh ghshqg0
lqj rq wkh uhodwlyh srvlwlrq ri wkh vdwhoolwh/ wkh Vxq dqg Hduwk/ ^89`1 Vhyhudo frqwuro
dojrulwkpv duh dydlodeoh iru xvh lq wkh Frqvdw vlpxodwru ^79` lq rughu wr fkrrvh wkh
prvw dghtxdwh wr hdfk plvvlrq skdvh iru vpdoo vdwhoolwhv1 Wkh dojrulwkp xvhg lq wklv
zrun lv wkh Suhglfwlyh Frqwuro vlqfh lw lv dq dwwlwxgh vwdelolvdwlrq dojrulwkp vxlwdeoh
wr vwdelolvh dqg frqwuro wkh vslq ri d vpdoo vdwhoolwh xvlqj rqo| pdjqhwlf dfwxdwlrq
^7:` dqg dfklhyhg yhu| jrrg shuirupdqfhv ^79` ^7:`1 Wkh DGV edvhg lq dq HNI zlwk
wkh lqlwldo vwdwh huuru fryduldqfh pdwul{/ surfhvv qrlvh fryduldqfh pdwul{ dqg wkh
phdvxuhphqw qrlvh fryduldqfh pdwul{ wxqhg wkurxjk jhqhwlf dojrulwkpv ^9` dqg dq
VYG dojrulwkp lpsohphqwdwlrq dv zhoo dv d frpsdulvrq ehwzhhq erwk HNI dqg VYG
zhuh lqwurgxfhg lq ^69`1 Dovr wkh VlpVdw judsklfdo lqwhuidfh zdv lpsohphqwhg e|
Wdyduhv ^83` dqg lpsuryhg e| Fohphqwv hw1 do1 ^8`1 Wkhuh lv vwloo urrp iru lpsuryh0
phqw lq wkh VlpVdw/ zkhuh qhz dssurdfkhv wr wkh dwwlwxgh frqwuro dojrulwkpv dv zhoo
dv qhz dwwlwxgh hvwlpdwlrq dojrulwkpv/ fdq eh ghyhorshg/ ydolgdwhg dqg frpsduhg
wr rwkhu dojrulwkpv edvhg rq wkh vlpxodwlrqv1

715 SrVDW04 H{shulphqwv
D eulhi h{sodqdwlrq ri wkh SrVDW04 vpdoo vdwhoolwh lq whupv ri kdugzduh/ vwuxf0

wxuh/ jhrphwu| dqg srzhu vxsso| lv suhvhqwhg qh{w1 Dovr/ wkh SrVDW04 dwwlwxgh
vhqvruv duh ghvfulehg/ vlqfh wkh hvwlpdwlrq dojrulwkpv duh edvhg rq wkhlu phdvxuh0
phqwv/ dv zhoo dv SrVDW04 dfwxdwruv1 Wr dffrpsolvk wkh frqwuroohu uhtxluhphqwv wkh
dwwlwxgh hvwlpdwru v|vwhp qhhgv wr hvwlpdwh wkh ixoo dwwlwxgh dqg dqjxodu yhorflw|
^7:`1 Wkh SrVDW04 vlpxodwlrq hqylurqphqw lv h{sodlqhg dqg wkh vhwxs sdudphwhuv
suhvhqwhg/ lq Vhfwlrq 71515/ dv zhoo dv wkh hvwlpdwru dojrulwkpv HNI dqg VYG1 Wkh
uhdo gdwd rewdlqhg wr eh xvhg e| wkh hvwlpdwru lv ghvfulehg lq Vhfwlrq 715161 Vlqfh
lw zdv rqo| srvvleoh wr jhw Vxq vhqvru phdvxuhphqwv iurp SrVDW04 mxvw wkh HNI/
ghvfulehg lq Dsshqgl{ D1:/ lv dssolhg wr SrVDW04 uhdo gdwd1
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71514 SrVDW04 Whfkqlfdo Gdwd
SrVDW045 lv wkh �uvw Sruwxjxhvh vdwhoolwh lq ruelw/ ghyhorshg lq d whfkqrorj|

wudqvihu surjudp ehwzhhq wkh Xqlyhuvlw| ri Vxuuh| dqg d Sruwxjxhvh lqgxvwuldo dqg
hgxfdwlrqdo frqvruwlxp ohdg e| LQHWL1 Lw lv dq h{shulphqwdo vpdoo vdwhoolwh iru whfk0
qrorj| ghprqvwudwlrqv/ vflhqwl�f dqg hgxfdwlrqdo sxusrvh/ zklfk kdv ehqh�whg iurp
suhylrxv uhvhdufk rq XrVDW vdwhoolwhv1 Lw lv dq Hduwk Revhuydwlrq vdwhoolwh zklfk
fduulhv d zlgh dqg qduurz dqjoh FFG fdphud zlwk d uhvroxwlrq ri 533p2sl{ho wr
wdnh Hduwk slfwxuhv1

SrVDW04 zdv odxqfkhg dorqj zlwk wkh sulpdu| sd|ordg/ VSRW0� vdwhoolwh/ e|
Duldqh07 DVDS07 Y8< odxqfk yhklfoh iurpNruhd/ Iuhqfk Jxldqd rq wkh 2S|� Vhswhp0
ehu 4<<6 dw 34=78=33 XWF/ dorqj zlwk vl{ rwkhu plfur0vdwhoolwhv/ lqwr dq H22{Hff np/
zlwk bH�SJ lqfolqdwlrq1

SrVDW04*v rq erdug frpsxwhu lv edvhg rq dq LQWHO ;3F4;9 surfhvvru uxqqlqj
dw ; PK} zlwk 845 Ne|whv ri UDP/ lqwhuidflqj zlwk 49 Pe|whv UDPGLVN1 Lwv
vhfrqgdu| frpsxwhu lv edvhg rq dq LQWHO ;3F4;; surfhvvru uxqqlqj dw ; PK}
zlwk 845 Ne|whv UDP1 Wklv olplwhg rq0erdug frpsxwlqj srzhu mxvwl�hv wkh txhvw
iru DGV dojrulwkpv zklfk duh prghudwh frqvxphuv ri FSX srzhu1

Iljxuh 714= SrVDW04 ghvljq1
5Vrph ri wkh lqirupdwlrq zdv rewdlqhg iurp wkh LQHWL Dhurvsdfh Ode +Lqvwlwxwr Qdflrqdo gh

Hqjhqkduld h Whfqrorjld Lqgxvwuldo,/ dw kwws=22zzz1odhu1lqhwl1sw2srvdw dqg Vxuuh| Xqlyhuvlw|/ dw
kwws=2zzz1hh1vxuuh|1df1xn1
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Iljxuh 715= H{sdqghg ylhz ri SrVdw041
Wkh vdwhoolwh lv sdudoohohslshg lq vkdsh zlwk glphqvlrqv �D{�D{DH fp� dqg kdv d

�qdo pdvv mxvw xqghu Sf nj/ zlwk rqh pdvv wlsshg errp iru sdvvlyh vwdelolvdwlrq dqg
dq ruelw lq dowlwxgh durxqg ;33 np1 Lw kdv vrodu sdqhov prxqwhg rq wkh irxu vlghv1
Wr dvvxuh wkh phdq whpshudwxuh ri �f�F dw wkh edwwhu| prgxohv dqg d glvwulexwlrq
ri Vxq luudgldqfh rqwr wkh vrodu sdqhov/ lq rughu wr rswlplvh wkhlu h!flhqf|/ SrVDW04
kdv wr shuirup d yhu| vorz vslq derxw lwv 50d{lv1 Wkh pdjqhwrutxhu xvhg lv frpsrvhg
ri wkuhh zluh frlov durxqg wkh vdwhoolwh jhrphwulfdo d{hv1 Gxulqj wkh vdpsolqj shulrg
hdfk frlo pd| eh �uhg/ rqh dw d wlph lq rqh gluhfwlrq/ %K/ +K ru 5K/ iru xs wr wkuhh
vhfrqgv zlwk srvlwlyh ru qhjdwlyh srodulw| dqg 314 vhfrqg uhvroxwlrq1 SrVDW04 kdv dq
lqwhuqdo dqg dq h{whuqdo 60d{lv  x{jdwh pdjqhwrphwhu1 Wkh lqwhuqdo pdjqhwrphwhu
zdv xvhg rqo| xqwlo wkh ghsor|phqw ri wkh judylw| judglhqw errp1 SrVDW04 kdv wzr
Vxq vhqvruv zlwk hdfk vhqvru kdylqj wzr fkdqqhov1 Wkh SrVDW04 plfurvdwhoolwh kdv
dq h{shulphqwdo JSV Qdyljdwlrq Xqlw1 Lw frqvlvwv ri rqh JSV dqwhqqd prxqwhg rq
wkh idfh ri wkh vdwhoolwh dqg d uhfhlyhu zklfk lqwhuidfhv zlwk wkh wudqvsxwhu surfhvvlqj
xqlw1
SrVDW04 Dwwlwxgh Vhqvruv

Wkh dwwlwxgh hvwlpdwlrq lv vxssruwhg e| ydulrxv gdwd phdvxuhphqwv1 Iru yhu|
kljk dwwlwxgh dffxudf|/ lw lv lpsruwdqw wr xvh wkh prvw dffxudwh dwwlwxgh vrxufhv exw
wkhuh duh dgydqwdjhv dqg glvdgydqwdjhv dvvrfldwhg wr hdfk vhqvru/ hvshfldoo| lq vpdoo
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vdwhoolwhv zlwk vr ihz dydlodeoh uhvrxufhv1 SrVDW04 kdv wkh iroorzlqj dwwlwxgh vhqvruv=
wzr vlqjoh0d{lv vxq0vhqvruv> wzr Vxq ghwhfwruv> rqh Hduwk xqghuqhdwk ghwhfwru> wzr
krul}rq vhqvruv/ wzr pdjqhwrphwhuv dqg rqh fxuuhqwo| qrq0ixqfwlrqdo vwdu vhqvru1

Vxq Vhqvru
Wklv vhqvru uhdgv wkh dqjoh ehwzhhq wkh vslq d{lv ri wkh vdwhoolwh dqg wkh Vxq

ru wkh Vxq0dqjoh vkrzq lq/ Ilj1 7161 SrVDW04 kdv wzr vlqjoh d{lv dqdorjxh Vxq
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Iljxuh 716= Prwlrq ri d qxwdwlqj Vsdfhfudiw1 Wkh erg| frqh urov rq wkh vsdfhfudiw
frqh iru U� ' U2 : U�1 �s6 lv wkh sulqflsdo d{lv ri lqhuwld/ $ lv wkh lqvwdqwdqhrxv
urwdwlrq d{lv/ w lv wkh qxwdwlrq dqjoh dqg O lv wkh dqjxodu prphqwxp1
vhqvruv1 Wkh h{dfw ghvljq lv xqnqrzq wr wkh dxwkru/ vr wkh lpsohphqwhg prgho ri
wkh Vxq vhqvruv kdg wr eh edvhg lq frpprq ghvljqv ^88` dqg rq whohphwu| iurp wkhp
^8`1 Wkh whfkqlfdo grfxphqwdwlrq vwdwhv wkdw hdfk ri wkh wzr fhoov shu vhqvru kdv d
wrwdo �hog ylhz ri �2fJ dqg edvhg rq wkh whohphwu| gdwd wkh dqjoh ri lqfolqdwlrq ri
wkh vhqvruv/ k ' �fJ dqg wkh Ilhog Ri Ylhz +IRY, olplwv ri hdfk fhoo ri wkh vhqvruv
lv SfJ/ lv ghulyhg lq ^8`1

 

α 

field of view 

Iljxuh 717= Vlqjoh d{lv dqdorjxh Vxq vhqvru1
Vlqfh wkh Vxq lv qrw ylvleoh gxulqj sduwv ri wkh ruelw/ wkh Vxq vhqvru lqirupdwlrq lv

qrw dozd|v dydlodeoh gxh wr wkh vdwhoolwh oleudwlrq ru wkh vdwhoolwh ruelwlqj lq wkh gdun
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vlgh ri wkh Hduwk1 Wklv ohdgv wr wkh Vxq vhqvru ehlqj wkh vhfrqg vhqvru phdvxuhphqw
rswlrq lq wkh HNI1

Hduwk Krul}rq Vhqvru 0 HKV
Wklv vhqvru ghwhuplqhv wkh fxuuhqw ylhz ri wkh Hduwk/ jlyhq wkh uhodwlyh srvlwlrq

ri wkh vxq/ Hduwk dqg wkh vdwhoolwh1 Wkh sureohp lv wkdw wkh fdphud kdv d qduurz
�hog ri ylhz/ zklfk gl!fxowlhv Hduwk orfdol}dwlrq1 Ixuwkhupruh/ lw fdq eh orrnlqj
lqwr vsdfh ru wkh Hduwk*v gdun vlgh1 Pruhryhu/ wkh vhqvruv pd| eh doehgr ru lqiuduhg
+LU, edvhg vhqvruv1 Wkhvh ihdwxuhv pdnh wkh vhqvruv vxvfhswleoh wr huuruv gxh wr
vwurqj yduldwlrq lq doehgr iru gl�huhqw uhiudfwlqj vxuidfhv ru e| wkh whpshudwxuh ri
wkh hduwk*v vxuidfh dqg e| wkh fkhplfdo frpsrvlwlrq ri wkh dwprvskhuh1 Wkhvh dgg
huuruv wr wkh HKV prgho/ pdnlqj lw gl!fxow wr prgho1 Lw zdv fkhfnhg iurp whohphwu|
gdwd wkdw wkh HKV lv yhu| vhqvlwlyh wr dwwlwxgh dqg wr dwprvskhulf frqglwlrqv/ ^8`1
Lw lv dydlodeoh lq wkh oljkw vlgh ri Hduwk dqg hyhq vr vrphwlphv srlqwlqj lqwr vsdfh1

JSV Dqwhqqd
Zkhq vzlwfkhg rq/ wkh Joredo Srvlwlrq V|vwhp +JSV, lv xvhg pdlqo| wr wlph

v|qfkurqlvdwlrq dqg rq0erdug ruelwdo srvlwlrq ghwhuplqdwlrq/ dv zhoo dv yhorflw|
zlwk kljk dffxudf|1 Lq rughu wr lqfoxgh JSV lqirupdwlrq lq wkh HNI/ wkh qxpehu ri
vwdwhv kdv wr lqfuhdvh fdxvlqj d vkruwdjh lq wkh surjudp vl}h/ phpru| uhtxluhphqwv
dqg dovr surfhvvlqj wlph1 Wklv lv wkh uhdvrq zk| JSV lqirupdwlrq kdv ehhq ohiw iru
ixwxuh zrun1

Vwdu Vhqvru
Wkh Vwdu vhqvru fdphud zdv qrw lqfoxghg lq wkh vlpxodwru ehfdxvh wkh gdwd udwh

lv wrr orz wr eh xvhg lq wkh frqwuro orrs h{fhsw iru fdoleudwlrq sxusrvhv1 Vr/ wkh
fdphud lv qrw ehlqj xvhg iru dq| DGFV sxusrvh exw rqo| wr wdnh slfwxuhv ri Hduwk1

Pdjqhwrphwhuv
SrVDW04 kdv wkuhh h{whuqdo pdjqhwrphwhuv vhqvruv zklfk/ zkhq frpelqhg/ duh

xvhg wr phdvxuh wkh orfdo jhrpdjqhwlf �hog yhfwru +pdjqlwxgh dqg gluhfwlrq,1 Wklv
gdwd lv frpsduhg wr d prgho ri wkh jhrpdjqhwlf �hog lq rughu wr ghwhuplqh wkh
dwwlwxgh1 Xvlqj pdjqhwrphwhu lqirupdwlrq kdv wkh elj dgydqwdjh ri ehlqj dydlodeoh
wkurxjkrxw wkh zkroh ruelw dv zhoo dv wkh orz srzhu uhtxluhphqwv/ oljkwzhljkw dqg
lqh{shqvlyh1 Krzhyhu/ lv qrw yhu| dffxudwh gxh wr huuruv lq wkh LJUI prghov1 Wkhuh
duh idfwruv wkdw wkh prghov gr qrw wdnh lqwr dffrxqw olnh wkh lq xhqfh ri vrodu dfwlylw|
^88`1 Krzhyhu/ wkh| duh zlgho| xvhg iru dwwlwxgh ghwhuplqdwlrq dv wkh pdlq vhqvru
gxh wr lwv dydlodelolw|1
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SrVDW04 Dfwxdwruv
Wkh sdvvlyh vwdelolvdwlrq ri wkh vdwhoolwh lv edvhg rq wkh ghsor|hg judylw| jud0

glhqw errp/ zklfk jhqhudwhv d vwdelolvlqj prphqw/ +51:3, dqg pdjqhwrutxhuv +hohf0
wurpdjqhwlf frlov, rq hdfk ri wkh vdwhoolwhv vlghv zklfk lqwhudfw zlwk wkh Hduwk*v
jhrpdjqhwlf �hog fuhdwlqj d pdjqhwlf prphqw/ +51:6, wr gdps wkh oleudwlrq pr0
wlrq1 Hduwk*v pdjqhwlf �hog zdv vlpxodwhg xvlqj d vskhulfdo kduprqlf LJUI prgho
^88`1 Wkh vdwhoolwh ghvljq ri SrVDW04 dqg rwkhu vdwhoolwhv ri wkh XrVDW fodvv/ kdyh
uhvwulfwhg wkh ydoxhv ri wkh frqwuro pdjqhwlf prphqw wr rqo| wkuhh gl�huhqw ydoxhv ri
srvlwlyh2qhjdwlyh srodulw|1 Frpelqlqj wklv uhvwulfwlrq zlwk wkh vlqjoh0frlo0dfwxdwlrq
wkh dydlodeoh vhw ri pdjqhwlf prphqwv lv uhgxfhg wr rqo| �H gl�huhqw ydoxhv +9 iru
hdfk d{lv,1 Lq dgglwlrq wr wklv iru hdfk dfwxdwlrq rq d frlo wkhuh pxvw eh dw ohdvw
d edfn0r� wlph ri 433 vhfrqgv wr uhfkdujh wkh srzhu vxssolhv1 Lq sudfwlfh lw phdqv
wkdw wkh dfwxdwruv kdyh d pd{lpxp gxw| f|foh ri �I/ vlqfh wkh pd{lpxp dfwxdwlrq
wlph lv rqo| 6 vhfrqgv1
71515 SrVDW04 Vlpxodwlrqv

SrVDW04 lv wkh fdvh vwxg| vlpxodwhg lq wkh VlpVdw surjudp zlwk d vdpsolqj
wlph ri 4 vhfrqg1 Doo wkh ghwdlov uhodwhg wr wkh lpsohphqwdwlrq ri SrVDW*v hqyl0
urqphqw/ h1j1 ruelw sdudphwhuv/ dwwlwxgh vhqvruv/ lqhuwldo sdudphwhuv ru v|vwhpdwlf
huuruv lqwurgxfhg rq sxusrvh wr lqfuhdvh wkh gl!fxowlhv ri wkh hvwlpdwruv/ duh h{0
sodlqhg lq wkh VlpVdw Vlpxodwru Vhwxs Vhfwlrq1 Wkh vlpxodwlrq vhwxs frqglwlrqv
xvhg iru erwk dojrulwkpv/ HNI dqg VYG/ zklfk duh suhvhqwhg lq wkh Hvwlpdwlrq
Dojrulwkpv Vhwxs Vhfwlrq/ dv zhoo dv rwkhu lvvxhv uhodwhg wr wkh hvwlpdwlrq dojrulwkp
lpsohphqwdwlrq1 Dovr/ d ghwdlohg h{sodqdwlrq ri krz sureohpv zhuh vroyhg lq wkh
lpsohphqwdwlrq ri wkh dojrulwkpv lv lqfoxghg1
Dwwlwxgh Vhqvruv Vlpxodwlrq Vhwxs
Wkh SrVDW04 dwwlwxgh vhqvruv vlpxodwhg lq VlpVdw duh wkh pdjqhwrphwhuv dqg Vxq
vhqvruv1 Pdjqhwrphwhuv kdyh lwv phdvxuhphqwv dozd|v dydlodeoh1 Wkh pdjqhwrphwhu
phdvxuhphqw lv vlpxodwhg dv wkh urwdwlrq iurp RFV wr EFV ri wkh orfdo pdjqhwlf
�hog/ jlyhq e| wkh jhrpdjqhwlf �hog dw vrph srlqw lq ruelw/ pdsshg e| wkh wuxh
dwwlwxgh pdwul{1 Wkh Hduwk*v pdjqhwlf �hog/ lv vlpxodwhg dffruglqj wr wkh Lqwhu0
qdwlrqdo Jhrpdjqhwlf Uhihuhqfh �hog +LJUI, prgho ^88`1 Wkh vskhulfdo kduprqlf
LJUI prgho lv fdofxodwhg wloo �f|� rughu1 Uhvxowv rewdlqhg iurp wkh vlpxodwru e|
frpsdulvrq ehwzhhq wkh uhdo gdwd dqg vlpxodwhg fdq eh irxqg lq ^7;`1 Wkh Vxq
vhqvru lv prghoohg dffruglqj wr wkh srvlwlrq ri wkh Vxq dqg Hduwk dv vhhq iurp wkh
vdwhoolwh dv ghvfulehg lq ^8`1

