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Abstra t: The problem of tra king a desired traje tory is of fundamental importan e
in real appli ations where some system is required to follow a pre-planned or prespe i ed traje tory. For undera tuated systems this problem is not always solvable
sin e the desired traje tory may not belong to the set of feasible traje tories for the
given system. However real life appli ations often only require tra king of some of
the variables, the most ommon example being a uni y le type robot following a
preassigned 2D path. In this paper we study the problem of position tra king for
undera tuated rigid bodies on SE (3).
Keywords: Traje tory Tra king, Nonlinear Control, Nonholonomi Systems,
Undera tuated Systems, Di erential Geometry.
1. INTRODUCTION
Tra king a desired traje tory is a frequent problem is ontrol and roboti s, where a pre-planned
path representing the a omplishment of ertain
goals must be enfor ed. This pre-spe i ed path
may represent an optimal solution for the problem, a required maneuver to be exe uted su h
as do king of a vehi le, or the out ome of some
higher-level ontroller.
For fully a tuated systems this problem is now
well understood and solutions are proposed in
standard textbooks on nonlinear ontrol (Isidori,
1996) and (Nijmeijer and van der S haft, 1990).
On the other hand tra king for undera tuated
systems is a hallenging problem from the theoreti al point of view sin e not all traje tories are
feasible by the system, and the results developed
1
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for fully a tuated systems fail to apply. From the
pra ti al point of view this problem is also of
great importan e sin e the development of systems with less a tuators allows for redu tions in
the ost of the overall system and in full a tuated
systems represents a valuable safeguard regarding
malfun tioning of some of the available a tuators.
In this arti le we will address a spe ial ase of
this problem where the system in only required to
tra k some of the state variables, more spe i ally
we will onsider undera tuated rigid bodies on the
spe ial eu lidean group SE (3) where it is only
required that the system tra ks a referen e position in three dimensional spa e. The importan e
of this problem omes from the fa t that often
a mission is only spe i ed in terms of a desired
position traje tory and no orientation information
is available.
Traditional approa hes to this problem involve
linearization about the referen e traje tory and
methods from linear ontrol theory resulting in

a global gain-s heduled ontrol law (Kaminer et
al., 1998) or linear time-varying ontrol (Walsh
et al., 1994). Other approa hes in lude adaptive
and feedba k linearization s hemes (Fossen, 1994)
or using onstant forward speed, thereby redu ing the problem to ontrol the attitude of
the rigid body towards the referen e traje tory
(En arnaa~o et al., 2000). This approa h was
originally introdu ed in (Samson, 1992; Mi aelli
and Samson, 1993) and sin e then more advan ed
te hniques have also been applied to planar robots
su h as partial feedba k linearization and dynami feedba k linearization, (d'Abdrea Nolvel et
al., 1995) (Thuillot et al., 1996). A survey of the
various methods of ontrol and traje tory tra king
for mobile robots is given in (de Wit et al., 1997)
and for o ean vehi les in (Fossen, 1994).
Contrary to the des ribed approa hes, in this paper we will address the problem from a oordinatefree perspe tive, therefore allowing a simpler and
more general understanding and presentation of
the results often obs ured by a parti ular hoi e
of oordinates. This approa h makes use of several te hniques from di erential geometry and
has been strongly in uen ed by work on tra king
with similar approa hes su h as (Bullo and Murray, 1999). A good introdu tion to nonholonomi
systems in the ontext of Riemannian manifolds
is given in (Blo h and Crou h, 1995).
2. MATHEMATICAL PRELIMINARIES
We shall assume that the reader is familiar with
several di erential geometri on epts at the level
of (Boothby, 1975).
2.1 SE (3), left invariant metri s and kinemati
onne tions.