Wzr qrq sdudooho gluhfwlrqv duh qhhghg wr xqltxho| ghwhuplqh wkh rulhqwdwlrq ri
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d vdwhoolwh iurp vsdfh/ xvxdoo| d nqrzq gluhfwlrq phdvxuhg e| wkh dwwlwxgh vhqvruv
dqg d gluhfwlrq jlyhq e| d prgho ri wkh vhqvru edvhg lq wkh vdwhoolwh*v srvlwlrq
+uhihuhqfh yhfwru,1 Wkh pdjqhwrphwhu uhihuhqfh yhfwru lv prghoohg dv wkh LJUI
prgho frpsxwhg wloo e|� rughu dqg wkh pdjqhwrphwhu phdvxuhphqw lv frpsxwhg lq
wkh VlpVdw dqg dovr prghoohg dv wkh LJUI prgho frpsxwhg wloo �f|� rughu1 Wkxv/
wkh gl�huhqfh ehwzhhq wkh phdvxuhphqw jlyhq e| wkh pdjqhwrphwhu vhqvru dqg wkh
pdjqhwrphwhu uhihuhqfh yhfwru/ vlpxodwhv wkh uhdo huuru1 Iru wkh Vxq vhqvru prgho d
udqgrp qrlvh zlwk d qrupdo glvwulexwlrq zlwk d phdq ri f�f dqg d vwdqgdug ghyldwlrq
ri ��f� �f3D lv dgghg/ wr wkh phdvxuhphqwv ri wkh vlpxodwhg Vxq vhqvru ^8`1
Htxdwlrqv ri Prwlrq Vlpxodwlrq Vhwxs
Wkh dwwlwxgh prwlrq ri wkh vdwhoolwh lv prghoohg dffruglqj wr wkh Hxohu htxdwlrqv
ri prwlrq +5196,/ +5195,1 Zkhuh/ wkh h{whuqdo wrutxhv vlpxodwhg iru wkh SrVDW0
4 duh wkh judylw| prphqw +51:3, zulwwhq lq frqwuro FV dqg wkh frqwuro prphqw
zklfk uhvxowv iurp wkh lqwhudfwlrq ehwzhhq wkh jhrpdjqhwlf �hog dqg wkh vdwhoolwh*v
pdjqhwlf �hog +51:6,1 Ehvlghv wkhvh/ rwkhu lpsruwdqw h{whuqdo wrutxhv dfwlqj rq
d vsdfhfudiw duh vrodu udgldwlrq suhvvxuh dqg dhurg|qdplf gudj1 Dffruglqj wr wkh
glvfxvvlrq fduulhg rxw lq 51716/ wkhvh wrutxhv duh qhjohfwdeoh1 Wkxv/ iru SrVDW04
vdwhoolwh/ wkh g|qdplf htxdwlrqv uhgxfh wr wkh iroorzlqj h{suhvvlrq/

�$KK� ' U3� ��}} n�S|o, �$KK� � U$KK�
� +714,

D vsdfhfudiw ruelwlqj durxqg Hduwk kdv dq hoolswlf ruelw/ dffruglqj wr Nhsohu*v
�uvw odz ehfdxvh wkh vdwhoolwh frqwlqxrxvo| lqwhudfwv judylwdwlrqdoo| zlwk wkh Hduwk1
Iru OHR vdwhoolwhv/ zkhuh wkh vdwhoolwh*v pdvv lv qhjohfwhg frpsduhg wr wkdw ri Hduwk/
wkh ruelw hffhqwulflw| lv yhu| forvh wr flufxodu ruelw/ e ' f1 Ehfdxvh ri wkdw/ wkh ruelw
vlpxodwhg lq VlpVdw lv flufxodu1

Gxh wr SrVDW04 d{ldoo| v|pphwulf jhrphwu|/ wkh erg| FV d{hv duh dorqj wkh
sulqflsdo prphqwv ri lqhuwld d{hv uhvxowlqj lq qxoo surgxfwv ri lqhuwld1 Wkh sulqflsdo
prphqwv ri lqhuwld whqvru kdv wkh iroorzlqj ydoxhv=

U%% ' U++ ' ��b�� 9' U55 ' f�.He +715,
U%+ ' U+% ' U%5 ' U5% ' U+5 ' U5+ ' f +716,

Vlqfh wkhvh duh dssur{lpdwho| ydoxhv dqg wkh ghsor|phqw ri wkh errp dorqj
wkh 5K0d{lv fdxvhv fkdqjhv rq lw dqg wr lqwurgxfh vrph xqfhuwdlqw|/ wkh prphqw ri
lqhuwld whqvru zdv vlpxodwhg lq VlpVdw xvlqj wkh iroorzlqj lqhuwld pdwul{ /

U '
5
7 ��b��e	 f�fD 	f�fffD 	f�fffD	f�fffD ��b�fS	 f�fD 	f�fffD	f�fffD 	f�fffD f�.H	 f�fD

6
8 nj1p2 +717,
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Ruelwdo Sdudphwhuv Vlpxodwlrq Vhwxs
Wkh ruelw jhqhudwlrq lq wkh VlpVdw zdv grqh zlwk wkh Xqlwhg Vwdwhv Vsdfh Frppdqg
+XVVSDFHFRP, VJS7 pdwkhpdwlfdo prgho iru suhglfwlrq ri vdwhoolwh srvlwlrq dqg
yhorflw|1 Wkh ruelw ghwhuplqdwlrq ri wkh SrVDW04 zdv rewdlqhg iurp d QRUDG
Wzr0Olqh Hohphqw +WOH, +Dsshqgl{ G, zklfk kdv wkh irupdw vkrzq lq Wdeoh 7141

SrVDW04
4 55;5<X <6394J <;384198:54<8: .13333339< .3333303 .77:5807 3 9453
5 55;5< <;1849: 458187;3 333<496 54917744 47619484 4715;53687555<8<6

Wdeoh 714= Wzr0Olqh Hohphqw ri SrVDW04 xvhg lq VlpVdw hqylurqphqw1
Wkh WOH jlyhv wkh iroorzlqj Nhsohuldq ruelwdo hohphqwv/ +Dsshqgl{ F,/ ydolg iru

d fhuwdlq wlph +Hsrfk,/ Wdeoh 7151

.RJS� 4<<;23525348=79=561::3< XWF
� bH�D�S.J
�r|@o f�ffffee.2D
l �2D�DeHfJ
e f�fffb�S�
/R 2�S�ee��J
�J �e��S�D�J
�� �e�2H2f�De2 uhyv2gd|

Wdeoh 715= QRUDG hohphqwv xvhg ri wkh SrVDW04 vlpxodwlrq lq Vlpvdw1
Vlqfh wkh hffhqwulflw| lv yhu| forvh wr }hur wkh ruelwdo jhrphwu| ri wkh vdwhoolwh

lv frqvlghuhg wr eh flufxodu1 Wkxv wkh dqjxodu ruelwdo udwh/ /J ri SrVDW04 iru wklv
hsrfk/ lv dssur{lpdwho| frqvwdqw dqg jlyhq e|/

/f ' �� � 2Z
2e � Sf � Sfo@_*r +718,

' ��f�HS�Hb2D{�f3�o@_*r +719,
dqg wkh shulrg/

A ' �
/f duhyv2vo r SfDf vhf
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H{whqghg Ndopdq Ilowhu Vlpxodwlrq Vhwxs
Wkh HNI lv lpsohphqwhg dffruglqj wr wkh dojrulwkp ghvfulehg lq Vhfwlrq 614141 Wkh
rqo| uhpdunv frqfhuq wkh sulqflsdo prphqwv ri lqhuwld xvhg/

U ' _�@} � U%% U++ U55 � ' _�@} � ��b�� ��b�� f�.He � +71:,
dffruglqj wr +715,/ dqg wkh fdofxodwlrq ri M pdwul{ +61;5, zklfk lv h{sdqghg wr d
udqn ri 9{9 lq rughu wr lqfrusrudwh dovr wkh Vxq vhqvru phdvxuhphqw/ r6e@r /zkhqwklv vhqvru lv dydlodeoh

Mn
& E	 &� '

� f�f� �M&E	MK&�f�f� �M&E	tK&�
�

+71;,
�M&E	)K&� lv frpsxwhg dffruglqj wr +61:<,1
HNI Lqlwldo Frqglwlrqv Vhwxs
Dffruglqj wr wkh glvfxvvlrq lq 61415/ dqg diwhu vrph edwfk zrun lq wkh vlpxodwhg
hqylurqphqw lw zdv frqfoxghg wkdw wkh lqlwldo vwdwh huuru fryduldqfh ydoxhv vxlwdeoh
wr wkh dqjxodu yhorflw| duh �f3� dqg iru wkh txdwhuqlrqv �f1 Wkxv/ wkh �J pdwul{ lvgldjrqdo zlwk hohphqwv=

�J ' _�@} ��f3�/ �f3�/ �f3�/ �f/ �f/ �f� +71<,
Wkh lqlwldo dwwlwxgh yduldeoh kdv ehhq vhw xs iru wzr gl�huhqw vlwxdwlrqv/ vhh

Vhfwlrq 7161 Dq huuru lv dgghg wr wkh wuxh lqlwldo vwdwh ri wkh dqjxodu yhorflw|

$KJ� ' �KJE^�
� /f f f �A +7143,

dqg wr wkh lqlwldo uroo/ slwfk dqg |dz wuxh dqjohv1 Wkh rwkhu vlwxdwlrq lv iru wkh fdvh
wkdw wkh dqjxodu yhorflw| dqg Hxohu dqjohv zhuh nhsw htxdo wr lwv wuxh ydoxh1
HNI Phdvxuhphqw qrlvh Fryduldqfh Pdwul{ Vhwxs
Wkh phdvxuhphqw qrlvh fryduldqfh pdwul{ +6197, iru pdjqhwrphwhuv zdv fdofxodwhg
edvhg lq wkh urrw phdq vtxduh huuru ehwzhhq wkh phdvxuhphqwv wdnhq zlwk wkh LJUI
�f|� rughu prgho dqg e|� rughu prgho lq 53 vlpxodwlrqv ri 49 ruelwv hdfk1 Wkxv/ wkh
phdvxuhphqw qrlvh fryduldqfh pdwul{ rewdlqhg/ dvvxplqj qrq0fruuhodwhg sdudphwhuv
lv wkh iroorzlqj/

-K ' _�@} ��f32/ �f32/ �f32� +7144,
8<
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Zkhq wkh Vxq vhqvru phdvxuhphqwv duh dydlodeoh wkh phdvxuhphqw fryduldqfh
pdwul{ lv h{sdqghg wr d S{S pdwul{/ -|J| '

� -K f�f�
f�f� -r

�
1 Wkh phdvxuhphqw qrlvh

fryduldqfh pdwul{ iru Vxq phdvxuhphqwv zdv fdofxodwhg edvhg rq wkh urrw phdq
vtxduh huuru ehwzhhq wkh phdvxuhphqwv wdnhq iurp wkh Vxq vhqvru prgho dqg lwv
phdvxuhphqwv iru 53 vlpxodwlrqv ri 49 ruelwv hdfk/ ohdglqj wr wkh iroorzlqj ydoxhv/

-r ' _�@} E��f/ ��f/ ��f� +7145,
Wklv yduldqfh ydoxhv duh zruvh wkdq wkh pdjqhwrphwhuv/ vlqfh wkh Vxq vhqvruv

gdwd lv frqvlghuhg wr eh ohvv suhflvh wkdq wkh pdjqhwrphwhuv/ dv uhvxowv iurp frp0
sdulqj wkh SrVDW04 whohphwu| dqg wkh Vxq vhqvru prgho gdwd lq ^8`1
HNI Surfhvv qrlvh Fryduldqfh Pdwul{ Vhwxs
Wkh surfhvv qrlvh fryduldqfh pdwul{ xvhg lv wkh rqh dgrswhg lq ^78` dqg h{sodlqhg
lq Vhfwlrq 61415/

' ' _�@} ��f3D/ �f3D/ �f3�/ �f3SE�� ^2��/ �f3SE�� ^22�/ �f3SE�� ^2��
� +7146,

VYG Pdjqhwrphwhuv dqg Vxq vhqvruv Vhwxs
Ghwhuplqlqj �JR| 0 Wkh VYGphwkrg qhhgv dw ohdvw wzr qrlv| yhfwru phdvxuhphqwv
wr ghwhuplqh wkh hvwlpdwh ri wkh Dwwlwxgh pdwul{1 Dvvxplqj wkdw wkh Vxq vhqvru
lv dydlodeoh/ wkh revhuydwlrq yhfwru lv frpsrvhg e| wkh phdvxuhphqwv ri erwk wkh
pdjqhwrphwhuv dqg wkh Vxq vhqvru/ )K6e@r '

� M6e@r t6e@r
�1 Wkxv/ wkh Dwwlwxgh

pdwul{ lv rewdlqhg/ dffruglqj wr wkh VYG dojrulwkp suhvhqwhg lq Vhfwlrq +615,/ dv
iroorzv= iurp +61;:, frpsxwlqj wkh E pdwul{ zlwk wkh phdvxuhphqwv ri wkh vhqvruv
dqg wkh uhvshfwlyh uhihuhqfh yhfwruv/

� ' M6e@r EMJ�A n t6e@r EtJ�A +7147,
wkhq/ wkh� pdwul{ lv wudqviruphg/ wkurxjk wkh vlqjxodu ydoxh ghfrpsrvlwlrq phwkrg/
lq wkh LK/ 7K dqg TK ruwkrjrqdo pdwulfhv zklfk zloo doorz wkh frpsxwdwlrq ri wkh
dwwlwxgh pdwul{ +61<3, dqg wkh vwdwh huuru fryduldqfh pdwul{ +61<4,1

Ghwhuplqlqj t 0 wkh txdwhuqlrq hvwlpdwh pxvw eh rewdlqhg iurp wkh dwwlwxgh
pdwul{1 D vhw ri irxu vroxwlrqv fdq eh ghwhuplqhg iurp +5168, frqvlghulqj iru wkh
�uvw vhw wkdw ^e lv wkh �uvw wr eh irxqg> ^� iru wkh vhfrqg vhw> ^2 iru wkh wklug vhw dqg
^� iru wkh odvw vhw1 Dv iru wkh �uvw vhw/

^�e ' 	f�Ds� n��� n�22 n���
^�� ' f�2DE�2� ���2�*^�e^�2 ' f�2DE��� �����*^�e^�� ' f�2DE��2 ��2��*^�e

+7148,
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Krzhyhu qxphulfdo lqdffxudflhv pd| dulvh zkhq ^e lv yhu| vpdoo1 Rqh zd| wr
ryhufrph wklv lv wr frpsxwh wkh pd{lpxp ri �n�����22����/ �����n�22����/dqg �������22n��� dqg edvhg rq wklv/ vzlwfk dprqj vroxwlrqv/ dv vxjjhvwhg e|
Vlgl ^75`1 Wkh wkuhh rwkhu vroxwlrqv duh/

^e� ' 	f�Ds����� ��22 n���
^e� ' f�2DE��� n����*^e�^e2 ' f�2DE�2� n��2�*^e�^ee ' f�2DE��2 ��2��*^e�

+7149,

^�2 ' 	f�Ds����� n�22 ����
^�� ' f�2DE��2 n�2��*^�2^�� ' f�2DE�2� n��2�*^�2^�e ' f�2DE��� �����*^�2

+714:,

^2� ' 	f�Ds� n��� ��22 ����
^22 ' f�2DE��2 n�2��*^2�^2� ' f�2DE��� n����*^2�^2e ' f�2DE�2� ���2�*^2�

+714;,

Krzhyhu gxh wr wkh lqdffxudflhv ri wkh dwwlwxgh pdwul{/ wkh vljq ri wkh txdwhu0
qlrqv fkdqjhv vxgghqo| zkhq wkh dojrulwkp lv uxqqlqj/ dv fdq eh vhhq iurp Ilj1
7181

Lq rughu wr dyrlg wklv sureohp/ d frqvwudlqw lv dgghg wr wkh dojrulwkp uhvxowv wkdw
frqyhuwv wkh dwwlwxgh pdwul{ lqwr wkh txdwhuqlrqv/ iruflqj wkh vljq ri wkh pd{lpxp
+^�/ ^2/ ^�/ ^e, wr eh wkh vdph dv wkh suhylrxv1 Iru lqvwdqfh iurp Ilj1719 vkrzv
wkdw wkh yhfwru hohphqw ri wkh txdwhuqlrq ^�/ zklfk lv wkh pd{lpxp txdwhuqlrq
frpsrqhqw/ fkdqjhv lwv vljq iurp rqh vwhs wlph wr wkh qh{w1

Ghwhuplqlqj $ 0 Vlqfh vrph dojrulwkpv qhhg wkh dqjxodu yhorflw| dqg wr
dfklhyh surshu txdwhuqlrq sursdjdwlrq ehwzhhq wzr vdpsolqj wlphv/ zkhq wkh VYG
grhv qrw kdyh wzr dwwlwxgh vhqvruv dydlodeoh/ wkh dqjxodu yhorflw| lv frpsxwhg/ xv0
lqj dv lqlwldo frqglwlrq wkh lqyhuvh ri wkh nlqhpdwlf htxdwlrq/ lq Vhfwlrq 615 0 Ht1
+61<6d,/

z ' 2s �t3�� t
zkhuh t lv rewdlqhg iurp Ht1 +61<8,/ lq Vhfwlrq 6151
VYG lq wkh devhqfh ri Vxq vhqvruv

Li wkh vdwhoolwh lv klgghq ehklqg wkh Hduwk qrw vhhlqj wkh Vxq ru li wkh dwwlwxgh ri
wkh vdwhoolwh grhv qrw shuplw wkh Vxq vhqvru wr kdyh dq| vxqoljkw sdvvlqj wkurxjk wkh
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Iljxuh 718= Wkh slfwxuh vkrzv wkh txdwhuqlrqv rewdlqhg iurp wkh dwwlwxgh pdwul{
hvwlpdwhv xvlqj +7148, 0 +714;,1 Wkh eoxh olqh lv uhihuuhg wr wkh hvwlpdwhv dqg wkh
uhg olqh lv uhihuuhg wr wkh wuxh gdwd1 Iru ylvxdol}dwlrq ri wkh VYG phwkrg/ d vljqdo
lqglfdwlqj zkhq Vxq vhqvru phdvxuhphqwv duh dydlodeoh lv kljk dqg orz rwkhuzlvh/
ruljlqdwlqj d vtxduh zdyh lq doo sorwv1
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tk 

q1 = - 0.517 
q2 = + 0.419 
q3 = + 0.597 
q4 = - 0.446 

q1 = - 0.551 
q2 = + 0.327 
q3 = + 0.643 
q4 = - 0.418 

q1 = + 0.551 
q2 = - 0.327 
q3 = - 0.643 
q4 = + 0.418 

tk+1 

tk+1 

Iljxuh 719= Iurp |& wr |&n�wkh vljq ri wkh pd{lpxp ydoxh irxqg fdq qrw fkdqjh1

SrVDW
4 55;5<X <6394J 3363:19<9:<3<8 .133333:77 .3333303 .6447<06 3 ;76:
5 55;5< <;16;<8 319538 333<396 4<718<;8 49817<6; 4715;;9835:6:369:

Wdeoh 716= Wkh Wzr0Olqh Hohphqw ri SrVDW04 xvhg iru uhdo gdwd h{shulphqwv1
olw ri wkh vhqvru/ wkhq wkh VYG phwkrg lv qrw deoh wr hvwlpdwh wkh Dwwlwxgh pdwul{1
Krzhyhu wkh hvwlpdwhv iurp wkh dqjxodu yhorflw| dqg wkh dwwlwxgh duh qhhghg iru wkh
DGFV wr fduu| rq1 Wkxv wkh fkrlfh lv wr sursdjdwh wkh vwdwh yduldeohv wkurxjk wkh
htxdwlrqv ri prwlrq +714, dqg +5196,1
71516 SrVDW04 Uhdo Gdwd H{shulphqwv

Lq wklv vhfwlrq wkh uhdo gdwd rewdlqhg iurp wkh SrVDW04 vdwhoolwh lv suhvhqwhg1
Wkh Nhsohuldq ruelwdo hohphqwv xvhg wr jhqhudwh wkh uhihuhqfh yhfwruv qhhghg iru
wkh hvwlpdwru dojrulwkp dqg rwkhu uhohydqw sdudphwhuv duh dgguhvvhg1 Vlqfh rqo|
pdjqhwrphwhu phdvxuhphqwv zhuh rewdlqhg iurp SrVDW04/ rqo| wkh HNI lv dssolhg
wr wkh gdwd1 Sudfwlfdo lvvxhv uhodwhg zlwk wkh zd| wkh uhdo gdwd zdv wuhdwhg dqg wkh
HNI dojrulwkp vhwxs duh dovr h{sodlqhg1
Ruelwdo Sdudphwhuv

Wkh ruelw ghwhuplqdwlrq ri SrVDW04 kdv ehhq rewdlqhg iurp d QRUDG WOH
+Dsshqgl{ G, zklfk kdv wkh iroorzlqj irupdw/

Wkh WOH jlyhv wkh iroorzlqj Nhsohuldq ruelwdo hohphqwv/ +Dsshqgl{ F,/ ydolg iru
d fhuwdlq wlph +Hsrfk,/
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.RJS� 5333244235 49=76=56 XWF
� bH��HbDJ
�r|@o f�fff���eb
l f�S2fDJ
e f�fffb�S�
/R �be�DHHDJ
�J �SD�eb�HJ
�� �e�2HHSDf2. uhyv2gd|

Wdeoh 717= QRUDG hohphqwv xvhg ri wkh SrVDW04 uhdo gdwd1
Wkh dqjxodu ruelwdo udwh/ /J ri SrVDW04 dw wkhvh hsrfk/ lv dssur{lpdwho| jlyhq

e|/
/f ' �� � 2Z

2e � Sf � Sfo@_*r +714<,
/f � f�ff�fe o@_*r +7153,

dqg wkh shulrg/
A ' �

/f duhyv2vo � SfeS�.D vhf +7154,

Uhdo Gdwd
Wkh uhdo gdwd iurp SrVDW04 vwduwv dw XWF 5333244235/ 33=33=67/ dqg odvwv iru
HebSf vhfrqgv ru derxw �e ruelwv/ zlwk d vdpsolqj wlph ri 2f vhfrqgv1 Wkh qrq0
qrupdol}hg gdwd rewdlqhg lv wkh pdjqhwrphwhu phdvxuhphqwv sorwwhg lq Ilj1 71: dqg
wkh dyhudjh pdjqhwlf prphqw lq Ilj1 71;1 Wkh hohfwurpdjqhwlf frlov duh dfwxdwhg/
44@ / iru d shulrg ri wlph +�ulqj gxudwlrq,/ gl�huhqw iurp wr wkh vdpsolqj wlph1
Wkxv/ wkh pdjqhwlf prphqw xvhg wr frpsxwh wkh frqwuro prphqw lq Ht1 +6169,/
pxvw eh frpsxwhg dv dq dyhudjh ri pdjqhwlf prphqw �uhg e| wkh frlov soxv lwv
�ulqj gxudwlrq shu vdpsolqj wlph/

4@�e}E|� ' �ulqj gxudwlrq
vdpsolqj wlph44@ E|� ' �

2f44@ E|� +7155,

J|urv duh qrw dydlodeoh rq0erdug SrVDW04 vr/ wkhuh lv qr uhihuhqfh yhfwru frq0
fhuqlqj wkh dqjxodu yhorflw| dqg e| zklfk wkh hvwlpdwhg dqjxodu yhorflw| fdq eh
frpsduhg zlwk1
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Iljxuh 71:= SrVDW04 uhdo gdwd phdvxuhg e| wkh pdjqhwrphwhuv ^>A `/ dw 5333244235/
33=33=671
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Iljxuh 71;= SrVDW04 uhdo yhfwru pdjqhwlf prphqw p ^Dp2`/ iurp doo frlov/ vwduwlqj
dw 5333244235/ 33=33=671
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Iljxuh 71<= SrVDW04 uhdo dwwlwxgh/ Hxohu dqjohv= uroo/ slwfk dqg |dz/ dw 5333244235/
33=33=671

Wkh ruelw ghwhuplqdwlrq ri wkh SrVDW04 zdv frpsxwhg 9349;1: vhfrqgv ehiruh
QRUDG hsrfk dqg ;7<93 vhfrqgv diwhuzdugv lq rughu wr rewdlq wkh LJUI �f|�
rughu uhihuhqfh �hog frpsrqhqwv vwduwlqj dw wkh vdph wlph dv wkh uhvw ri wkh gdwd/
5333244235/ 33=33=67 iru 47 ruelwv/ vhh Ilj1 71431

Wkh vwdu vhqvru lv qrw ehlqj xvhg wr frpsxwh wkh vdwhoolwh dwwlwxgh/ krzhyhu wkh
SrVDW04 kdv dq rq0erdug DGFV/ ^49`1 Lw lv lpsohphqwhg dq HNI edvhg rqo| lq
pdjqhwrphwhuv gdwd1 Lwv ghvljq dvvxphv wkdw wkh uroo +�, dqg slwfk + w, dqjohv/
dffruglqj wr wkh FV gh�qhg lq Vhfwlrq +71516,/ duh vpdoo dqg wkh htxdwlrqv duh rqo|
ydolg iru OP] erg| d{hv1 Wklv FV lv gh�qhg dv d qrq0vslqqlqj FV dqg lw lv lghqwlfdo
wr wkh wzr vhtxhqfh Hxohu urwdwlrq 54 zkhuh wkh �uvw urwdwlrq lv wkh slwfk + w, dqjoh
durxqg wkh +0d{lv dqg wkh vhfrqg urwdwlrq/ wkh uroo +�, dqjoh/ lv durxqg wkh %0
d{lv1 Wkh vwdwh yhfwru hvwlpdwhg lv  ' � � w � �� �w �� �A dqg iru dq d{ldoo|
v|pphwulf vdwhoolwh zklfk h{shulhqfhv vpdoo slwfk dqg uroo dqjohv wkh htxdwlrqv ri
prwlrq duh vhw wr wkh iroorzlqj=

�� ' �e E�� &�/2J� n &/J ��n ��A%
U| n �%

�w ' �� E�� &�/2Jw n &/J �w n ��A+
U| n �+ +7156,

�� ' �/J �� n ��A5
U| n �5
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Iljxuh 7143= SrVDW04 LJUI �fwk rughu uhihuhqfh �hog frpsrqhqwv ^>A `/ dw
5333244235/ 33=33=67/ lq ruelwdo FV1
zkhuh U| � U% � U+ 9' U5/ & ' U5U| / ��A� lv d wrutxh lqgxfhg e| wkh pdjqhwrutxhuv
rqo|/ dqg � ' � �% �+ �5

�A lv d }hur phdq qrlvh yhfwru1
Wkxv/ hvwlpdwlrq ri wkh uroo/ slwfk dqg |dz dqjohv zhuh vxssolhg wr eh xvhg dv

frpsdulvrq zlwk wkh HNI hvwlpdwhv ghvfulehg lq wklv zrun +Ilj171<,1 Wkh gdwd
vxssolhg kdv d gl�huhqw FV iurp wkh rqh gh�qhg lq Vhfwlrq 514 zklfk lv suhvhqwhg
lq Ilj1 71441 Wkh Hxohu dqjohv uroo +�,/ slwfk +w, dqg |dz +�, duh urwdwlrqv derxw
wkh %0d{lv/ iroorzhg e| d urwdwlrq derxw wkh +0d{lv dqg hqg zlwk wkh 50d{lv olnh lq
Vhfwlrq +51516,1 Krzhyhu/ wkh vhtxhqfh ri urwdwlrqv xvhg lv Hxohu05461 Wklv phdqv d
vhtxhqfh ri srvlwlyh urwdwlrqv derxw wkh +0d{lv iroorzhg e| wkh %0d{lv dqg hqg zlwk
wkh 50d{lv lq wkh qhz FV1 Wkxv/ wkh GFP pdwul{ lv/

�2��Ewc �c �� '
5
7 ULt� ULt w n t�?� t�?� t�? w ULt� t�?� 3 ULt� t�? w n t�?� t�?� ULt w

3 t�?� ULt w n ULt� t�?� t�? w ULt� ULt� t�?� t�? w n ULt� t�?� ULt w
ULt� t�? w 3 t�?� ULt� ULt w

6
8 +7157,

HNI Fkdqjhv
Wkh dyhudjh pdjqhwlf prphqw lv xvhg/ iurp +7155,/ wrjhwkhu zlwk wkh pdjqhwrphwhuv
vhqvru phdvxuhphqwv wr rewdlq wkh frqwuro prphqw +51:6, wr eh xvhg lq wkh HNI/

�S|o, '4@�e}E|�� MK6e@r�f3S +7158,
Wkh pdjqhwrphwhu phdvxuhphqwv dqg wkh uhvshfwlyh uhihuhqfh yhfwru duh wkhq

9:
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Iljxuh 7144= Ruelwdo Fruglqdwh V|vwhp +RFV, dqg Erg| Frruglqdwh V|vwhp +EFV,
iru SrVDW04 uhdo gdwd1
qrupdol}hg/

MK6e@r ' MK6e@r
o MK6e@r o

/ MJ ' MJ

o MJ o +7159,
wr eh xvhg lq wkh lqqrydwlrq vwhs ri wkh HNI dojrulwkp +619<,1

Wkh FV gh�qhg lq Vhfwlrq 514 kdv ehhq fkdqjhg wr wkh iroorzlqj= wkh lqhuwldo 5
d{hv lv srlqwlqj lq qdglu gluhfwlrq/ wkh % d{lv lv wdqjhqw wr wkh ruelw zlwk wkh vdph
gluhfwlrq dv wkh ruelwdo yhorflw| dqg + frpsohwhv wkh ruwkrjrqdo FV1 Wkh dqjxodu
yhorflw| ri wkh ruelw FV z1u1w1 lqhuwldo FV zulwwhq lq erg| FV/ +519:, iru wklv FV
gh�qlwlrq lv

$KJ� ' �KJEt�$JJ� ' �KJEt�
� f �/J f � ' �/feHJ +715:,

khqfh/ wkh dqjxodu yhorflw| xvhg lq wkh nlqhpdwlf htxdwlrqv lv frpsxwhg dffrug0
lqj wr +519;,/

$KKJ ' $KK� n /feHJ +715;,
Iru d flufxodu ruelw wkh >

-�r
hohphqw iurp wkh judylw| judglhqw wrutxh +51:3, fdq

eh dssur{lpdwhg wr d frqvwdqw ghqrwhg e| vtxduh ri wkh ruelw dqjxodu udwh/ /2f1 Iru
9;
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hoolswlfdo ruelw dqg ehfdxvh zh duh ghdolqj zlwk uhdo gdwd iurp d vdwhoolwh wkh srvlwlrq
yhfwru ri wkh vdwhoolwh pdvv fhqwhu z1u1w1 Hduwk fhqwhu/ -r lv frpsxwhg edvhg lq wkh
sursdjdwlrq ri wkh QRUDG hohphqwv ri wkh vdwhoolwh iru wkh wlph e| zklfk wkh gdwd
lv froohfwhg1 Wkxv/ lqvwhdg ri kdylqj /2f lq wkh judylw| judglhqw/ wkh -r lv frpsxwhgiru hdfk wlph vwhs wkurxjk wkh VJS7 prgho1
HNI Vhwxs
Wkh sulqflsdo prphqwv ri lqhuwld xvhg duh htxdo wr wkrvh suhvhqwhg lq Ht1 +71:,1
Lqlwldo Frqglwlrqv
Dffruglqj wr wkh glvfxvvlrq lq +61415,/ wkh lqlwldo vwdwh huuru fryduldqfh pdwul{ lv
gldjrqdo zlwk hohphqwv=

�J ' _�@} ��f32/ �f32/ �f3�/ �f2E�� ^2��/ �f2E�� ^22�/ �f2E�� ^2��
� +715<,

Wkh lqlwldo dwwlwxgh dqjxodu yhorflw| kdv ehhq vhw xs wr

$KJ� '
� f f f �A +7163,

zkloh wkh txdwhuqlrq zdv dgghg dq huuru ri 83( wr wkh �uvw ydoxh jlyhq e| wkh
uroo2slwfk2|dz dqjohv/

�J ' �f�b�J � ��D/ wJ ' ��SJ � ��D/ �J ' ��S��J � ��D +7164,
dqg iurp +7157, dqg +5168, wkh txdwhuqlrqv kdyh wkh iroorzlqj ydoxhv/

t ' � �f�f2�f �f�ff.� �f�b..D f�2fbe �A +7165,
Phdvxuhphqw qrlvh Fryduldqfh Pdwul{
Wkh phdvxuhphqw qrlvh fryduldqfh pdwul{ +6197, iru pdjqhwrphwhuv zdv xvhg dv lq
Ht1 +7144,�
Surfhvv qrlvh fryduldqfh pdwul{
Wkh surfhvv qrlvh fryduldqfh pdwul{ xvhg lv wkh rqh dgrswhg e| ^78` dqg h{sodlqhg
lq Vhfwlrq 61415/ exw zlwk j/%/ j/+ / j/% wxqhg iru wkh SrVDW04 uhdo gdwd dqg &^sdudphwhuv/

' ' _�@} ��f3./ �f3./ �f3D/ �f3eE�� ^2��/ �f3eE�� ^22�/ �f3eE�� ^2��
� +7166,

9<
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Without/SS Without/SS

EKF EKF SVD EKF EKF SVD

Init 1 A B C D E F

Init 2 G H J K

PoSAT-1 ZP

Estimator only Estimator in the Loop

With/SS With/SS

} SimSat
Simulation

Wdeoh 718= Wkh vhyhudo whvwv shuiruphg wr wkh gdwd lq wklv zrun1 Wkh vkruwqdph Lqlw
lv uhihuuhg wr wkh lqlwldo frqglwlrqv sursrvhg1
716 Whvwv

D vhw ri vlpxodwlrq whvwv zhuh vhw xs wr rewdlq wkh dwwlwxgh hvwlpdwlrq shuiru0
pdqfh lq gl�huhqw vfhqdulrv iru wkh HNI dqg VYG srlqw0wr0srlqw phwkrgv dqg wr
frpsduh wkhp1 Wkh whvwv duh glylghg lq wzr pdlq jurxsv= rshq orrs dqg forvhg orrs1
Lq rshq orrs/ wkh vdwhoolwh kdv qr frqwuro prphqw dfwxdwlqj rq lw dqg lw h{shulhqfhv
d prwlrq uxohg e| wkh htxdwlrqv ri prwlrq1 Lq wklv fdvh wkh hvwlpdwruv dwwhpsw wr
iroorz wkh uhdo dwwlwxgh dqg dqjxodu yhorflw|1 Lq forvhg orrs wkh hvwlpdwru ihhgv wkh
frqwuro zlwk hvwlpdwhv ri wkh vdwhoolwh vwdwh1 Wkh Suhglfwlyh Frqwurohu/ yg1 +714,/
zklfk lv lq xhqflqj wkh vwdwh ri wkh vdwhoolwh/ dlpv wr gdps ru holplqdwh wkh vdwhoolwh
oleudwlrq glvwxuehg e| d odujh lqlwldo dqjoh z1u1w1 wkh orfdo yhuwlfdo/ vhh Wdeohv 71; dqg
71<1 Iru wklv vwdelolw| whvw/ wkh vdwhoolwh douhdg| kdv lwv errp ghsor|hg lq wkh }hqlwk
gluhfwlrq exw kdv oleudwlrq pryhphqw dqg vslqv1 Iru wkh hvwlpdwruv wkh forvhg orrs
lv pruh ghpdqglqj vlqfh wkh frqwuro dojrulwkp lv qrw dzduh ri wkh uhdo vwdwh exw ihg
e| wkh hvwlpdwru dojrulwkp uhvxowv1 Iurp wkh hvwlpdwlrq dojrulwkp vwdqgsrlqw wkh
jrdo lv wr iroorz wkh wuxh vwdwh dv dffxudwho| dv srvvleoh zlwk ru zlwkrxw wkh frqwuro
lq xhqfh1

Iru hdfk ri wkhvh jurxsv ghvfulehg ehiruh/ wkhuh lv wkh qhhg wr dqdo|vh zkhq erwk
pdjqhwrphwhuv dqg Vxq vhqvruv duh dydlodeoh ehfdxvh lw uhvwulfwv wkh dssolfdelolw| ri
wkh hvwlpdwruv1 Zlwk erwk dwwlwxgh vhqvruv dydlodeoh/ wkh VYG dqg HNI dojrulwkpv
duh deoh wr zrun/ exw zkhq rqo| pdjqhwrphwhuv phdvxuhphqwv duh dydlodeoh wkh
udqjh ri hvwlpdwruv dojrulwkpv lv uhgxfhg wr wkh HNI1 Wkxv/ wkh HNI edvhg rq
erwk dwwlwxgh vhqvruv kdyh wr eh frpsduhg zlwk wkh VYG dqg dovr eh frpsduhg
zlwk wkh HNI edvhg rqo| rq pdjqhwrphwhu phdvxuhphqwv/ dv vxppdul}hg lq Wdeoh
7181

Wkh HNI whvwv zhuh dovr glylghg dffruglqj wr gl�huhqw lqlwldo frqglwlrqv ri wkh
vwdwh yhfwru1 Wzr lqlwldo frqglwlrqv zhuh frqvlghuhg iru wkhp= lqlwldo ydoxhv ri wkh
vwdwh yduldeohv zlwkrxw huuru dqg zlwk dq huuru dgghg wr wkh dqjxodu yhorflw| dqg
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7161 WHVWV

uroo2slwfk2|dz dw wkh vdph wlph/ lq rughu wr whvw wkh fdsdelolw| ri wkh hvwlpdwru
dojrulwkpv wr iroorz wkh wuxh vwdwh/ lq Wdeoh 7191

Lqlw1 4 = /J ' /wuxh dqg �J/wJ/�J ' �wuxh/wwuxh/�wuxhLqlw1 5 = /J ' .ooJo/ � /wuxh dqg �Jc wJc �J ' .ooJo.�,eo � E�wuxhc wwuxhc �wuxh�

Wdeoh 719= Wkh lqlwldo vwdwh frqglwlrqv dssolhg wr wkh SrVDW04 vlpxodwlrq1
Wkh ydoxhv iru wkh huuruv/ .ooJo.�,eo dqg .ooJo// zloo eh suhvhqwhg lq wkh qh{w

Fkdswhu1 Wkh VYG dojrulwkp grhv qrw qhhg wr eh whvwhg zlwk dq huuru dgghg wr wkh
lqlwldo vwdwh yhfwru vlqfh wkh vwdwh yhfwru grhv qrw qhhg wr eh lqlwldol}hg1

Dovr/ frpprq wr hdfk vlpxodwlrq whvw/ d edwfk ri whq gl�huhqw lqlwldo frqglwlrqv
iru ruelw sursdjdwlrq duh xvhg dqg dovr lqlwldo ydoxhv iru uroo dqjoh zhuh udqgrpo|
rewdlqhg lq wkh lqwhuydo dfJc �SfJo/ zkloh wkh |dz dqjoh lv fkrvhq wr eh }hur/ dv vkrzq
lq Wdeoh 71:1 Wkh vwduwlqj frqglwlrqv iru slwfk dqjoh dqg iru dqjxodu yhorflw| zhuh