In this paper we will onsider the left-invariant
kinemati model of an undera tuated rigid body
in SE (3) given by:
d
g = g:(X1 u1 + X2 u2 + X3 u3 + X4 u4 ) (1)
dt
where g 2 SE (3) and X1 , X2 , X3 and X4 are the
basis ve tors of the lie algebra se(3) representing
the dire tion of motion along roll, pit h, yaw and
forward translational velo ity, respe tively. Note
that the system is undera tuated sin e motion
along the remaining basis ve tors of se(3) is not
possible. Instead of writing elements of se(3) in
matrix form we will adopt the following simpler
representation:
3
2
0 !3 !2 v1
7
6
f(!1 ; !2 ; !3); (v1 ; v2 ; v3 )g $ 64 !!32 !01 !01 vv23 75
0 0 0 0
(2)

whi h allows us to represent a left invariant metri
on SE (3) in the following form:
=
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033 I33



(3)

with and positive s alars. For a dis ussion
on the possible metri s on SE (3) and its relation
with the kinemati onne tion we defer the reader
to (Zefran et al., 1999) and the referen es therein.
We shall also need the kinemati s onne tion ompatible with the previously given left-invariant
metri and whose non zero Christofell symbols we
reprodu e here for ompleteness:
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2.2 Error fun tions
We shall de ne error fun tions on Rn for the sake
of generality, although we are only interested in
tra king traje tories in R3 . For a de nition of
error fun tions on abstra t manifolds the reader
is deferred to (Bullo and Murray, 1999). An error
fun tion is a map  : Rn  Rn ! R, su h that
(x; r)  0 and (x; r) = 0 i x = r. We shall
also impose that d2 (x; r) = d1 (x; r) where
d1 is the exterior derivative with respe t to x
and d2 the exterior derivative with respe t to r.
This will allow the time derivative of (x; r) being
expressed by the familiar expression:

d
(x; r) = d1 (x; r):x_ + d2 (x; r):r_
dt
= d1 (x; r)(x_ r_ )

(5)

We shall say that the error fun tion is (uniformly)
quadrati lower bounded if there is a s alar b  0
su h that:
(x; r)  bkd1 (x; r)k2
(6)
Note than in abstra t manifolds this ondition
may only hold lo ally a ording to the topology
of the manifold.
3. TRACKING FOR NONHOLONOMIC
SYSTEMS
3.1 Problem formulation
The goal of this paper is to des ribe an algorithm
to tra k a desired position referen e r(t) disregarding the rigid body orientation. A ontrol law
u(g) solves the position tra king problem if:



The tra king error (t) = (x(t); r(t)) and
the ontrols ui are bounded for all time.
 The tra king error asymptoti ally de ays to
zero, limt!1 (t) = 0
It is usual to in lude another requirement when
only feasible traje tories are being tra ked, namely
that (0) = 0 ) (t) = 0. However this requirement may not be satis ed if one wishes to
tra k traje tories not feasible by all the states
of the system. Suppose that (0) = 0 and that
d
= SpanfX1; X2 ; X3; X4 g under this s edt r(t) 2
nario one an never guarantee that the error fun tion will remain zero.
3.2 Regularity and boundedness assumptions
We shall assume the following regularity and
boundedness properties:
 (x; r) 2 C 2 .
 r(t) is twi e di erentiable.
 supt2R kr(t)k < 1, supt2R kr_(t)k < 1 and
supt2R kr(t)k < 1.
We assume that the referen e traje tory is twi e
di erentiable whi h is not a restri tive assumption
sin e it is desirable for the referen e to be as
smooth as possible. Boundedness assumptions on
the referen e traje tory are also standard assumptions.
3.3 Intuitive motivation
To a hieve exponential tra king of the rigid body
position it would desirable that the ve tor eld
X des ribing the motion of the rigid body ould
be hosen to be X = r_ (d1 (x; r))T . We use
the metri (gij = I33 ) on R3 to transform the
ove tor d1 (x; r) in the ve tor gij (d1 (x; r))j =
1
(d1 (x; r))i = 1 (d1 (x; r))T = (d1 (x; r))T .
Therefore, by using V1 = (x; r) as a andidate
Lyapunov fun tion one immediately sees that:

d
V = d (x; r):(x_ r_ )
dt 1 1
= d1 (x; r): r_ (d1 (x; r))T
= d1 (x; r):(d1 (x; r))T

r_



(7)

whi h is negative semi-de nite, negative de niteness is a onsequen e of the quadrati nature of
. In fa t, using the inequality in (6):

d
V = d1 (x; r):(d1 (x; r))T
dt 1

= kd1 (x; r)k2  (x; r) (8)
b
It is not always possible to freely assign the ve tor
eld x_ due to the kinemati restri tions of the

system. However the above observation suggests
the following approa h to solve the problem:
 Use roll, pit h and yaw inputs
to align the