Ruelw qJ 4 5 6 7 8 9 : ; < 43
Gd| 4 4 4 4 4 4 4 4 4 4
Krxuv 4 ; 4< 3 6 7 7 47 9 7
Plqxwhv 56 5; 63 47 53 84 79 5< 64 79
Vhfrqgv 55 ; 5; 45 3 8< 43 5; 8: 4;
Uroo 0 � 6341: :13 57816 46919 5<<18 4;413 58817 48717 43<1: 9;16

Wdeoh 71:= Lqlwldo ruelw frqglwrqv iru Mdqxdu|/ 4<<:1
vhw xs dv lq Wdeoh 71;/ dqg zkhq wkh Suhglfwlyh frqwuro lv ehlqj xvhg wkh ghvluhg

Lqlwldo Frqglwlrq
� ' SfJ
$KKJ '

� f�ff�f�. f f�f2 � udg2v
Wdeoh 71;= Lqlwldo slwfk dqg dqjxodu yhorflw|1

dqjoh � dqg dqjxodu yhorflw| duh vhw xs dv lq Wdeoh 71<1
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7171 SHUIRUPDQFH FULWHULD

Ghvluhg Frqglwlrq
� ' fJ
$KKJ '

� f f f�f2 � udg2v
Wdeoh 71<= Ghvluhg slwfk dqg dqjxodu yhorflw| iru wkh forvhg orrs whvwv1

717 Shuirupdqfh Fulwhuld
Vlqfh wkh txdwhuqlrqv kdyh qr fohdu sk|vlfdo phdqlqj/ dv rssrvlwh wr wkh Hxohu

dqjohv/ wkh txdwhuqlrqv duh wkhq wudqviruphg wr Hxohu dqjohv +7176,/ dffruglqj wr wkh
vhtxhqfh ri urwdwlrqv frqvlghuhg/ iru wklv zrun dqg iru wkh vlpxodwlrq fdvh/ gh�qhg
lq Vhfwlrq 515161

Wkhuh duh vhyhudo zd|v wr dqdo|vh wkh vwdwh hvwlpdwhv frplqj iurp wkh dojrulwkpv1
Wkh vwdwh yhfwru frqvlghuhg lv wkh dqjxodu yhorflw| dqg wkh txdwhuqlrqv/ lq Vhfwlrq
614141 Dv h{sodlqhg ehiruh/ wkh dwwlwxgh hvwlpdwhv duh suhvhqwhg lq whupv ri wkh Hxohu
dqjohv/ ehfdxvh wkh| kdyh d fohdu sk|vlfdo uhsuhvhqwdwlrq/ lqvwhdg ri wkh txdwhuqlrqv1
Wkh Hxohu dqjohv duh rewdlqhg wkurxjk wkh txdwhuqlrqv lq vhyhudo zd|v/ dqg wkh rqh
dgrswhg lq wklv zrun iru wkh vlpxodwlrq fdvh lv ghvfulehg lq Vhfwlrq Txdwhuqlrqv wr
Hxohu Dqjohv1 Iru wkh VlpVdw vlpxodwlrq/ wkh shuirupdqfh ri wkh HNI dqg VYG
�owhuv lv hydoxdwhg dffruglqj wr wkh UPV ri wkh huuru ehwzhhq wkh wuxh dqjxodu
yhorflw| dqg wkh wuxh uroo/ slwfk dqg |dz Hxohu dqjohv rewdlqhg iurp wkh htxdwlrqv
ri prwlrq dqg wkh hvwlpdwhv frpsxwhg e| wkh hvwlpdwru dojrulwkpv1 Iru wkh HNI
d vwdqgdug ghyldwlrq iru erwk dqjxodu yhorflw| hvwlpdwhv dqg uroo/ slwfk dqg |dz
Hxohu dqjohv duh rewdlqhg iurp wkh vwdwh huuru fryduldqfh pdwul{1 Krzhyhu/ wkh
VYG dojrulwkp jlyhv rqo| wkh huuru fryduldqfh iru wkh dwwlwxgh pdwul{ vr/ lq wklv
fdvh/ rqo| wkh uroo/ slwfk dqg |dz Hxohu dqjoh huuruv duh erxqghg e| wkh vwdqgdug
ghyldwlrq1

Dqrwkhu sdudphwhu xvhg wr dqdo|vh wkh dffxudf| ri wkh dojrulwkpv lv wkh Hxohu
dqjoh huuru sorw/ zklfk lv edvhg lq wkh frpsxwdwlrq ri wkh dwwlwxgh pdwul{1 Wklv
lqirupdwlrq lv qhhghg wr ehwwhu vkrz wkh huuru lqfxuuhg e| wkh VYG/ vlqfh lw grhv
qrw uxq frqwlqxrxvo| gxulqj d zkroh ruelw1

Iru wkh HNI/ uhvxowv rewdlqhg iurp uhdo SrVDW04 vdwhoolwh gdwd/ wkh wuxh dwwlwxgh
dqg dqjxodu yhorflw| lv xqnqrzq vr lw lv qrw srvvleoh wr rewdlq qhlwkhu wkh Hxohu dqjoh
qru wkh dqjxodu yhorflw| dqg Hxohu uroo/ slwfk dqg |dz huuruv exw rqo| d frpsdulvrq
zlwk wkh HNI uxqqlqj rq0erdug ri wkh SrVDW04 ^49`1
Srlqwlqj Dffxudf|

Wkh dqjoh �/ ru srlqwlqj dffxudf| ri wkh vdwhoolwh vhyhudo wlphv sorwwhg lq wkh
uhvxowv/ lv wkh dqjoh ehwzhhq wkh orfdo yhuwlfdo dqg wkh errp d{lv/ Ilj1 71451
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CM

zb 

Orbit 

zo 

γ 

spin 

Iljxuh 7145= � dqjoh uhsuhvhqwhg lq wkh vdwhoolwh1
Vpdoo Dqjoh Dssur{lpdwlrq

Iru d vpdoo dqjoh dssur{lpdwlrq/ wkh Hxohu dqjohv pd| eh rewdlqhg gluhfwo| iurp
wkh txdwhuqlrqv/

^� * �
2^2 * w
2^� * �
2^e * �

+7167,

Dqjxodu Yhorflw| Huuru
Wkh huuru lq wkh dqjxodu yhorflw| lv fdofxodwhg dv wkh urrw phdq vtxduh huuru

+UPV,/
./% * *�46<"

u
�
6

6S
|'�

E/%E|�� 	/%E|��2

./+ * *�46<"

u
�
6

6S
|'�

E/+E|�� 	/+E|��2

./5 * *�46<"

u
�
6

6S
|'�

E/5E|�� 	/5E|��2
+7168,

Hxohu Uroo/ Slwfk dqg \dz Huuru
Wkh Hxohu dqjoh huuruv duh fdofxodwhg frqvlghulqj wkh vpdoo dqjoh dssur{lpdwlrq

+7167, dqg wdnlqj wkh UPV zklfk lv wzlfh wkh gl�huhqfh ehwzhhq wkh uhdo dqg wkh
hvwlpdwhg txdwhuqlrq/
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.� * *�46<"

u
�
6

6S
|'�

�
�E|�� 	�E|�

�2
.w * *�46<"

u
�
6

6S
|'�

�
wE|�� 	wE|�

�2
.� * *�46<"

u
�
6

6S
|'�

�
�E|�� 	�E|�

�2
+7169,

Hxohu Dqjoh Huuru
Jlyhq wkh wuxh dwwlwxgh pdwul{/ �|o�e/ dqg wkh hvwlpdwhg dwwlwxgh pdwul{ rewdlqhgiurp wkh hvwlpdwlrq dojrulwkpv/ 	�/ dq huuru pdwul{/ ��/ ghqrwhv wkh huuru ehwzhhq

hvwlpdwhg pdwul{ dqg wkh wuxh rqh/
�|o�e ' �� 	�

�� ' �|o�e 	�A

Iurp wkh huuru pdwul{/ wkh Hxohu dqjoh huuru fdq eh frpsxwhg dffruglqj wr +5144,/
|o@SeE ��� ' � n 2 ULtE�� +716:,

� ' @ ULt
#
|o@SeE ���� �

2
$

+716;,
Uhfdoolqj wkdw wkh dwwlwxgh pdwul{ uhsuhvhqwv d urwdwlrq ehwzhhq wzr FV/ wklv

vwdwlvwlfdo lqirupdwlrq whoov krz idu wkh hvwlpdwhg dwwlwxgh pdwul{ lv iurp wkh uljkw
vroxwlrq/ l1h1 wkh fruuhfw wudqvirupdwlrq1
Vwdqgdug Ghyldwlrq

Wkh dqjxodu yhorflw| dqg Hxohu dqjoh huuruv gh�qhg ehiruh fdq eh erxqghg e|
d vwdqgdug ghyldwlrq/ j� zklfk surylghv uhdolvwlf huuru hvwlpdwhv dvvxplqj wkdw wkh
phdvxuhphqwv duh xqfruuhodwhg1 Wkh vwdqgdug ghyldwlrq lv fdofxodwhg iurp wkh fru0
uhvsrqglqj gldjrqdo hohphqwv ri wkh vwdwh huuru fryduldqfh pdwul{/ � /

j� ' s��� +716<,
Vlqfh wkh gldjrqdo ri wkh huuru fryduldqfh pdwul{ lv gh�qhg dv ��� ' .de�eA� ozkhuh e ' %� 	% lv wkh huuru ri wkh fruuhvsrqglqj sdudphwhu/ iru wkh dqjxodu yhorflw|/

�/%%/ ++/ 55 ' .dE/%%/ ++/ 55 � 	/%%/ ++/ 55�E/%%/ ++/ 55 � 	/%%/ ++/ 55�A o
' .de/%%/ ++/ 55eA/%%/ ++/ 55 o

j/%%/ ++/ 55 '
t
�/%%/ ++/ 55 +7173,
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dqg iru wkh Hxohu dqjohv/

�^�c^2c^� ' .dE^�c ^2c ^� � 	̂�c 	̂2c 	̂��E^�c ^2c ^� � 	̂�c 	̂2c 	̂��A o +7174,
Xvlqj wkh vpdoo dqjoh dssur{lpdwlrq iurp +7167,/

�^�c^2c^� ' .dE�c wc �2 � 	�c 	wc 	�
2 �E�c wc �2 � 	�c 	wc 	�

2 �A o
' �

e.de�cwc�eA�cwc�o ' �
e��cwc�

j�cwc� ' s��cwc� ' se�^�c^2c^� ' 2s�^�c^2c^� +7175,
Wkh Hxohu dqjohv duh frpsxwhg lq whupv ri wkh hohphqwv ri wkh dwwlwxgh pdwul{

wkdw pdsv dq| yhfwru iurp wkh RFV wr wkh EFV/ Ht1 +5168,/ ru lq whupv ri wkh
Hxohu dqjohv ghshqglqj rq wkh vhtxhqfh ri urwdwlrqv xvhg1 Iru wkh �2� vhtxhqfh/
iurp Ht1 +5148, wkh iroorzlqj uhodwlrq fdq eh hvwdeolvkhg ehwzhhq txdwhuqlrqv t'� ^� ^2 ^� ^e �A dqg Hxohu dqjohv/ �/ w/ �=

� ' dwdq2����2���

� / fJ � � � �SfJ
w ' dwdq2 E���� / bfJ � w � bfJ
� ' dwdq2���2����

� / fJ � � � �SfJ
+7176,

zkhuh dwdq2Etcf� lv d Pdwode ixqfwlrqlv wkh irxu txdgudqw dufwdqjhqw ri wkh uhdo
sduwv ri wkh hohphqwv ri [ dqg \1 �Z 	'dwdq2Etcf� 	' Z�

Iru wkh SrVDW04 uhdo gdwd wkh vhtxhqfh ri Hxohu urwdwlrqv 2�� zdv frqvlghuhg1
Wkxv/ d gl�huhqw uhodwlrq fdq eh hvwdeolvkhg ehwzhhq wkh dwwlwxgh pdwul{ +5168, dqg
wkh Hxohu dqjohv iurp +7157,/

w ' @hU|@? 2
����
���

�
/ fJ � w � �SfJ +7177,

� ' @hUt�? E���2� / � bfJ � � � bfJ +7178,
� ' @hU|@? 2

���2
�22

�
/ fJ � � � �SfJ +7179,

Frqvlghulqj rwkhu hohphqwv lq wkh dwwlwxgh pdwul{/ gl�huhqw h{suhvvlrqv fdq eh re0
wdlqhg uhodwlqj txdwhuqlrqv dqg Hxohu dqjohv1
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Fkdswhu 8
Uhvxowv

Lq wklv fkdswhu/ wkh uhvxowv rewdlqhg iru wkh frqglwlrqv vhw xs lq wkh suhylrxv
fkdswhu duh suhvhqwhg1 Wkh uhvxowv duh ghvfulehg dffruglqj wr wkh Whvwv ghvfulswlrq
grqh lq Vhfwlrq 716/ vxppdul}hg lq Wdeoh 7181 Iru hdfk whvw/ whq h{shulhqfhv zhuh
shuiruphg dffruglqj wr Wdeoh 71: dqg qxpehuhg1 Wkh uhvxowv ri wkh prvw vljql�fdqw
h{shulhqfhv duh suhvhqwhg1

Hdfk whvw lv dqdo|vhg dfruglqj wr wkh shuirupdqfh fulwhuld gh�qhg lq Vhfwlrq 7171
Ehvlghv dffxudf| dqg frpsxwdwlrqdo ordg/ rqh ri wkh jrdov ri wkh HNI whvwv lv wr
vwxg| wkh h�hfw ri wkh fryduldqfh pdwul{ sdudphwhuv wxqlqj rq wkh hvwlpdwru uhvxowv1

814 SrVDW04 Vlpxodwlrq
81414 Whvw D

Wkh UPV zdv rewdlqhg iurp d vhw ri wkuhh ruelwv iru hdfk ri wkh whq gl�huhqw
ruelwdo frqglwlrqv ghvfulehg lq Wdeoh 71:1 Wkh wkuhh ruelwv zhuh hvwdeolvkhg ehfdxvh
lw zdv yhul�hg gxulqj wkh vhyhudo h{shulhqfhv wkdw d plqlpxp qxpehu ri wkuhh ruelwv
zdv uhtxluhg iru wkh frqwuro orrs wr dfklhyh lwv jrdo1 Vr/ wkh UPV rewdlqhg iru wklv
whvw/ dffruglqj wr Ht1 +7168,/ lv iru /% dqg /+/ b�.�{�f3D udg2v dqg b�S�{�f3D udg2v/
uhvshfwlyho|1 Wkhvh ydoxhv duh yhu| vlplodu/ dv h{shfwhg/ gxh wr wkh vdwhoolwh jhrphwu|1
Iru wkh /5/ wkh UPV rewdlqhg lv ��DH{�f3e udg2v1 Iru wkh Hxohu dqjohv wkh UPV
rewdlqhg dffruglqj wr Ht1 +7169,/ lv 2�HbJ/ ��bbJ/ ��f2J iru uroo E��/ slwfk Ew� dqg
|dzE�� uhvshfwlyho|1 Vlqfh wkh HNI frpsxwhv wkh surfhvv huuru fryduldqfh pdwul{
iru wkh dqjxodu yhorflw| dqg iru wkh txdwhuqlrqv wkhq wkh UPV fdq eh erxqghg e|
wkh vwdqgdug ghyldwlrq frpsxwhg e| Htv1 +7173, dqg +7175,1

Lq Ilj1 814 wkh dqjxodu yhorflw| dqg lq Ilj1 815 wkh uroo E��/ slwfk Ew� dqg
|dzE�� dqjohv duh sorwwhg iru rqh ri wkh whq h{shulphqwv1 Dovr lq Ilj1 816 dqg 817/
wkh hyroxwlrq ri wkh dqjxodu yhorflw| dqg uroo E�� slwfk Ew� dqg |dz E�� Hxohu dqjohv
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Iljxuh 814= Whvw D1 UPV +eodfn olqh, ri wkh dqjxodu yhorflw| huuru ^udg2v` erxqghg
e| lwv vwdqgdug ghyldwlrq +eoxh olqh,1
fdq eh vhhq iru wkuhh ruelwv1 Iurp wkh judsklfv/ wkh hvwlpdwhv +eoxh olqh, doprvw
frlqflgh zlwk wkh wuxh ydoxh +uhg olqh, doo wkh wlph1 Pruhryhu/ wkh hyroxwlrq ri wkh
Hxohu dqjoh huuru dv gh�qhg lq Ht1 +716;, lv vkrzq lq Ilj1 8181 Qrwlfh wkdw wkh
hvwlpdwru dqg v|vwhp lqlwldo frqglwlrqv duh h{dfwo| wkh vdph lq Whvw D/ khqfh wkh
lqlwldo huuru lv }hur dqg wkh pd{lpxp huuru lv derxw wkh vdph iru wkh Hxohu dqjohv
UPV suhylrxvo| uhihuuhg1 Wkh hyroxwlrq ri wkh dqjoh � lq Ilj1 819/ vkrzv wkh devhqfh
ri frqwuro ohdglqj wkh vdwhoolwh wr d oleudwlrq pryhphqw durxqg wkh orfdo yhuwlfdo1
81415 Whvw G

Lq forvhg orrs/ wkh HNI uhvxowv duh/ dv h{shfwhg/ zruvh wkdq wkrvh lq rshq orrs/
vlqfh wkh forvhg orrs lv d pruh ghpdqglqj vlwxdwlrq1 Wkhvh uhvxowv fdq eh frpsduhg
wkurxjk wkh UPV rewdlqhg iru wkh dqjxodu yhorflw|= /% dqg /+ lv ��..{�f3e udg2vdqg iru /5 ' e�eDS{�f3e udg2v1 Wkh UPV iru wkh Hxohu dqjohv lv= � ' .�SDJ/
w ' ��HbJ dqg � ' S�S2J1 Wklv whvw lv h{hpsol�hg e| wkh h{shulhqfh sorwwhg lq Iljv1
81: 0 81431 Wr lpsuryh wkh uhvxowv ri wkh hvwlpdwru/ doo vxev|vwhpv/ hvwlpdwru dqg
frqwuro dojrulwkp pxvw eh wxqhg lq forvhg orrs1

Iurp Ilj1 8143 lw lv hylghqw wkdw wkh frqwuro dojrulwkp lv zrunlqj vlqfh wkh
oleudwlrq ri wkh vdwhoolwh lv ehlqj uhgxfhg ryhu wlph1
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Iljxuh 815= Whvw D1 UPV +eodfn olqh, ri wkh Hxohu dqjohv ^J` huuru lv erxqghg e| lwv
vwdqgdug ghyldwlrq +eoxh olqh,1
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Iljxuh 816= Whvw D1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 817= Whvw D1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo E��/
slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV iru wkh
Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Iljxuh 818= Whvw D1 Hxohu dqjoh huuru1
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Gama, Simulation n 4

Iljxuh 819= Whvw D1 Wkh � hyroxwlrq1
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Iljxuh 81:= Whvw G1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 81;= Whvw G1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo E��/
slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV iru wkh
Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Iljxuh 81<= Whvw G1 Hxohu dqjoh huuru1
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Iljxuh 8143= Whvw G1 Wkh � hyroxwlrq1
81416 Whvw J

Dq huuru ri 83( zdv dgghg wr wkh lqlwldo dqjxodu yhorflw| dqg wr wkh lqlwldo �/
w dqg �1 Wkh lqlwldo frqglwlrqv ri huuru fryduldqfh pdwul{/ �J / duh fkdqjhg/ l1h1/lw lv pdlqwdlqhg h{dfwo| htxdo wr wkh rqh xvhg lq Whvw D1 Ghvslwh wkh 83( huuru lq
wkh lqlwldo frqglwlrqv/ wkh HNI zdv deoh wr frqyhujh exw wkh uhvxowv ri wkh hvwlpdwru
dojrulwkp duh srru frpsduhg zlwk wkh uhvxowv iurp Whvw D1 Wkh UPV iru wkh dqjxodu
yhorflw| lv= /% � /+ ' ��fD{�f3� udg2v dqg /5 ' 2�D�{�f3� udg2v dqg iru wkh Hxohu
dqjohv lv= � ' 2D�2.J/ w ' �2�HDJ/ � ' 2b�DSJ1 Wklv whvw lv h{hpsol�hg e| wkh
h{shulhqfhv sorwwhg lq Iljv 8144 0 8146/ wkdw vwuhvv wkh lqlwldo huuru dqg wkh hvwlpdwhg
vwdwh yduldeohv txlfn frqyhujhqfh wr wkh wuxh ydoxhv1