033 X
ve tor eld Xr = 0 0 with X4 .
13
 Proje t Xr on X4 , to determine the forward
velo ity ontrol input.
This approa h will now be des ribed in more
detail.
3.4 Orientation ontrol
To ensure that Xr belongs to SpanfX1; :::; X4 g
one must derive a ontrol law that stabilizes the
system in the following set = fg 2 SE (3) : <
Xr ; X5 (g) >g = 0; < Xr ; X6 (g) >g = 0g. We an
build a andidate Lyapunov fun tion measuring
the \distan e" to the set . Let i : R  R !
R i = 1; 2 be two error fun tions and onsider
the following Lyapunov andidate fun tion:
V2 = 1 (< Xr ; X5 >; 0) + 2 (< Xr ; X6 >; 0)
(9)
After some tedious algebra (Tabuada and Lima,
2000), it an be shown that its time derivative is
given by:

d
< f0; r  (d1 (x; r)jxfixed )T g; X5 >
dt
 2 (x; r)
u4 <
X ;X >
xi xj 4 5

+u1 < Xr ; X6 > u3 < Xr ; X4 >
d
+ d 2 < f0; r  (d1 (x; r)jxfixed )T g; X6 >
dt
 2 (x; r)
X ;X >
u4 <
xi xj 4 6

+u2 < Xr ; X4 > u1 < Xr ; X5 >
(10)

d
V =d
dt 2

1

This means that if we hoose (x; r) in su h
2
)
a way that <  x(ix;r
>= 0 and <
j X4 ; X 5
x
 2 (x;r)
xi xj X4 ; X6 >= 0 and as long as < Xr ; X4 >6=
0 we an use u2 and u3 to exponentially steer the
rigid body towards the set . Before stating this
result we will give a more useful hara terization
of the allowed error fun tions:
The requirement
2
)
>= 0 =<  x(ix;r
<
xj X4 ; X6 > is sat1
T
is ed i (x; r) = 2 k(r)(x r) (x r), where k(r)
is a smooth fun tion of r.
Proposition 3.1.

 2 (x;r)
xi xj X4 ; X5

Now we are ready to state the following result.
(Exponential stabilization in ).
For all initial onditions in the open and dense
set  = fg 2 SE (3) : < Xr ; X4 (g) >g 6=

Proposition 3.2.

0g and all the error fun tions of the form
(x; r) = 21 k(r)(x r)T (x r) the ontrol law:

u1 = 0

(11)

2 d 2
< Xr ; X4 >
< f0; r  dtd (d1 (x; r)jxfixed )T g; X6 >
< Xr ; X4 >
3 d 1
u3 =
< Xr ; X4 >
< f0; r  dtd (d1 (x; r)jxfixed )T g; X5 >
+
< Xr ; X4 >
for 2 , 3 > 0 exponentially stabilizes the system (1) in the set .
u2 =

Consider the Lyapunov andidate fun tion (9) and its time derivative, given by (10).
Substituting the ontrol law (11) and taking into
a ount the spe ial form of the error fun tion, one
gets:
d
V = 3 (d 1 )2 2 (d 2 )2
(12)
dt 2
whi h is negative semide nite. Negative de niteness is proved with an argument similar to the
proof of (7), let b 1 , b 2 be the quadrati lower
bounding onstants for the fun tions 1 , 2 as
de ned in (6), respe tively. It follows that:
d
2

(13)
V2  31 1
dt
b
b 2 2
To show that traje tories never leave the set  it
is enough to onsider that V_2  0, therefore the
proje tion of Xr over X4 never de reases and thus
an never be zero.
Remarks: The spe ial form of the error fun tion
is not ne essary to stabilize the system in the set
, however it is very useful sin e it de ouples the
orientation ontrol from the position ontrol. It
will allow us to hose a ontrol law for u4 in the
next se tion without disturbing the orientation
kinemati s. However it redu es the set of possible
error fun tions, forbidding the use of di erent
weights for the error along di erent dire tions
(one is for ed to use k(r) in all dire tions). This
an also be seen as a dire t onsequen e of the
redu ed set of metri s ompatible with the kinemati s onne tion.
In ontrol law (11) u1 was hosen to be zero,
implying that it is not ne essary that the rigid
body possesses roll ontrol to stabilize it in .
In fa t, similar ontrol laws ould be developed
by hoosing u2 or u3 to be zero. Roll ontrol
is still important if pit h or yaw ontrol fails,
onstituting a useful redundan y. What is more
useful in ertain situations is to be able to hose
whi h a tuators to use for optimizing fuel onsumption or other optimality riteria during the
Proof:

mission, however this approa h will not be further
addressed in this paper.
Note that ontrol law (11) uses the a eleration
of the referen e traje tory whi h is not usual in
traje tory tra king. This an be easily explained
if one realizes that the attitude ontrol is tra king
velo ities in trying to align Xr with X4 , therefore
sin e (11) an be viewed as a generalized PD
ontroller it needs a eleration information to
a omplish this goal.
Unfortunately ontrol law 11 does not guarantees
onvergen e for all initial onditions, but only for
an open and dense set of SE (3). Nevertheless this
is the best that an be a hieved sin e SE (3) is not
a simply onne ted spa e.
3.5 Position Control
Sin e the orientation of the rigid body is onverging to the set by the a tion of ontrol inputs u2
and u3 , it remains to ontrol the forward velo ity
through ontrol input u4 . The ontrol law for
u4 should be proportional to a measure of the
alignment between Xr and X4 , this an trivially
be a hieved by proje ting the referen e ve tor eld
Xr on X4 , resulting in:

< X r ; X4 > 1
= < X r ; X4 >
< X 4 ; X4 >
=  < X r ; X4 >

u4 =

(14)

Combining (14) with (11) we an asymptoti ally
tra k the desired referen e. This onstitutes the
main ontribution of the paper and is expressed
in the following:
Theorem 3.3. (Asymptoti al position tra king). For
all initial onditions in the set  and all error fun tions of the form (x; r) = 12 k(r)(x r)T (x r),
ontrol law (11) and (14) makes the system (1)
asymptoti ally tra k the desired referen e r(t).

In order to prove the result we will need the
following standard lemma whose proof an be
found in (Khalil, 1996) Appendix A.2.
Let f (x) : D ! Rn ; D  Rn be a
lo ally Lips hitz ve tor eld on D. If the solution
x(t) is bounded and belongs to D for t  0, then
its positive limit set L+ is a nonempty, ompa t,
invariant set. Moreover, x(t) ! L+ as t ! 1.

Lemma 3.4.

Due to spa e limitations we present only a sket h
of the proof:
Proof: This proof sket h will onsist of the following steps: boundedness of system traje tories,
onvergen e of traje tories to the largest invariant

In this se tion some simulations results are presented for the SE (3) and the SE (2) ase. For the
SE (3) the used error fun tions and gains were
(x; r) = 21 (x r)T (x r), 1 (a; b) = 2 (a; b) =
1
(a b)2 , 1 = 10 and 2 = 10. The metri
2
s alar was hosen to be unitary. With these
values the desired referen e was
an helix given