Krzhyhu/ wklv lv d vhqvlwlyh lvvxh ehfdxvh erwk wkh frqyhujhqfh dqg wkh hvwlpdwru
uhvxow txdolw| duh ghshqgdeoh ri wkh lqlwldo �J1 Li wkh ydoxhv ri lwv gldjrqdo duh
ghfuhdvhg lw fdq fdxvh wkh dojrulwkp wr glyhujh ru wr wdnh orqjhu wr frqyhujh1 Rq
wkh rwkhu kdqg/ wkh uhvxowv duh dovr lq xhqfhg e| wkh lqlwldo huuru iru vrph wlph/ dv
fdq eh fkhfnhg e| frpsdulqj wkh dffxudf| rewdlqhg ehwzhhq Whvw D dqg Whvw J1
Wklv lv gxh wr wkh idglqj phpru| fkdudfwhulvwlf ri wkh HNI1
81417 Whvw M

Dv lq Whvw J/ dq huuru ri 83( kdg ehhq dgghg wr wkh lqlwldo dqjxodu yhorflw|
dqg wr wkh lqlwldo �/ w dqg �1 Li wkh UPV huuru lqfuhdvhg frpsdulqj Whvw J wr Whvw
D/ wkhq iru forvhg orrs wkh UPV huuru lqfuhdvhg hyhq pruh1 Dv h{sodlqhg ehiruh wkh
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Iljxuh 8144= Whvw J1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 8145= Whvw J1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Simulation nº 255

Iljxuh 8146= Whvw J1 Hxohu dqjoh huuru1
UPV huuru lqfuhdvhg zkhq huuru lv dgghg wr wkh lqlwldo vwdwh/ frpsdulqj Whvw J wr
Whvw D/ dqg iru forvhg orrs wrr/ frpsdulqj Whvw D wr Whvw G1 Wkxv/ iru wklv Whvw
lv h{shfwhg d zruvh shuirupdqfh wkdq iru Whvw J ru hyhq iru Whvw G/ gxh wr idfw ri
forvlqj wkh orrs dqg dgglqj huuru wr wkh lqlwldo vwdwh yduldeohv/ dv vwuhvvhg ehiruh1
Wkh UPV iru wkh dqjxodu yhorflw| lv= /% � /+ ' ���{�f3� udg2v dqg /5 ' 2�.{�f3�
udg2v dqg iru wkh Hxohu dqjohv lv= � ' 2H�eSJ/ w ' ���.�J/ � ' 2e�eSJ1 Lq Iljv1 8147
0 8149 duh sorwwhg/ iru rqh ri wkh whq h{shulphqwv/ dq h{shulphqw wkdw h{hpsol�hv
wklv Whvw1
81418 Whvw E

Wkh HNI uhvxowv dgglqj wkh Vxq vhqvru phdvxuhphqwv duh derxw wkh vdph dv
iru wkh Whvw D1 Lq idfw/ lw lv nqrzq wkdw wkh pruh phdvxuhphqwv dydlodeoh/ wkh ehwwhu
duh wkh hvwlpdwhv rewdlqhg e| wkh Ndopdq �owhu1 Lw pxvw eh vwuhvvhg wkdw iru wklv
Whvw wkh lqlwldo vwdwh yhfwru lv nqrzq iru wkh �owhu1 Wklv fdq eh ylvxdol}hg frpsdulqj
Iljv1 816 0 817 zlwk Iljv1 814: 0 814;1
81419 Whvw H

Wkh HNI uhvxowv lpsuryh zlwk wkh suhvhqfh ri wkh Vxq vhqvruv gdwd lq frpsdu0
lvrq zlwk wkh Whvw G1 Wklv uhvxowv fdq eh frpsduhg e| wkh UPV rewdlqhg iru wkh
dqjxodu yhorflw|= /% dqg /+ lv ��e{�f3e udg2v dqg iru /5 ' ��f{�f3e udg2v1 Wkh
Hxohu dqjohv= � ' D�S�J/ w ' S�eDJ dqg � ' ��2fJ1 Lq Iljv1 814< 0 8154 duh sorwwhg/
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Iljxuh 8147= Whvw M1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

-100

0

100

R
ol

l e
rr

=
 1

8.
61

º

 Roll, Pitch, Yaw, Simulation nº 263

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-50

0

50

P
itc

h 
er

r=
 1

3.
71

º

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

-100

0

100

Orbits

Y
aw

 e
rr

=
 3

1.
37

º

Iljxuh 8148= Whvw M1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Simulation nº 263

Iljxuh 8149= Whvw M1 Hxohu dqjoh huuru1
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Iljxuh 814:= Whvw E1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 814;= Whvw E1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
iru rqh ri wkh whq h{shulphqwv/ dq h{shulphqw wkdw h{hpsol�hv wklv Whvw1
8141: Whvw K

Zkhq wkh Vxq vhqvru phdvxuhphqwv duh dydlodeoh iru wkh HNI ehvlghv wkh pdj0
qhwrphwhuv/ wkh uhvxowv lpsuryhg frqvlghudeo| frpsdulqj zlwk wkrvh rewdlqhg iurp
Whvw J1 Wklv lv hylghqw lq wkh UPV rewdlqhg= /% ' b���{�f3e udg2v/ /+ ' b�DS{�f3e
udg2v dqg /5 ' ��.S{�f3� udg2v dqg iru wkh Hxohu dqjohv lv= � ' S�eSJ/ w ' ��..J/
� ' S�2eJ1 Wkh h{shulphqw wkdw h{hpsoli| lv lq Iljv1 8155 0 8157 frpsdulqj zlwk
Whvw J lq Iljv 8144 0 81461Dv vwuhvvhg ehiruh/ wkh vwdwlvwlfdo fkdudfwhulvwlfv ri wkh
Ndopdq �owhu lpsuryh zlwk pruh phdvxuhphqwv dydlodeoh1 Wklv lv qrw vr hylghqw
zkhq Whvw D lv frpsduhg zlwk Whvw E exw wkh lpsuryhphqw lq Whvw J lv frpsduhg
wr Whvw K lv pruh hylghqw gxh wr wkh huuru lq wkh lqlwldo frqglwlrqv1 Wkh �owhu uhfry0
huv iurp wkh huuru dgghg wr wkh lqlwldo vwdwh yhfwru lq Whvw K frqvlghudeo|/ wkdq lq
Whvw J/ dv fdq eh frpsduhg e| Ilj1 8157 dqg Ilj1 81461 Lw lv wr qrwlfh wkdw Whvw J
dqg K kdyh h{dfwo| wkh vdph ruelw sdudphwhuv/ gh�qhg lq Wdeoh 71:1

Dq huuru lq wkh lqlwldo vwdwh yduldeohv lv pruh olnho| wr kdsshq lq uhdo vlwxdwlrqv
dqg wklv lqlwldo huuru lv uh hfwhg iru d orqj wlph lq wkh hvwlpdwru dojrulwkp uhvxowv eh0
fdxvh ri wkh HNI idglqj phpru|/ khqfh wzr ru pruh phdvxuhphqwv khos wr lpsuryh
wkh �owhu shuirupdqfh1

;:
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Iljxuh 814<= Whvw H1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 8153= Whvw H1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Simulation nº 178

Iljxuh 8154= Whvw H1 Hxohu dqjoh huuru1
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Iljxuh 8155= Whvw K1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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 Roll, Pitch, Yaw, Simulation nº 126
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Iljxuh 8156= Whvw K1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1
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Simulation nº 126

Iljxuh 8157= Whvw K1 Hxohu dqjoh huuru1
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Iljxuh 8158= Whvw N1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
8141; Whvw N

Lq wkh vdph zd| wkdw Whvw K kdyh ehwwhu uhvxowv wkdq Whvw J/ wkh Whvw N
suhvhqw ehwwhu uhvxowv wkdq Whvw M/ gxh wkh suhvhqfh ri wkh Vxq vhqvru phdvxuhphqwv1
Krzhyhu wkh huuruv lqfuhdvhg wkhq wkrvh rewdlqhg iurp Whvw K/ ehfdxvh wkh hvwlpdwru
lv lq wkh orrs dqg wkh frqwuro dojrulwkp ghshqgv rq wkh hvwlpdwru uhvxowv/ zklfk lv d
pruh ghpdqglqj vlwxdwlrq1 Rqfh djdlq wklv uhvxowv duh vxssruwhg e| wkh UPV ri wkh
yduldeohv vwdwhv= /% ' b�D�{�f3e udg2v/ /+ ' ��fD{�f3� udg2v dqg /5 ' ���.{�f3�
udg2v dqg iru wkh Hxohu dqjohv lv= � ' S�b.J/ w ' ��HbJ/ � ' S�DHJ1 Lq Iljv1 8158
0 815: duh sorwwhg/ iru rqh ri wkh whq h{shulphqwv/ dq h{shulphqw wkdw h{hpsol�hv
wklv Whvw1 Lw lv wr qrwlfh wkdw Whvw N dqg M kdyh h{dfwo| wkh vdph ruelw sdudphwhuv/
gh�qhg lq Wdeoh 71:1
8141< Whvw F

Mxvw iru ylvxdol}dwlrq ri wkh VYG phwkrg/ d vljqdo lqglfdwlqj zkhq Vxq vhqvru
phdvxuhphqwv duh dydlodeoh lv kljk dqg orz rwkhuzlvh/ ruljlqdwlqj d vtxduh zdyh
lq doo sorwv1 Iljxuhv 815< 0 8164 vkrz wkdw/ zkhq wkh vdwhoolwh lv klgghq iurp wkh
Vxq/ �ehklqg� wkh Hduwk/ wkh dwwlwxgh hvwlpdwlrq dqg dqjxodu yhorflw| duh rewdlqhg
h{foxvlyho| iurp sursdjdwlrq ri wkh vdwhoolwh dwwlwxgh g|qdplfv1 Lq wkhvh ruelw vhj0
phqwv/ wkh huuru ri wkh txdwhuqlrq hvwlpdwh udlvhv gudpdwlfdoo|1 Wklv lv vr ehfdxvh
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Iljxuh 8159= Whvw N1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1 Lq wkh |0d{lv odeho lv wkh UPV
iru wkh Hxohu dqjohv ^Uroo2Slwfk2\dz huu@J`1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

20

40

60

80

100

120

140

160

E
ul

er
 a

ng
le

 E
rr

or
 [d

eg
re

es
]

Simulation nº 134

Iljxuh 815:= Whvw N1 Hxohu dqjoh huuru1
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sqrt(P)=error roll,pitch,yaw=(q1,q2,q3)/2, Simulation nº 303
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Iljxuh 815;= Whvw F1 UPV +eodfn olqh, ri wkh Hxohu dqjohv ^J` huuru lv erxqghg e| lwv
vwdqgdug ghyldwlrq +eoxh olqh, zklfk rqo| lv frpsxwhg rq VYG lv uxqqlqj1
wkh prgho ri wkh Vxq vhqvru lv edvhg rq wkh hvwlpdwhv ri wkh suhylrxv dwwlwxgh zklfk
douhdg| kdv huuru gxh wr sursdjdwlrq1 Vr wkh dwwlwxgh rewdlqhg e| wkh dojrulwkp
lv dovr lq xhqfhg e| wkh huuru1 Wklv lv dovr gxh wr wkh idfw ri wkh huuru ri wkh dq0
jxodu yhorflw|/ vlqfh dv fdq eh vhhq e| wkh nlqhpdwlfv htxdwlrq/ wkh txdwhuqlrq lv
lq xhqfhg gluhfwo| e| wkh dqjxodu yhorflw|1

Krzhyhu/ zkhq wkh Vxq lv lq wkh IRY ri wkh vhqvru wkh txdwhuqlrq lv ehfrplqj
forvh wr wkh wuxh ydoxh dqg wkh huuru lqfxuuhg e| wkh VYG lw lv yhu| orz +Ilj1 8165
dqg d ghwdlo ri wkh Ilj1 8164, zkhq frpsduhg wr wkh HNI uhvxowv lq Ilj1 818 0 Whvw
D1 Li wkh UPV lv frpsxwhg iru wkh zkroh ruelw/ zlwk wkh VYG uxqqlqj rqo| zkhq
wkh wzr vhqvruv duh dydlodeoh/ wkh UPV huuruv zloo eh= /%c+ ' ��fb{�f3� udg2v dqg
/5 ' b�eS{�f3e udg2v dqg/ iru wkh Hxohu dqjohv/ � ' ef��J/ w ' �D�SJ/ � ' �H��J1
Vwloo/ wkh dqjxodu yhorflw| kdv d yhu| jrrg dffxudf| frpsduhg zlwk wkh HNI1 Khqfh/
li wkh UPV lv rqo| frpsxwhg iru zkhq wkh VYG lv uxqqlqj wkh uhvxowv iru wkh Hxohu
dqjohv lpsuryh frqvlghudeoh/ dsur{1 � ' f�D2J/ w ' f�DDJ/ � ' f�D2J1

Wkhuh duh vrph srlqwv lq ruelw/ zkhq wkh Vxq vhqvru phdvxuhphqwv lv dydlodeoh/
zkhuh wkh dqjxodu yhorflw| huuru lv yhu| kljk1 Wklv lv vr ehfdxvh wkh dqjxodu yhorflw|
lv fdofxodwhg edvhg lq wkh ghulydwlyhv ri wkh txdwhuqlrqv dqg li wkh txdwhuqlrqv kdyh d
vpdo huuru lw zloo eh dpsol�hg zkhq wkh dqjxodu yhorflw| lv ehlqj frpsxwhg1 Krzhyhu/
wkh dqjxodu yhorflw| hvwlpdwh dorqj wkh }0d{lv lv yhu| jrrg vlqfh lw lv d frqvwdqw1
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Iljxuh 815<= Whvw F1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 8163= Whvw F1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1
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Simulation nº 303

Iljxuh 8164= Whvw F1 Hxohu dqjoh huuru1
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Simulation nº 303

Iljxuh 8165= Whvw F1 Hxohu dqjoh huuru1 Ghwdlo ri Ilj1 81641
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 Simulation n 303

Iljxuh 8166= Whvw F1 Wkh � hyroxwlrq1 Hvwlpdwhg +eoxh olqh, dqg wuxh +uhg olqh,
ydoxhv ri �1
814143 Whvw I

Iru Whvw I wkh uhvxowv duh vlplodu wr wkrvh iurp Whvw F vlqfh wkh VYG lv qrw
uhfxuvlyh exw uholhv rq wkh dwwlwxgh vhqvru phdvxuphqwv rq hdfk wlph srlqw wr frp0
sxwh wkh hvwlpdwhv wr wkdw srlqw glvuhjduglqj doo sdvw lqirupdwlrq1 Wklv Whvw lv
h{hpsol�hg e| wkh h{shulhqfhv sorwwhg lq Iljv1 8167 0 81681 Lw lv hylghqw wkh dqjxodu
yhorflw| fruuhfwlrq zkhq wkh VYG dojrulwkp lv dydlodeoh/ derxw wkh 518 ruelwv lq Ilj1
81671

815 SrVDW04 Uhdo Gdwd
Wkh uhvxowv rewdlqhg xvlqj SrVDW04 uhdo gdwd suhvhqwhg lq Vhfwlrq +71516, duh

uhsuhvhqwhg lq wkh Iljv 816: dqg 8169 iru dqjxodu yhorflw| dqg Hxohu dqjohv uhvshf0
wlyho|1 Wkh hvwlpdwru dojrulwkp xvhg zdv wkh HNI gh�qhg lq Fkdswhu 6 zlwk wkh
prgl�fdwlrqv h{sodlqhg lq Fkdswhu 71 Wkh uhvxowv duh frpsduhg zlwk wkh uhvxowv
iurp wkh HNI lpsohphqwhg rq0erdug SrVDW041

Wkh UPV rewdlqhg ehwzhhq wkh hvwlpdwhv iurp wkh HNI dqg wkh hvwlpdwhv iurp
wkh hvwlpdwru rq0erdug duh iru wkh Hxohu � dqg w dqjohv duh DJ � SJ/ zklfk lv
derxw wkh uhvxowv rewdlqhg iru HNI dssolhg wr wkh vlpxodwlrq ri SrVDW04 lq VlpVdw1
Krzhyhu/ iru wkh |dz dqjoh wkh glihuhqfh ehwzhhq wkh wzr dojrulwkpv lv eljjhu gxh
wr wkh vslqqlqj ri wkh vdwhoolwh/ � ' efJ1 Wkh HNI suhvhqwhg lq wklv zrun grhv qrw
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Iljxuh 8167= Whvw I1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh dqjxodu
yhorflwlhv +uhg olqh,1 Wkh +0d{lv odeho lv wkh UPV iru wkh dqjxodu yhorflw| ^/%c+c5huu@udg2v`1
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Iljxuh 8168= Whvw I1 Hvwlpdwlrq uhvxowv +eoxh olqh, dqg wkh wuxh ydoxhv ri wkh uroo
E��/ slwfk Ew� dqg |dz E�� Hxohu dqjohv +uhg olqh,1
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8151 SRVDW04 UHDO GDWD

dvvxph vpdoo Hxohu dqjohv dsur{lpdwlrq dv rssrvhg wr wkh HNI lpsohphqwg rq0
erdug SrVDW041 Wkh juhdw dgydqwdjh ri wklv vlpsol�hg dojrulwkp/ dffruglqj wr ^49`/
lv wr vljql�fdqwo| uhgxfh wkh pdwul{ frpsxwdwlrq ghpdqg wr wkh frpsxwhu rq0erdug1

200 400 600 800 1000 1200 1400 1600 1800 2000 2200

0

20

40
R

ol
l [

de
g.

]

200 400 600 800 1000 1200 1400 1600 1800 2000 2200

-20

0

20

P
itc

h 
[d

eg
.]

200 400 600 800 1000 1200 1400 1600 1800 2000 2200

-100

0

100

Y
aw

 [d
eg

.]

Iljxuh 8169= Whvw ]S1 HNI hvwlpdwhv/ iru dsur{1 :15 ruelwv/ ri wkh Hxohu dqjohv +eoxh
olqh, lq frpsdulvrq zlwk wkh hvwlpdwhv ri wkh HNI rq0erdug ri wkh SrVDW04 vdwhoolwh
+uhg olqh,1 Wkh pdjqhwrphwhuv duh wkh rqo| gdwd vxsoolhg wr wkh �owhu1
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Iljxuh 816:= Whvw ]S1 HNI hvwlpdwhv ri wkh dqjxodu yhorflw| ^udg2v` iurp SrVDW04
uhdo gdwd iru 47 ruelwv1 Pdjqhwrphwhuv phdvxuhphqwv duh wkh rqo| gdwd vxssolhg wr
wkh �owhu1

ψ/θ/φ Without/SS Without/SS

EKF EKF SVD EKF EKF SVD

Init 1 2.9º/1.99º/3.0º ≅ A 0.52º/0.55º/0.52º 7.7º/3.9º/6.6º 5.6º/6.5º/3.2º 1.2º/1.4º/0.64º

Init 2 25.3º/12.8º/29.6º 6.5º/3.8º/6.3º 28.5º/13.7º/24.5º 6.9º/3.9º/6.6º

PoSAT-1 6º/5º/40º

Estimator only Estimator in the Loop

With/SS With/SS

Wdeoh 814= UPV vxppdu| ri wkh pd{lpxp Hxohu dqjohv iru doo Whvwv1

<<



8151 SRVDW04 UHDO GDWD

Without/SS Without/SS

[rad/s] EKF EKF SVD EKF EKF SVD

ωx 9.7E-5 ≅ Α 1.1E-3 3.8E-4 3.4E-4 6.0E-4

Init 1 ωy 9.6E-5 ≅ Α 1.0E-3 3.8E-4 3.4E-4 8.1E-4

ωz 1.6E-5 ≅ Α 9.5E-4 4.5E-4 3.0E-4 7.7E-4

ωx 1.1E-3 9.2E-4 1.1E-3 9.5E-4

Init 2 ωy 1.1E-3 9.6E-4 1.1E-3 1.1E-3

ωz 2.51E-3 1.8E-3 2.7E-3 1.4E-3

PoSAT-1 -

Estimator only Estimator in the Loop

With/SS With/SS

Wdeoh 815= UPV vxppdu| ri dqjxodu yhorflw| huuru iru doo Whvwv1
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Fkdswhu 9
Frqfoxvlrqv dqg Ixwxuh Zrun

Lq wklv zrun d srlqw0e|0srlqw +VYG, dqg d uhfxuvlyh hvwlpdwlrq +HNI, phwkrgv
iru dwwlwxgh ghwhuplqdwlrq zhuh whvwhg erwk rq vlpxodwhg dqg uhdo gdwd iurp vpdoo
vdwhoolwhv1 Lq rughu wr dqdo|vh wkh dffxudf| ri dwwlwxgh dqg dqjxodu yhorflw| dqg eh
deoh wr frpsduh ehwzhhq erwk dojrulwkpv/ d vhw ri shuirup fulwhuld zdv vhw xs lq
fkdswhu 71 Hyhq vr/ wkh frpsdulvrq kdg wr eh shuiruphg zlwk vshfldo fduh ehfdxvh
wkh VYG lv qrw dozd|v uxqqlqj gxh wr wkh whpsrudu| xqdydlodelolw| ri wkh Vxq vhqvru1

Wkh HNI surgxfhv/ dv h{shfwhg/ wkh prvw dffxudwh uhvxowv/ dw wkh frvw ri lq0
fuhdvhg xvh ri frpsxwdwlrqdo uhvrxufhv/ gxh wr wkh frpsxwdwlrq ri wkh olqhdul}hg
g|qdplfv dw hdfk ruelwdo orfdwlrq dqg gxh wr wkh pdqlsxodwlrq ri pdwulfhv zlwk
kljk udqn1 Wkh VYG uhtxluhv wkh shupdqhqw dydlodelolw| ri wzr vhqvruv/ exw rqo|
pdjqhwrphwhuv dqg Vxq vhqvruv duh dydlodeoh rq0erdug SrVDW04/ wkxv ohdglqj wr
wkh uhtxluhphqw ri sursdjdwlqj wkh dwwlwxgh g|qdplfv dqg nlqhpdwlfv zkloh wkh Vxq
vhqvru lv xqdydlodeoh1 Wklv surgxfhv zruvh uhvxowv wkdq li VYG kdg wzr vhqvruv dydlo0
deoh dorqj wkh zkroh ruelw dv vkrzq lq Fkdswhu 81 Hyhq vr d pruh fduhixoo dqdo|vlv
ri wkh VYG uhvxowv vkrzv wkdw wkh huuru rewdlqhg lv yhu| vpdoo dqg mxvw derxw wkh
vdph dv wkh HNI/ soxv wkh dgydqwdjh ri wkh VYG dojrulwkp lv qrw lq xhqfhg e|
lqlwldo huuruv dqg lw*v dojrulwkp grhv qrw ghshqg ri wkh frqwuro prphqw dssolhg wr
wkh vdwhoolwh/ vlqfh/ glvuhjdugv wkh htxdwlrqv ri prwlrq1 Rq wkh rwkhu kdqg/ wkh HNI
dojrulwkp lv lq xhqfhg e| wkh lqlwldo vwdwh huuru dqg lw lv vwurqjo| lq xhqfhg e| wkh
wxqlqj ri wkh fryduldqfhv pdwulfhv dqg e| wkh frqwuro1

Wkh HNI zdv dssolhg wr wkh uhdo gdwd ri SrVDW04vdwhoolwh1 Dv h{shfwhg/ wkh
uhvxowv rewdlqhg iurp wkh SrVDW04 vlpxodwlrq zhuh ehwwhu frpsduhg wr wkrvh frp0
lqj iurp wkh SrVDW04 uhdo gdwd iru wzr pdlq uhdvrqv1 Iluvw/ wkh dwwlwxgh vhqvru
phdvxuhphqwv duh vdpsohg dw d odujhu udwh lq SrVDW04 vdwhoolwh/ {A ' 2f tiU frp0
sduhg wr wkh {A ' � tiU vdpsolqj shulrg iru wkh VlpVdw vlpxodwlrq1 Wklv doorzv wkh
SrVDW04 wr fkdqjh lwv pryhphqw frqvlghudeo| iurp rqh vdpsoh wr wkh qh{w zkloh
iru wkh vlpxodwhg SrVDW04 kdylqj wkh gdwd vdpsohg lq d vkruw shulrg jlyhv doprvw
d frqwlqxrxv ixqfwlrq ri wkh SrVDW04 ehkdylrxu wkurxjk wlph1 Dovr wkh uhvxowv ri
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wkh SrVDW04 duh frpsduhg wr d yhu| vlpsol�hg HNI/ ydolg rqo| iru vpdoo slwfk dqg
uroo dqjohv/ zkloh wkh uhvxowv iurp wkh HNI dssolhg wr wkh SrVDW04 vlpxodwlrq duh
frpsduhg wr d vlpxodwhg dwwlwxgh1

Wkh fkrlfh ri hlwkhu HNI ru VYG dojrulwkpv iru dsolfdwlrq lq d uhdo vdwhoolwh
ghshqgv pdlqo| rq wkh dffxudf| uhtxluhg wr dffrpsolvk wkh vdwhoolwh plvvlrq1 Ryhu0
doo/ wkh HNI dqg wkh VYG +zkhqhyhu erwk vhqvruv duh dydlodeoh, kdyh yhu| vlplodu
uhvxowv/ vr li dwwlwxgh vhqvruv duh dydlodeoh dorqj d zkroh ruelw d jrrg fkrlfh zrxog
eh wkh VYG +ru dqrwkhu srlqw0wr0srlqw dojrulwkp ghshqglqj rq wkh qxpehu ri dw0
wlwxgh vhqvruv dydlodeoh,1 Wkh VYG grhv qrw kdyh sureohpv ri glyhujhqfh dqg grhv
qrw uhtxluh fryduldqfhv pdwulfhv wxqlqj1 Lw dovr grhv qrw uhtxluh lqlwldo frqglwlrqv
wr vwduw uxqqlqj wkh dojrulwkp1 Krzhyhu/ wkh odfn ri dwwlwxgh vhqvruv dydlodeoh lv d
frqvlghudeoh glvdgydqwdjh1 Rqh pd| vd| wkdw wkh HNI dffxudf| suhvhqwhg lq wklv
zrun frxog eh pxfk ehwwhu li wkh fryduldqfh pdwulfhv zhuh ehwwhu wxqhg1 Exw/ dv
vwuhvvhg ehiruh/ wkh fryduldqfh pdwulfhv suhvhqwhg/ hvshfldoo| wkh surfhvv qrlvh fr0
yduldqfh pdwul{/ duh yhu| vlpsoh/ zlwkrxw h{dxvwlyh wxqlqj/ dqg vwloo wkh uhvxowv duh
jrrg1

Ixwxuh zrun lqfoxghv=
� wr lpsuryh wkh shuirupdqfh ri wkh VYG dojrulwkp gxulqj wkh shulrgv ri ruelw
iru zklfk rqo| pdjqhwrphwhuv duh dydlodeoh1

� wr ydolgdwh wkh VYG dojrulwkp zlwk uhdo gdwd iurp d vpdoo vdwhoolwh1
� wkh xvh ri phdvxuhphqwv iurp dqrwkhu vhqvru dozd|v dydlodeoh lq vsdfh iru
vpdoo vdwhoolwhv/ JSV frpelqhg zlwk wkh pdjqhwrphwhu phdvxuhphqwv ^85` ru
^43`/ wr lpsuryh wkh VYG shuirupdqfh dqg wr rewdlq d pruh idlu frpsdulvrq
ri wkh wzr phwkrgv lq wkh zd| wkdw wkh VYG zrxog eh uxqqlqj wkh zkroh ruelw
dqg qrw mxvw sduwv ri lw1

� uhjduglqj wkh suhylrxv vxjjhvwlrq/ wr dqdo|vh wkh srvvlelolw| ri xvlqj rwkhu
srlqw0wr0srlqw phwkrg ehvlghv VYG/ frqfhuqlqj zkhq pruh wkdq wzr dwwlwxgh
vhqvruv duh dydlodeoh1

� wr lpsohphqw d htxlydohqw Ndopdq �owhu wkdw kdqgohv qxphulfdo lqvwdelolw| dv
ghvfulehg lq Vhfwlrq 61415/ lq rughu wr xsordg wkh dojrwklp wr wkh uhdo vdwhoolwh1
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^4` Edn/ W1/�Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq 0 d Pdjqhwrphwhu Dssurdfk�/

Sk1G wkhvlv 4<<</ Ddoeruj Xqlyhuvlw|1
^5` Edn/ W1/�rq0erdug Prghov iru Dxwrqrprxv Dwwlwxgh Ghwhuplqdwlrq�/ WQ W360

390354/4<<8/ Ddoeruj Xqlyhuvlw|1
^6` Edwwlq/ U1 K1/ �Dq Lqwurgxfwlrq wr wkh Pdwkhpdwlfv dqg Phwkrgv ri Dvwurg|0

qdplfv/ Uhylvhg Hglwlrq�/ DLDD Hgxfdwlrqdo Vhulhv1
^7` Elhupdq/ J1 M1/ �Idfwrul}dwlrq Phwkrgv iru glvfuhwh Vhtxhqwldo Hvwlpdwlrq�/

Pdwkhpdwlfv lq Vflhqfh dqg Hqjlqhhulqj/ Yro1 45</ Dfdghplf Suhvv 4<<:1
^8` Fohphqwv/ U1/ dqg Wdyduhv/ S1/ �Xsgdwh rq vwdwxv ri wkh Vpdoo Vdwhoolwh Vlpx0

odwru�/ UW07350<</ Lqvwlwxwr gh Vlvwhpdv h Ureöwlfd +LVU,/ Lqvwlwxwr Vxshulru
Wìfqlfr +LVW,1

^9` Fohphqwv/ U1/ Wdyduhv/ S1/ Olpd/ S1/ �Vpdoo Vdwhoolwh Dwwlwxgh Forvhg Orshg Frq0
wuro xvlqj d Ndopdq Ilowhu Hvwlpdwru�/ Surf1 ri LHHH Lqw1 V|ps1 rq Lqwhooljhqw
Frqwuro 53331

^:` Fudvvlglv/ M1 O1/ dqg Pdunoh|/ I1 O1/ �Dq PPH0Edvhg Dwwlwxgh Hvwlpdwru Xvlqj
Yhfwru Revhuydwlrqv�/ Surfhhglqjv ri wkh Ioljkw Phfkdqlfv2Hvwlpdwlrq Wkhru|
V|psrvlxp/ QDVD Jrggdug Vsdfh Ioljkw Fhqwhu/ Juhhqehow/ PG/ 4<<8/ ss1
46:04841

^;` Fudvvlglv/ M1 O1/ dqg Pdunoh|/ I1 O1/ �Dwwlwxgh Hvwlpdwlrq Xvlqj Prgl�hg Ur0
guljxhv Sdudphwhuv�/ Surfhhglqjv ri wkh Ioljkw Phfkdqlfv2Hvwlpdwlrq Wkhru|
V|psrvlxp/ QDVD Jrggdug Vsdfh Ioljkw Fhqwhu/ Juhhqehow/ PG/ 4<<9/ ss1
:4 0;61

^<` Fudvvlglv/ M1 O1 dqg Pdunoh|/ I1 O1 �Suhglfwlyh Ilowhulqj iru Dwwlwxgh Hvwlpdwlrq
Zlwkrxw Udwh Vhqvruv�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/ Yro1 53/
Qr1 6/ Pd|0Mxqh/ 4<<:1 ss1 855085:1
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^43` Fudvvlglv/ Mrkq O1/ Pdunoh|/ I1 Odqglv/ �Qhz Dojrulwkp iru Dwwlwxgh Ghwhupl0
qdwlrq Xvlqj Joredo Srvlwlrqlqj V|vwhp Vljqdov�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro
dqg G|qdplfv/ Yro153/ Qr1 8/ Vhswhpehu0Rfwrehu 4<<:1

^44` Gdyhqsruw/ S1/�D Yhfwru Dssurdfk wr wkh Dojheud ri Urwdwlrqv zlwk Dssolfd0
wlrqv�/ QDVD Whfkqlfdo Qrwh WQ G079<9/ Dxjxvw 4<9;1

^45` Iduuhoo/ M1 O1/ �Dwwlwxgh Ghwhuplqdwlrq e| Ndopdq Ilowhulqj�/ Dxwrpdwlfd/ Yro1
9/ Qr 6/ 4<:3/ ss 74<07631

^46` Jhoe/ D1/ �Dssolhg Rswlpdo Hvwlpdwlrq�/ PLW Suhvv/ Fdpeulgjh/ PD/ 4<:71
^47` Juhzdo/P1 V1/ Dqguhzv/ D1 S1/ �Ndopdq Ilowhulqj Wkhru| dqg Sudfwlfh�/ Lqiru0

pdwlrq dqg V|vwhp Vflhqfh Vhulhv/ Suhqwlfh Kdoo1
^48` Kdplowrq/ Z1U1/ �Hohphqwv ri Txdwhuqlrqv�/ Orqjpdqv/ Juhhq dqg Fr1/ Orq0

grq 4;99
^49` Kdvklgd/ \1/ Vxuuh| Vdwhoolwh Whfkqrorj| Owg/ Xqlyhuvlw| ri Vxuuh|/ X1 N1/ Lq0

whuqdo Uhsruw/ 4<<:
^4:` Klogheudqg/ I1 E1/ �Dgydqfhg Fdofxoxv iru Dssolfdwlrqv�/ Suhqwlfh0Kdoo/

Lqf1/Hqjohzrrg Fol�v/ Q1M1/4<951
^4;` Kzdqj/ Urehuw J1 E1 S1 \1/�Lqwurgxfwlrq wr Udqgrp Vljqdov dqg Dssolhg

Ndopdq Ilowhulqj0zlwk Pdwode H{huflvhv dqg Vroxwlrqv�/ Wklug0hglwlrq1
^4<` Lgdq/ P1/ �Hvwlpdwlrq ri wkh Urguljxhv Sdudphwhuv iurp Yhfwru Revhuydwlrqv�/

LHHH Wudqvdfwlrqv rq Dhurvsdfh dqg Hohfwurqlf V|vwhpv/ Yro1 DHV 65 Qr1 5/
4<<9/ ss1 8:;08;91

^53` Lw}kdfn \1 Edu0Lw}kdfn/ Pdunoh|/ O1 dqg Ghwfkpdqq/ M1 N1 �Txdwhuqlrq
Qrupdol}dwlrq lq Dgglwyh HNI iru Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq�/ Lq
surf1=Ioljkw Phfkdqlfv2Hvwlpdwlrq V|psrvlxp1

^54` Lw}kdfn \1 Edu0Lw}kdfn/ Uhlqhu/ M1/ �Uhfxuvlyh Dwwlwxgh Ghwhuplqdwlrq iurp
Yhfwru Revhuydwlrqv= Gluhfwlrq Frvlqh pdwul{ Lghqwl�fdwlrq�/ Mrxuqdo ri Jxlg0
dqfh/ Frqwuro dqg G|qdplfv/ Yro1 :/ Qr1 4/ Mdqxdu|0Iheuxdu| 4<;7/ ss1 840891

^55` Lw}kdfn \1 Edu0Lw}kdfn/ Rvkpdq/ \1/ �Dwwlwxgh Ghwhuplqdwlrq iurp Yhfwru
Revhuydwlrqv= Txduwhqlrq Hvwlpdwlrq�/ LHHH Wudqvdfwlrqv rq Dhurvsdfh dqg
Hohfwurqlf V|vwhpv/ Yro1 DHV054/ Qr1 4/ Mdqxdu| 4<;81

^56` Lw}kdfn \1/ Edu0Lw}kdfn1 dqg Lgdq P1/ �Uhfxuvlyh Dwwlwxgh Ghwhuplqdwlrq iurp
yhfwru Revhuydwlrqv= Hxohu Dqjoh Hvwlpdwlrq�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro
dqg G|qdplfv/ Yro1 43/ Qr1 5/ 4<;:/ ss1 485048:1

437



ELEOLRJUDSK\

^57` Lw}kdfn/ \1/ Edu0Lw}kdfn dqg Ghxwfkpdqq/ M1 N1/ �H{whqghg Ndopdq Ilowhu iru
Dwwlwxgh Hvwlpdwlrq ri wkh Hduwk udgldwlrq Exgjhw Vdwhoolwh�/ Surfhhglqjv ri
wkh DDV Dvwurg|qdplfv Frqihuhqfh +Sruwodqg/ RU,/ Dphulfdq Dvwurqdxwlfdo
Vrflhw|/ Vsulqj�hog/ YD/ 4<<3/ ss1 :;90:<9 +DDV Sdshu <305<97,1

^58` Lw}kdfn \1/ Edu0Lw}kdfn/ �UHTXHVW= D Uhfxuvlyh TXHVW Dojrulwkp iru Vh0
txhqwldo Dwwlwxgh Ghwhuplqdwlrq�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/
Yro1 4</ Qr1 8/ Vhswhpehu0Rfwrehu 4<<9/ ss1 43670436;1

^59` Nhdw/ M1/ �Dqdo|vlv ri Ohdvw0Vtxduhv Dwwlwxgh Ghwhuplqdwlrq Urxwlqh GRDRS�/
FVF Uhsruw Fvf2WP0::29367/ Iheuxdu| 4<::1

^5:` Oh�huwv/ H1 M1/ Pdunoh|/ I1 O1/ dqg Vkxvwhu/ P1 G1/ �Ndopdq Ilowhulqj iru
Vdsdfhfudiw Dwwlwxgh Hvwlpdwlrq�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/
Yro1 8/ Qr1 8/ 4<;5/ ss1 74:075<1

^5;` Ohuqhu/ J1 P1/ �Wkuhh0D{lv Dwwlwxgh Ghwhuplqdwlrq�/ Vsdfhfudiw Dwwlwxgh Gh0
whuplqdwlrq dqg Frqwuro/ hglwhg e| M1 U1 Zhuw}/ Uhlgho/ Gruguhfkw/ Wkh Qhwkhu0
odqgv/ 4<:;/ ss1 753075;1

^5<` Ox/ S1/ �Qrqolqhdu Suhglfwlyh Frqwuroohuv iru frqwlqxrxv V|vwhpv�/ Mrxuqdo ri
Jxlgdqfh/ Frqwuro dqg G|qdplfv/ Yro1 4:/ Qr1 6/ 4<<7/ ss1 88608931

^63` Ox/ S1/ �Qrqolqhdu Suhglfwlyh Frqwuroohuv iru Frqwlqxrxv V|vwhpv�/ Mrxuqdo ri
Jxlgdqfh/ Frqwuro/ dqg G|qdplfv/ Yro1 4:/ Qr1 6/ Pd|0Mxqh/ 4<<7/ ss1 88608931

^64` Pduwho I1/ Sdo S1N1 dqg Svldnl P1O1/ �Wkuhh0D{lv Dwwlwxgh Ghwhuplqdwlrq yld
Ndopdq Ilowhulqj ri Pdjqhwrphwhu Gdwd�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg
G|qdplfv/ Yro1 46/ Qr1 6/ 4<;</ ss1 83908471

^65` Pdudqgl/ V1 U1/ dqg Prgl/ Y1 M1/ �D Suhihuuhg Frruglqdwh V|vwhp dqg Dvvr0
fldwhg Rulhqwdwlrq Uhsuhvhqwdwlrq lq Dwwlwxgh G|qdplfv�/ Dfwd Dvwurqdxwlfd/
Yro1 48/ Qr1 44/ 4<;:/ ss1 ;660;761

^66` Pdunoh|/ I1 O1/ �Dwwlwxgh Ghwhuplqdwlrq xvlqj Yhfwru Revhuydwlrqv dqg Vlqjx0
odu Ydoxh Ghfrpsrvlwlrq�/ Wkh Mrxuqdo ri wkh Dvwurqdxwlfdo Vflhqfhv/ Yro1 69/
Qr1 6/ Mxo|0Vhswhpehu 4<;;/ ss1578058;

^67` Pdunoh|/ I1 O1/ �Dwwlwxgh Ghwhuplqdwlrq iurp Yhfwru Revhuydwlrqv= D Idvw
Rswlpdo pdwul{ Dojrulwkp�/ Mrxuqdo ri wkh Dvwurqdxwlfdo Vflhqfhv/ Yro1 74/ Qr1
5/ 4<<6/ ss1 59405;31