by r(t) = sin( 10t ); os( 10t ); 10t , t 2 [0; 100℄. The
errors between the desired traje tory r(t) and the
real traje tory x(t) are represented in Figure 1 for
an initial position of x(0) = ( 10; 30; 5) and
an initial orientation of R = I33 . Convergen e is
very fast and the referen e traje tory is tra ked
with good pre ision. This motivates the use of
more hallenging referen es su h as:
8
0 < t  30
< (t; t)
31 < t  60
r(t) = (60 t; t)
(15)
:
( 60 + t; t) 61 < t  100
for the SE (2) ase. Note that the referen e is
not twi e di erentiable violating the onditions
of Theorem 3.3. This implies that the system
will lose tra k of the referen e at the points of
non-di erentiability as an be seen in Figure 2.
Even in this ase the results are very impressive
sin e the traje tory is retra ked very qui kly after
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Fig. 1. Tra king error (r(t) x(t)) for the SE (3)
ase, initial position x(0) = ( 10; 30; 5),
initial orientation R = I33 .
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4. SIMULATION RESULTS
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set in and equality between largest invariant set
in and desired referen e r(t).
Boundedness of traje tories. The traje tories of
the rotation matri es (living in SO(3)) are bounded
sin e SO(3) is a ompa t spa e. We only need
to show that position of the rigid body is also
bounded. By using the fa t that the traje tories
of the system x_0 = X (x0 ) = r_ d1 (x0 ; r) are
bounded sin e dtd   0 as shown in (7) it an
be shown that traje tories of (1) with ontrol
law (14) and (11) are also bounded.
Convergen e to the largest invariant set in . The
system (1) with ontrol laws (11) and (14) is
lo ally Lips hitz sin e the boundedness assumptions (3.2) on (x; r) and r(t) easily imply that
 g_
g is ontinuous on . Therefore on any ompa t
neighborhood the derivative of g_ with respe t to
g is bounded, implying lo al Lips hitz ontinuity.
By applying Lemma 3.4 we on lude that the
positive limit set is an invariant set. From (9) we
know that traje tories approa h asymptoti ally,
therefore by Lemma 9 they approa h the largest
invariant set ontained in .
The largest invariant set in . To study the
largest invariant set in we start by noting that
g 2 ) X4 = Xr for a s alar  and the position
kinemati s is simpli ed to x_ = r_ (d1 (x; r))T .
Therefore the largest invariant set in is the
desired referen e r(t) as shown in (7).
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Fig. 3. Tra king error (r(t) x(t)), for the SE (2)
ase with bounded a tuators, initial position
x(0) = (20; 100), initial orientation R =
I22 .
being lost. To turn the simulations more realisti
the same traje tory was simulated with bounded
a tuators by restri ting the linear and angular
velo ities were restri ted to the set [ 5; 5℄. The
results are depi ted in Figure 3. The onvergen e
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Fig. 4. Referen e traje tory and vehi le lo ation
for the SE (2) ase with bounded a tuators,
initial position x(0) = (20; 100), initial orientation R = I22 .
time is mu h greater and the initial part of the
traje tory is not tra ked at all as an be seen
from Figure 4. This was expe ted sin e the initial
ondition is far from the traje tory, however at
the points of non-di erentiability of the referen e
the results are very similar with the unrestri ted
a tuators ase, eviden ing the good performan e
and robustness for situations not expli itly taken
in to a ount in the theoreti al development.
5. CONCLUSIONS
In this paper we have studied the problem of
tra king a desired position for an undera tuated
rigid body in the spe ial eu lidean group. It is was
shown that the problem is solvable using stati
state feedba k on a open and dense subset of
SE (3) even if roll ontrol is not possible. The
development of the ontrol law was done in a oordinate free way thereby avoiding the unne essary
ompli ations often imposed by possible parameterizations of SE (3). The need to de ouple the
position motion from the orientation motion led to
a redu tion of the set of fun tions measuring the
error between the rigid body desired and a tual
position. This is a dire t onsequen e of the also
redu ed set of left invariant metri s ompatible
with the kinemati onne tion on SE (3). Asymptoti onvergen e towards the referen e traje tory
was shown and several simulations were in luded
to shown the algorithm good performan e even
with non-di erentiable referen e traje tories.
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