^68` Pdunoh|/ I1 /O1/ Pruwdul/ G1/ �Krz Wr Hvwlpdwh Dwwlwxgh Iurp Yhfwru Re0
vhuydwlrqv�/ DLDD2DDV Dvwurg|qdplfv Vshfldolvw Frqihuhqfh/ Jlugzrrg/
Dodvnd/4904< Dxjxvw 4<<<1
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^69` Pdutxhv/ Vöqld/ Fohphqwv/ U1/ Olpd/ S1 �Frpsdulvrq ri Vpdoo Vdwhoolwh Dw0
wlwxgh Ghwhuplqdwlrq Phwkrgv�/ lq Surfhhglqjv ri 5333 DLDD Frqihuhqfh rq
Qdyljdwlrq/ Jxlgdqfh dqg Frqwuro/ 4704: Dxjxvw 5333/ Frorudgr/ XVD1

^6:` Prrn/ G1 M1/ dqg Mxqnlqv/ M1 OO1/�Plqlpxp Prgho Huuru Hvwlpdwlrq iru Srruo|
Prghoohg G|qdplfv V|vwhpv�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/
Yro1 6/ Qr1 7/ 4<<;/ ss1 69:06:81

^6;` Svldnl P1 O1/ Pduwho/ I1 dqg Sdo/ S1/ �Wkuhh0D{lv Dwwlwxgh Ghwhuplqdwlrq yld
Ndodpq Ilowhulqj ri Pdjqhwrphwhu Gdwd�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg
G|qdplfv/ Yro146/ Qr6/ Pd|0Mxqh 4<<3/ ss1 83908471

^6<` Vkxvwhu/ P1 G1/ dqg Rk/ V1 G1/ �Wkuhh0D{lv Dwwlwxgh Ghwhuplqdwlrq iurp yhfwru
Revhuydwlrqv�/ Mrxuqdo ri Jxlgdqfh dqg Frqwuro/ Yro1 7/ Qr1 4/ 4<;4/ ss :30::1

^73` Vkxvwhu/ P1 G1/ �D Vlpsoh Ndopdq Ilowhu dqg vprrwkhu iru Vsdfhfudiw Dwwlwxgh�/
Mrxuqdo ri wkh Dvwurqdxwlfdo Vflhqfhv Frus1/ FVF2WP0:;29389/ Vloyhu Vsulqj/
PG/ Dsulo 4<:;1

^74` Vkxvwhu/ P1 G1 �D Vxuyh| ri Dwwlwxgh Uhsuhvhqwdwlrqv�/ Mrxuqdo ri wkh Dvwur0
qdxwlfdo Vflhqfhv/ Yro1 74/ Qr1 7/ 4<<6/ ss1 76<084:1

^75` Vlgl/ Pdufho M1 �Vsdfhfudiw G|qdplfv dqg Frqwuro0D Sudfwlfdo Hqjlqhhulqj Ds0
surdfk�/ Fdpeulgjh Dhurvsdfh Vhulhv :/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<:1

^76` Vrqwdj/ H1/ �Pdwkhpdwlfdo Frqwuro Wkhru| 0 Ghwhuplqlvwlf Ilqlwh Glphqvlrqdo
V|vwhpv�/ 5qg hg1/ 4<<; Vsulqjhu0Yhuodj Qhz0\run/ Lqf1

^77` Vrxvd/ E1�Vlpxodgru gd Glqåplfd gh Dwlwxgh gh Plfur0Vdwìolwhv�/ WIF 0 Hq0
jhqkduld Dhurhvsdfldo/ Lqvwlwxwr Vxshulru Wìfqlfr/ 4<<:1

^78` Vwh|q/ Z1K1/ �D Pxowl0prgh Dwwlwxgh Ghwhuplqdwlrq dqg Frqwuro V|vwhp iru
Vpdoo Vdwhoolwhv�/ Xqlyhuvlw| ri Vwhoohqervfk/ Ghfhpehu 4<<81

^79` Wdexdgd/ S1/ Doyhv/ S1/ Wdyduhv/ Olpd S1 �Dwwlwxgh Frqwuro Vwudwhjlhv iru Vpdoo
Vdwhoolwhv�/ LVU Lqwhuqdo Uhsruw UW07370<; +95 sdjhv,1

^7:` Wdexdgd/ S1/ Doyhv/ S1/ Wdyduhv/ S1/ Olpd/ S1/ �D Suhglfwlyh Dojrulwkp iru
Dwwlwxgh Vwdelolvdwlrq dqg Vslq Frqwuro ri Vpdoo Vdwhoolwhv�/ Hxurshdq Frqwuro
Frqihuhqfh +HFF*<<,/ Nduovuxkh 0 Jhupdq|1

^7;` Wdyduhv/ S1/ Vrxvd/ E1 dqg Olpd/ S1/ �D Vlpxodwru ri Vdwhoolwh Dwwlwxgh G|qdp0
lfv�/ Surf1 ri FRQWUROR <;/ Frlpeud/ Sruwxjdo/ 4<<;1
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^7<` Wdyduhv/ S1/ Fohphqwv U1/ �Xsgdwh rq Vwdwxv ri wkh Vpdoo Vdwhoolwh Vlpxodwru�/
LVU Lqwhuqdo Uhsruw UW07350<< Dsulo 4<<< +49 sdjhv,1

^83` Wdyduhv/ S/ �VlpVdw Xvhu*v Pdqxdo�/ LVU Lqwhuqdo Uhsruw UW07380<< Vhswhpehu
4<<< +53 sdjhv,1

^84` Wkruqwrq/ F1 O1/ �Wuldqjxodu Fryduldqfh Idfwrul}dwlrq iru Ndopdq Ilowhulqj�/
SkG1 wkhvlv/ Xqlyhuvlw| ri Fdoliruqld dw Orv Dqjhohv/ 4<:9

^85` Xqzlq/ PM/ Kdvklgd/ \1/ Sdvhwwl/ D1/ �D Qhz Uhfhlyhu iru Vpdoo Vdwhoolwh Srvl0
wlrqlqj dqg Dwwlwxgh Ghwhuplqdwdwlrq H{shulphqwlq Ruelw�/ Surfhhglqjv Wklug
Lqwhuqdwlrqdo Frqihuhqfh rq Vsdfhfiudw Jxlgdqfh/ Qdyljdwlrq dqg Frqwuro V|v0
whpv/ HVWHF/ Qrrugzlmn/ Wkh Qhwkhuodqgv/ 5905< Qryhpehu 4<<9/ HVD VS0
6;4:

^86` Ydwkvdo/ V1/ �Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq Xvlqj d Vhfrqg0Rughu Qrq0
olqhdu Ilowhu�/ Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/ Yro1 43/ Qr1 9/
Qry10Ghf1/ 4<;:1

^87` Zdked/ J1/ �D Ohdvw0Vtxduhv Hvwlpdwh ri Vdwhoolwh Dwwlwxgh�/ VLDP Uhylhz/
Yro1 :/ Qr1 6/ 4<98/ s173< +sureohp 9804,1

^88` Zhuw}/ M1 U1/ � Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq dqg Frqwuro�/ Dvwursklvlfv
dqg Vsdfh Vflhqfh Oleudu| Yro1 :6/ Noxzhu Dfdghplf Sxeolvkhuv1

^89` Zlvqlhzvnl/ U1/ Dvwro�/ D1/ Edn/ W1/ Eodqnh/ P1/ Olpd1 S1/ Vslqgohu/ N1/
Wdexdgd/ S1/ Wdyduhv/ S1/ �Vdwhoolwh Dwwlwxgh Frqwuro Sureohp�/ fkdswhu lq Frq0
wuro ri Frpsoh{ V|vwhpv +FRV\,/ Vsulqjhu0Yhuodj/ Ehuolq/ 53331

^8:` �Vpdoo Vdwhoolwhv Krph Sdjh�/ Vxuuh| Vsdfh Fhqwuh/
�kwws=22zzz1hh1vxuuh|1df1xn2FVHU2XRVDW2VVKS2�

43:



Dsshqgl{ D
Glvfuhwh Ndopdq Ilowhu

Wkh Ndopdq �owhu lv wkh rswlpdo +lq wkh vhqvh ri plqlpl}lqj wkh hvwlpdwh ydul0
dqfh, olqhdu hvwlpdwru ri wkh vwdwh ri d pxowlsoh0lqsxw2rxwsxw olqhdu v|vwhp xvlqj d
g|qdplfdo prgho ri wkh surfhvv dqg d prgho ri wkh vhqvru phdvxuhphqwv1

Lq wklv dsshqgl{/ wkh glvfuhwh0wlph yhuvlrq ri wkh �owhu lv vxppdul}hg/ iroorzlqj
wkh ghulydwlrq lq ^4;` dqg ^46`1

D14 Surfhvv Prgho
Jlyhq d olqhdu v|vwhp prgho/ rq d sulrul hvwlpdwh/ 	 3

& / ri wkh v|vwhp vwdwh dw
wlph |&/ wkh phdvxuhphqwv/ )&/ dvvxphg vwdwlvwlfv ri wkh v|vwhp qrlvh dqg phd0
vxuhphqw huuruv/ soxv lqlwldo frqglwlrq lqirupdwlrq/ wkh Ndopdq �owhu surfhvvhv wkh
phdvxuhphqwv gdwd dw hdfk vwhs lq rughu wr xsgdwh wkh vwdwh hvwlpdwh 	 n& 1 Jlyhq d
frqwlqxrxv surfhvv ghvfulehg e|

� ' 8 nC� +D14,
zkhuh wkh � lv d iruflqj ixqfwlrq zkrvh hohphqwv duh zklwh qrlvh/ dqg dvvxplqj
wkdw wkh frqwlqxrxv surfhvv lv vdpsohg dw glvfuhwh wlphv |f/ |�/ 111/ |&3�/ |&/11111/ dqhtxdwlrq uhodwlqj wkh vdpsohv ri  pd| eh zulwwhq xvlqj vwdwh vsdfh phwkrgv

 E|&n�� ' xE|&n�c|&� E|&� n
] |&n�

|&
xE|&n�c ��CE���E��_� +D15,

ru/ lq dq deuhyldwhg qrwdwlrq/

 &n� ' x& & n�& +D16,

43;



D151 PHDVXUHPHQW PRGHO

zkhuh x& lv wkh wudqvlwlrq pdwul{ dqg wkh �& lv d zklwh vhtxhqfh zlwk nqrzq fr0
yduldqfh/
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Update  
estimate 

Iljxuh D14= Frqwlqxrxv surfhvv vdpsohg dw glvfuhwh wlphv dqg dq glvfuhwh phdvxuh0
phqw prgho1

D15 Phdvxuhphqw Prgho
Wkh surfhvv phdvxuhphqwv duh wdnhq dv olqhdu frpelqdwlrqv ri wkh v|vwhp vwdwh

yduldeohv dqg rffxu dw glvfuhwh srlqwv lq wlph
)& ' M& & n �& +D18,

zkhuh wkh fryduldqfh pdwul{ iru wkh �& dqg �& duh jlyhq e|

.d�&�A& o '
� -&/ � ' �

f/ � 9' � +D19,

�& dqg �& duh dvvxphg wr xqfruuhodwhg= .d�&�A& o ' f iru doo � dqg �� +D1:,

D16 Xsgdwh hvwlpdwh
Gh�qlqj wkh hvwlpdwlrq huuru wr eh

i3& '  & � 	 3
& +D1;,

in& '  & � 	 n&
43<



D161 XSGDWH HVWLPDWH

zkhuh wkh 	 3
& ghqrwhv wkh d sulrul hvwlpdwh ri wkh v|vwhp vwdwh dw wlph |& dqg 	 n&ghqrwhv wkh d srvwhulrul hvwlpdwh1

Wkh d srvwhulrul hvwlpdwh/ 	 n& fdq eh xsgdwhg edvhg rq wkh xvh ri wkh phd0
vxuhphqwv )& dqg jlyhq d sulrul hvwlpdwh/ 	 3& dw wlph |&1

	 n& ' g �

&	 3
& ng&)& +D1<,

zkhuh g �

& dqg g& duh wlph ydu|lqj jdlq pdwulfhv/ |hw xqvshfl�hg1
Vxevwlwxwlqj Ht1 +D1;, lqwr Ht1 +D1<, dqg xvlqj Ht1 +D18, wkh uhvxow lv/

in& '  &
k
��g �

& �g&M&
l
ng �

&i3& �g&�& +D143,
Fdofxodwlqj wkh phdq ydoxh ri wkh suhylrxv htxdwlrq/

.din& o ' .
k
 &

k
��g �

& �g&M&
ll

n.
k
g �

&i3&
l�. dg&�&o +D144,

E| gh�qlwlrq.d�&o ' f1 Li. �i3& � ' f/ wkh hvwlpdwru zloo eh xqeldvhg +l1h1/ . �in& � 'f, iru dq| vwdwh yhfwru  & rqo| li g �

& ' ��g&M&1 Vr wkh xsgdwlqj hvwlpdwh htxdwlrq+D1<, lv jlyhq e|
	 n& ' 	 3

& ng&E)& �M&	 3
& � +D145,

zkhuh wkh rswlpdo jdlq pdwul{ g& lv fkrvhq lq rughu wr plqlpl}h wkh hohphqwv dorqjwkh pdmru gldjrqdo ri wkh huuru fryduldqfh pdwul{ �n
& / ehfdxvh wkh huuru fryduldqfhpdwul{ surylghv dq lqglfdwlrq ri wkh dffxudf| ri wkh hvwlpdwh surgxfhg e| wkh �owhu1

Wkh h{suhvvlrq E)& �M&	 3
& � lv nqrzq dv wkh huuru lqqrydwlrq/

i& ' )& �M& 3
& +D146,

Vr wkh suhylrxv h{suhvvlrq iroorzv/

	 n& ' 	 3
& ng&i& +D147,

Wkh vwdwh yhfwru fdq dovr eh frpsxwhg lq whupv ri wkh shuwxuedwlrq B &/ gh�qhgdv wkh whup g&i&/
	 n&n� ' 	 3

&n� n B &n� +D148,

443



D171 FRYDULDQFH PDWUL[ DQG RSWLPDO JDLQ PDWUL[

D17 Fryduldqfh Pdwul{ dqg Rswlpdo Jdlq Pdwul{
Iurp wkh gh�qlwlrq ri fryduldqfh ri wkh huuru/

�n
& ' . �in& inA

&
� ' .dE & � 	 n& �E & � 	 n& �A o +D149,

Uhsodflqj wkh Ht1 +D18, lqwr wkh Ht1 +D145, dqg vxevwlwxwlqj wkh uhvxowlqj h{suhv0
vlrq iru 	%n& lq wkh Ht1 +D149,/ wkh htxdwlrq ehfrphv
�n
& ' .dE & � 	 3

& �g&EM& & n �& �M& 3
& ��E & � 	 3

& �g&EM& & n �& �M& 3
& ��A o+D14:,

Vlqfh i3& lv xqfruuhodwhg zlwk wkh phdvxuhphqw huuru �&n�/ wkh suhylrxv htxd0wlrq ehfrphv/
�n
& ' E��g&M&��3

& E��g&M&�A ng&-gA& +D14;,
Vlqfh wkh hohphqwv dorqj wkh pdmru gldjrqdo ri �& uhsuhvhqw wkh yduldqfh ri

wkh hvwlpdwlrq huuru iru wkh vwdwh yduldeohv/ wkh wudfh ri �& kdv wr eh gl�huhqwldwhgwr rewdlq wkh xsgdwlqj htxdwlrq iru wkh rswlpdo jdlq pdwul{1
YE|o@Se �&�

Yg&
' �2EM&�&�A n 2g&EM&�&M& n-&� +D14<,

dqg eh htxdo wr }hur wr rewdlq wkh rswlpdo jdlq pdwul{
g& ' �3

& M3A
& dM3

& �3
& M3A

& n-&o3� +D153,
Vxevwlwxwlqj wkh rswlpdo jdlq htxdwlrq lqwr Ht1 +D14;,/ wkh fryduldqfh htxd0

wlrq ehfrphv/
�n
& ' d��g&M3

& o�3
& +D154,

Wkh h{suhvvlrq iurp Ht1 +D14;,/ lv fdoohg wkh Mrvhsk Irup/ dqg lv xvxdoo|
xvhg lq wkh dojrulwkpv lqvwhdg ri Ht1 +D154,/ ehfdxvh lw kdv d qdwxudo v|pphwu|
dyrlglqj glyhujhqfh sureohpv lq S pdwul{ dqg lv wkh rqo| rqh ydolg iru rswlpdo
ru vxerswlpdo jdlq pdwul{1 Krzhyhu zkhq wkh jdlq lv rswlpdo wkh uhvxowv ri erwk
h{suhvvlrqv duh lghqwlfdo1

D18 Sursdjdwlrq ri wkh vwdwh yduldeohv
Ehwzhhq phdvxuhphqwv lw lv ghvludeoh wr rewdlq dq hvwlpdwh dqg wkh huuru fr0

yduldqfh pdwul{/ vlqfh wkh rswlpdo jdlq ghshqgv rq wkh huuru fryduldqfh pdwul{/ dw
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D191 SURSDJDWLRQ RI WKH HUURU FRYDULDQFH PDWUL[

d odwhu wlph/ |&n�/ lq rughu wr pdnh rswlpdo xvh ri )& lq Ht1 1 Wkh xsgdwhg hvwlpdwhlv surmhfwhg dkhdg yld wkh wudqvlwlrq pdwul{ zklfk uhodwhv wkh vwdwh0yhfwru dw wlph
|& zlwk wkh vwdwh yhfwru dw |&n�/

	 3& ' x&3�	 3&3� +D155,
dvvxplqj wkdw wkh �& lv }hur phdq dqg lv qrw fruuhodwhg zlwk dq| ri lwv whupv1

Dvvxplqj wkdw 8 lv frqvwdqw ryhu dq lqwhuydo ri lqwhuhvw E&/ & n ��/ wkhq wkh
wudqvlwlrq pdwul{ lv vlpso| wkh pdwul{ h{srqhqwldo ri 8{A / zkhuh {A lv wkh vdp0
solqj shulrg/

x& ' e8{A ' �n 8{A n E8{A �2
2- n E8{A ��

�- n ��� +D156,

D19 Sursdjdwlrq ri wkh Huuru Fryduldqfh Pdwul{
Wr surmhfw wkh huuru fryduldqfh pdwul{/ �3

& / ohw xv zulwh �3
& e| gh�qlwlrq

�3
& ' .di3& i3A

& o +D157,
Vxevwlwxwlqj Ht1 +D1;, lqwr wkh suhylrxv/

�3
& ' .dE & � 	 3

& �E & � 	 3
& �A o +D158,

dqg xvlqj Ht1 +D155, wkh huuru fryduldqfh pdwul{ ehfrphv
�3
&n� ' .dEx& & n�& � x&	 n& �Ex& & n�& � x&	 n& �A o +D159,

�3
&n� ' x&�&xA& n'& +D15:,

D1: NI Dojrulwkp
Ehwzhhq phdvxuhphqwv

SURMHFW DKHDG
41 Sursdjdwlrq ri wkh vwdwh yduldeoh +D155,/ 	 3

&n� ' x&	 n&
51 Frpsxwh wudqvlwlrq pdwul{ +D156,/ x& � �n 8&{A n E8{A �2

2-
61 Sursdjdwlrq ri wkh huuru fryduldqfh pdwul{ +D15:,/ �3

&n� ' x&�n
& xA& n'&n�
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D1:1 NI DOJRULWKP

Dfurvv phdvxuhphqwv )&n�

41 Xsgdwh Ndopdq jdlq +D153,/ g&n� ' �3
&n�MA&n�dM&n��3

&n�MA&n� n-&n�o3�
51 Lqqrydwlrq Huuru +D146,/ i&n� ' )&n� �M&n� 3

&n�

61 Shuwxuedwlrq xsgdwh +D147,/ B &n� ' g&n�i&n�
71 Xsgdwh hvwlpdwh +D148,/ 	 n&n� ' 	 3

&n� n B &n�

81 Xsgdwh wkh huuru fryduldqfh pdwul{ +D14;,/
�n
&n� ' d��g&n�M&n�o�3

&n� d��g&n�M&n�oA ng&n�-&n�gA&n�

Iroorz wr wkh surmhfw dkhdg 	 n&n� � 	 n& dqg �n
&n� ' �n

&

 

 

Compute Kalman Gain: 
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Iljxuh D15= Ndopdq �owhu orrs1
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Dsshqgl{ E
Vlqjxodu Ydoxh Ghfrpsrvlwlrq
+VYG,

Wkh ghwhuplqlvwlf ru srlqw0wr0srlqw phwkrgv frqvlvw ri ghwhuplqlqj wkh dwwlwxgh
edvhg rq d vhw ri qrlv| yhfwru phdvxuhphqwv1 Vr/ jlyhq d vhw ri ? � 2 yhfwru
phdvxuhphqwv M�/111/M? lq wkh erg| v|vwhp dqg d vhw ri uhihuhqfh yhfwruv h�/111/h?lq wkh ruelw v|vwhp/ wkhuh h{lvwv dq ruwkrjrqdo pdwul{ � wkdw wudqvirupv urwdwlrqdo
yhfwruv iurp wkh ruelwdo wr wkh erg| frruglqdwhv1 Wkh sureohp ri �qglqj wkh ehvw
hvwlpdwh ri wkh � pdwul{ zdv srvhg e| Zdked ^87` zkr zdv wkh �uvw wr fkrrvh d
ohdvw vtxduh fulwhulrq wr gh�qh wkh ehvw hvwlpdwh/ l1h/ �qg wkh ruwkrqrupdo pdwul{
D wkdw plqlpl}hv wkh orvv ixqfwlrq

uE�� ' �
2

?[
�'�

�2� n M� ��h� n +E14,
zkhuh n � n ghqrwhv wkh Hxfolghdq qrup dqg �� duh d vhw ri srvlwlyh zhljkwv dvvljqhgwr hdfk phdvxuhphqw dqg dvvxplqj wkdw dw ohdvw rqh revhuydwlrq lv dydlodeoh/ wkh
zhljkwv fdq eh qrupdol}hg |lhoglqj wr

?[
�'�

�� ' � +E15,
Wkhq diwhu vrph pdqlsxodwlrq wkh orvv ixqfwlrq fdq eh zulwwhq dv iroorzlqj/

uE�� ' �� ?[
�'�

��MA� �h� ' �� A-E��A � +E16,
zkhuh

� � ?[
�'�

��M�hA� +E17,
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E141 VYG VROXWLRQ WR ZDKED*V SUREOHP

E14 VYG Vroxwlrq wr Zdked*v Sureohp
Lq wklv vhfwlrq zh iroorz wkh ghvfulswlrq ri wkh phwkrg lq ^66`1
Wkhuh dozd|v h{lvw wkh pdwulfhv L / 7 dqg T vxfk wkdw

� ' L7T A +E18,
Wkh pdwulfhv L dqg T duh ruwkrjrqdo pdwulfhv dqg 7 d gldjrqdo pdwul{ zlwk vlqjxodu
ydoxhv ri t

7 ' _�@} Er�c r2c r�� +E19,
zlwk

r� � r2 � r� � f +E1:,
Lw kdv wkh htxlydohqw wr zulwh wkh surshu ruwkrjrqdo pdwulfhv

Ln � L �_�@} � � � _i|L �� +E1;,
Tn � T �_�@} � � � _i|T �� +E1<,

dqg
` � LAn�T An +E143,

Lw lv srvvleoh iru dq| surshu ruwkrjrqdo pdwul{ wr eh h{suhvvhg lq whupv ri wkh
Hxohu d{lv2dqjoh uhsuhvhqwdwlrq/ iurp +5145,

` ' ��{� ULtx n E�� ULtx�	i	iA � t�?x d	i�o +E144,
zkhuh x lv wkh urwdwlrq dqjoh/ 	i wkh xqlw yhfwru dqg d	i�o wkh vnhz0v|pphwulf pdwul{
+5164,1 Nqrzlqj wkdw _e|EL�_e|ET � ' 	� wkh pdwul{ 7� fdq dovr eh gh�qh/

7� � �_�@} � r� r2 _r� �� +E145,
Lq whupv ri wkhvh pdwulfhv/ Ht +E18, fdq eh zulwwhq dv iroorzv/

� ' Ln7�T An +E146,
Vxevwlwxwlqj wklv lqwr Ht +E16, dqg xvlqj wkh f|folf lqyduldqfh ri wkh wudfh dqg

Ht1 +E144, jlyhv
uE�� ' �� A-E7�` � +E147,

' �� A-E7�� n E�� ULtx� �r2 n _r� n Er� � r2�	i22 n Er� � _r��	i2�
�+E148,
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E141 VYG VROXWLRQ WR ZDKED*V SUREOHP

Uhphpehulqj +E1:,/ wkh orvv ixqfwlrq lv plqlpl}hg iru x ' f / zklfk jlyhv ` ' �
uE�JR|� ' �� A-E7�� ' �� r� � r2 � r� � _r� +E149,

Wkxv iurp +E143,
�JR| ' LAnTn +E14:,

' L d_�@}E�c �c _i|L _i|T �oT A +E14;,
Khqfh/ wkh VYG vroxwlrq wr Zdked*v sureohp lv/

�JR| ' L
� �2{2 f2{2
f2{2 _i|EL� _i|ET �

�
T A +E14<,

E1414 Fryduldqfh pdwul{
Lw lv ri vwdwlvwlfdo lqwhuhvw wr frpsxwh wkh fryduldqfh ri wkh dwwlwxgh hvwlpdwh/

zklfk lv d phdvxuh ri wkh hvwlpdwlrq huuruv frplqj iurp wkh phdvxuhphqw dqg
uhihuhqfh yhfwruv/

� ' L
5
7 �

r�nj f f
f �

r2nj f
f f �

r�nj

6
8LA +E153,

zkhuh
j ' _i|EL� _i|ET �7� +E154,

Dv vwuhvvhg e| ^66` wkh xqltxhvv ri wkh vroxwlrq lv forvho| uhodwhg wr wkh udqn ri
wkh pdwul{ \/ zklfk lv htxdo wr wkh qxpehu ri qrq0}hur vlqjxodu ydoxhv +qxpehu ri
olqhduo| lqghshqghqw uhihuhqfh yhfwruv,1 Li wkh udqn ri t lv ohvv wkdq wzr/ r2 ' r� ' f/
dqg wkh dwwlwxgh pdwul{ lv qrw xqltxh1
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Dsshqgl{ F
Nhsohuldq Ruelwdo Hohphqwv

D vhw ri �yh frqvwdqwv dqg rqh txdqwlw| zklfk ydulhv zlwk wlph/ duh qhhghg
wr dffxudwho| ghvfuleh wkh vl}h/ vkdsh dqg rulhqwdwlrq ri dq ruelw dqg wkh srvlwlrq
ri d vdwhoolwh lq wkdw ruelw dw d jlyhq hsrfk4 +wlph,/ fdoohg Nhsohuldq hohphqwv5 ru
Fodvvlfdo Ruelwdo Hohphqwv zklfk duh=

@ G vhplpdmru d{lv
e G hffhqwulflw|
� G lqfolqdwlrq +F14,
l G uljkw dvfhqvlrq ri wkh dvfhqglqj qrgh
/R G dujxphqw ri shuljhh
w G wuxh dqrpdo|

Lq wkh Nhsohuldq prgho/ wkh vdwhoolwhv ruelw lq dq hoolsvh zlwk wkh fhqwhu ri wkh
Hduwk dw rqh ri wkh hoolsvhv*v irfxv srlqwv1 Wkh srvlwlrq lq wkh ruelw forvhvw wr wkh
Hduwk lv fdoohg shuljhh dqg wkh srvlwlrq ixuwkhvw iurp wkh Hduwk lv fdoohg dsrjhh1

F14 Ruelw vl}h dqg vkdsh
@ 0 vhplpdmru d{lv ghvfulehv wkh vl}h ri wkh hoolsvh dqg lw lv kdoi wkh glvwdqfh eh0

wzhhq dsrjhh dqg shuljhh1 E| Nhsohhu*v wklug odz ri sodqhwdu| prwlrq/ wkh
ruelwdo shulrg lv frpsxwhg iurp wkh vhplpdmru d{lv1 Vrphwlphv/ lqvwhdg ri

4Hsrfk lv d qxpehu lqglfdwlqj wkh h{dfwo| wlph lq zklfk wkh Wzr0Olqh Ruelwdo Hohphqw Vhw
Irupdw +Dsshqgl{ G, lv rewdlqhg1 Wklv hohphqw jlyhv wkh wlph iru zklfk wkh ruelwdo hohphqwv duh
fruuhfw1

5Iru d ehwwhu xqghuvwdqglqj ri wklv lvvxh/ vhh ^6` dqg ^88`1
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F151 RUELWDO RULHQWDWLRQ

 

Apogee 

Perigee 
C 

θ 

S 

F2 

r 

 

a – semimajor axis 
e – eccentricity =c/a 
b – semiminor axis 
C – center of ellipse 
F2 – one of the focii of the ell ipse 
θ - true anomaly 

a c 

 

Line of 
apsides 

Iljxuh F14= Gh�qlwlrq ri wkh ruelw vl}h dqg vkdsh sdudphwhuv1
wkh vhplpdmru d{lv wkh phdq prwlrq +��, lv jlyhq/ zklfk lv wkh ruelwdo
iuhtxhqf| dqg wkh uhflsurfdo ri wkh shulrg1
Wkh phdq prwlrq lv wkh dyhudjh udwh ri vdwhoolwh prwlrq1 Wkh phdq prwlrq lv
xvxdoo| jlyhq lq uhyroxwlrqv shu gd| iru Hduwk vdwhoolwhv1

e 0 Hffhqwulflw| ghwhuplqhv wkh vkdsh ri wkh ruelwdo hoolsvh1 Irupdoo|/ wklv lv udwlr
ehwzhhq glvwdqfh iurp wkh fhqwhu ri wkh hoolsvh +zklfk lvq*w wkh fhqwhu ri wkh
Hduwk, wr wkh irfxv ri wkh hoolsvh +zklfk lv wkh fhqwhu ri wkh Hduwk, dqg wkh
vhpl0pdmru d{lv1 Dq hoolsvh zlwk dq hffhqwulflw| ri 3 lv d flufoh/ dqg zkhq h lv
qhdu 4/ wkh hoolsvh lv orqj dqg vnlqq|1

F15 Ruelwdo rulhqwdwlrq
� 0 Lqfolqdwlrq ghvfulehv wkh ruelw hoolsvh sodqh*v wlow dqjoh z1u1w1 wkh sodqh ri

wkh htxdwru dqg lw ydulhv iurp fJ wr �HfJ1 Lqfolqdwlrqv ri qhdu fJ duh fdoohg
htxdwruldo ruelwv/ dqg wkrvh qhdu bfJ duh fdoohg srodu ruelwv1 E| frqyhqwlrq/
ruelwv wkdw jr wkh vdph zd| dv wkh Hduwk urwdwhv +surjudgh ru frxqwhu0forfnzlvh
iurp deryh, kdyh lqfolqdwlrqv ri fJ wr bfJ1 Vdwhoolwhv wkdw ruelw uhwurjudgh/
rssrvlwh wr wkh urwdwlrq ri wkh Hduwk/ kdyh lqfolqdwlrqv juhdw wkdq bfJ1 Iru
h{dpsoh/ d vdwhoolwh zlwk dq lqfolqdwlrq ri �HfJ lv lq dq htxdwruldo ruelw jrlqj
hdvw wr zhvw1

l 0 Uljkw Dvfhqvlrq ri Dvfhqglqj Qrgh lv dqrwkhu dqjoh wkdw doljqv wkh ruelw hoolsvh
lq vsdfh1 Wkh lqwhuvhfwlrq ri wkh ruelw sodqh dqg wkh htxdwruldo sodqh lv fdoohg
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F151 RUELWDO RULHQWDWLRQ

Iljxuh F15= Gh�qlwlrq ri wkh ruelwdo rulhqwdwlrq sdudphwhuv1
wkh olqhv ri qrghv1 Wkh srlqw zkhuh wkh vdwhoolwh*v ruelw furvvhv wkh htxdwru
jrlqj vrxwk wr qruwk lv fdoohg wkh dvfhqglqj qrgh1 Wkh rqh rq wkh rssrvlwh
vlgh ri wkh Hduwk/ zkhuh wkh vdwhoolwh sdvvhv lqwr wkh Vrxwkhuq Khplvskhuh lv
fdoohg wkh ghvfhqglqj qrgh1 Vlqfh wkh ruelw lv �{hg uhodwlyh wr wkh vwduv dqg
qrw wr wkh vxuidfh ri wkh Hduwk/ wkh dvwurqrplfdo frruglqdwh v|vwhp ri uljkw
dvfhqvlrq dqg ghfolqdwlrq lv qhhghg wr phdvxuh wkh srvlwlrq ri wkh dvfhqglqj
qrgh1 Uljkw dvfhqvlrq lv dq dqjoh phdvxuhg lq wkh htxdwruldo sodqh iurp d �{hg
srlqw lq vsdfh/ fdoohg wkh srlqw ri Duhv +zklfk lv dovr wkh srlqw ri wkh yhuqdo
htxlqr{/ zkhuh wkhuh Vxq furvvhv wkh htxdwru lq wkh vsulqj,1 Ghfolqdwlrq lv
wkh dqjoh phdvxuhg xs iurp wkh htxdwruldo sodqh/ mxvw olnh lqfolqdwlrq1

w 0 Wuxh Dqrpdo| lv wkh dqjoh phdvxuhg lq wkh gluhfwlrq ri prwlrq iurp wkh shuljhh
wr wkh vdwhoolwh*v srvlwlrq dw wkh jlyhq hsrfk wlph1 Phdq dqrpdo| +�J,ghvfulehv zkdw wkh vdwhoolwh*v wuxh dqrpdo| zrxog eh li lw zhuh lq d flufxodu
ruelw zkhuh wkh vdwhoolwh pryhv dw d frqvwdqw udwh durxqg wkh ruelw1 Lq wklv fdvh
wkh dqjoh zrxg srlqw gluhfwo| dw wkh vdwhoolwh1 D vdwhoolwh lq d qrq0flufxodu ruelw
grhvq*w pryh dw d frqvwdqw yhorflw| vr wklrv uhodwlrq grhv qrw krog1 Krzhyhu/
qr pdwwhu zkdw hffhqwulflw|/ wkh�J dw wkh shuljhh zloo eh fJ dqg dw wkh dsrjhh
�HfJ1 Nhsohu*v htxdwlrq uhodwhv wkh wuxh dqrpdo| dqg wkh phdq dqrpdo| iru
dq hffhqwulf ruelw1
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F161 RUELWDO SRVLWLRQ

F16 Ruelwdo srvlwlrq
/R 0 Dujxphqw ri Shuljhh/ ghwhuplqhv wkh srvlwlrq ri wkh ruelwdo hoolsvh lq wkh ruelwdosodqh1 Wkh dqjoh ehwzhhq wkh pdmru d{lv dqg wkh olqh ri qrghv lv wkh dujxphqw

ri shuljhh1 Wklv lv phdvxuhg lq wkh sodqh ri wkh ruelw1 Lw udqjhv iurp fJ wr
�SfJ/ dqg lv fJ zkhq wkh shuljhh lv dw wkh dvfhqglqj qrgh dqg �HfJ zkhq wkh
vdwhoolwh lv iduwkhvw iurp wkh Hduwk zkhq ulvhv xs ryhu wkh htxdwru1

F17 Shwxuedwlrqv
Uhdolw| lv pruh frpsoh{ wkdq wkh Nhsohuldq prgho/ vr wkh prghov xvhg wr ghwhuplqh
wkh vdwhoolwhv ruelw lq vsdfh lqfoxgh vpdoo fruuhfwlrqv fdoohg shuwxuedwlrqv zklfk dgg
h{wud sdudphwhuv1 Wkhvh sdudphwhuv/ ehvlghv wkh nhsohuldq hohphqwv duh vwruhg lq
ydulrxv gl�huhqw irupdwv zkhuh wkh Wzr Olqh Hohphqw +WOH, lv wkh prvw frpprq/
+Dsshqgl{ G,1 Wkh shwxuedwlrqv duh gxh wr wkh oxpslqhvv ri wkh judylwdwlrqdo �hog
dqg wr wkh gudj +�r|@o, rq wkh vdwhoolwh gxh wr wkh dwprvskhuh1

�r|@o 0 lv wkh gudj fdxvhg e| wkh Hduwk*v dwprvskhuh fdxvlqj wkh vdwhoolwhv wr vsludo
grzqzdug1 Wklv hohphqw lv rqh kdoi wkh �uvw wlph ghulydwlyh ri wkh Phdq
Prwlrq dqg whoov xv wkh udwh dw zklfk wkh Phdq Prwlrq lv fkdqjlqj gxh wr
gudj ru rwkhu uhodwhg h�hfwv1
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Dsshqgl{ G
QRUDG Wzr0Olqh Hohphqw Vhw
Irupdw

Wzr0olqh Ruelwdo Hohphqw Vhw Irupdw lv d �oh zlwk d vshfldo irupdw/ vkrq lq
Wdeoh G14/ jhqhudwhg e| QDVD dqg glvwulexwhg e| QRUDG/ wr vwruh wkh jhqhudo
hohphqwv wr rewdlq wkh orfdwlrq ri dq| uhvlghqw vsdfh remhfw1

Wkhvh hohphqw vhwv duh shulrglfdoo| uh�qhg vr dv wr pdlqwdlq d uhdvrqdeoh
suhglfwlrq fdsdelolw|/ exw lw pxvw eh uhfrqvwuxfwhg e| wkh Xqlwhg Vwdwhv Vsdfh
Frppdqg +XVVSDFHFRP, VSJ7 pdwkhpdwlfdo prgho lq rughu wr rewdlq jrrg
suhglfwlrqv1

Wkh hohphqw gdwd duh wkh vl{ fodvvlfdo ruelw sdudphwhuv +FRS,/ +Dsshqgl{
F,= e� hffhqwulflw|> �� lqfolqdwlrq/ l� uljkw dvfhqvlrq ri wkh dvfhqglqj qrgh/ /R�dujxphqw ri wkh shuljhh/ �J� phdq dqrpdo|/ ��� Phdq Prwlrq dqg dq h{wud
ruelwdo sdudphwhu/ �r|@o� gudj uhodwhg sdudphwhu1 Doo wkh ruelwdo sdudphwhuv duh
fruuhfw iru d fhuwdlq Hsrfk wlph1 Gdwd iru hdfk vdwhoolwh frqvlvwv ri wkuhh olqhv lq
wkh iroorzlqj irupdw=
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AAAAAAAAAAAAAAAAAAAAAAAA 
1 NNNNNU NNNNNAAA NNNNN.NNNNNNNN +.NNNNNNNN +NNNNN-N +NNNNN-N N NNNNN 
2 NNNNN NNN.NNNN NNN.NNNN NNNNNNN NNN.NNNN NNN.NNNN NN.NNNNNNNNNNNNNN 

Column 19-20 
EPOCH YEAR (last two digits of year). 
Column 21-32 
EPOCH (Julian Day and fractional portion of 
the day). 

Column 54-61 
BSTAR drag term if GP4 
general perturbation theory 
is used. 
[Bstar=0.NNNNN*10-N] 

Column 09-16 
Inclination [i degrees]  

Column 53-63 
Mean Motion [MM revs/day] 

Column 44-51 
Mean Anomaly [Mo degrees]  

Twenty four character name 

Column 35-42 
Argument of Perigee 
[ωp degrees]  

Column 27-37 
Eccentricity  
[e=0. NNNNNNN]  

Column 18-25 
Right Ascension 
of the Ascending 
Node [Ω degrees]  

2 NNNNN NNN.NNNN NNN.NNNN NNNNNNN NNN.NNNN NNN.NNNN NN.NNNNNNNNNNNNNN 

1 NNNNNU NNNNNAAA NNNNN.NNNNNNNN +.NNNNNNNN +NNNNN-N +NNNNN-N N NNNNN 

Iljxuh G14= Wkh ghvfulswlrq ri wkh frpsdfw irup ri wkh wzr0olqh hohphqw +WOH,
irupdw1 Lw frqvlvwv ri wkuhh olqhv/ zkhuh wkh �uvw lv wkh vdwhoolwhv*v qdph dqg wkh qh{w
wzr olqhv fruuhvsrqg wr wkh gdwd lq d uljlg irupdw1
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