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Stability of a Nonlinear Attitude Observer on SO(3) with
Nonideal Angular Velocity Measurements
J.F. Vasconcelos, R. Cunha, C. Silvestre and P. Oliveira
Abstract— This paper presents a nonlinear observer for
attitude estimation on SO(3) and studies the stability properties
of the system in the presence of nonideal inertial sensor
measurements. Exploiting vector observations and biased angular velocity readings in the feedback law, almost global
asymptotic stability of the origin is obtained and exponential
convergence is guaranteed for an explicit region in the state
space. Sufﬁcient conditions in the observer design are proposed
to yield exponential stability of the origin given worst-case
initial alignment errors. Stability of the observer in the presence
of angular measurement noise is obtained, and convergence to
a desired neighborhood of the origin, for any initial condition
in a known region, can be guaranteed by properly deﬁning
the observer parameters. The properties of the observer are
illustrated in simulation for inertial sensor characteristics and
initial alignment errors commonly found in practical setups.

I. INTRODUCTION
Attitude estimation is a classical problem with a rich and
fascinating history still holding a forefront position as the
subject of intensive research [1]. Recent publications [2], [3],
[4] provide important guidelines for the design of attitude
observers, by pointing out topological issues that hinder
global stabilization on non-Euclidean spaces such as the
special orthogonal group SO(3).
Several nonlinear attitude observers and compensators
have been proposed in recent literature [5], [6], [7]. Attitude
observers based only on the rotation kinematics are of special
interest for applications using inertial sensors and attitude
aiding devices, such as rate gyros and vector readings,
respectively [8], [9], [10], [11].
The present work proposes a nonlinear attitude observer,
deﬁned on SO(3), that yields an almost globally asymptotically stable (aGAS) equilibrium point at the origin, and
exponential convergence of the estimation error within an
explicit region. The stability properties are obtained for the
case of biased angular velocity readings, and are a function
of the design parameters. These can be determined in order to
yield uniform exponential stability of the origin given worstcase initial estimation errors. The observer stability is also
analyzed in the presence of noise in the angular velocity
measurements, providing ultimate bounds for the attitude
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estimation error. Sufﬁcient conditions to drive the attitude
error to a desired neighborhood of the origin are given, which
can be adopted in practical applications to satisfy accuracy
speciﬁcations.
The observer extends the architecture proposed in [11],
and builds on the derivation method presented in [12], which
used a conveniently deﬁned Lyapunov function to yield
an output feedback law that exploits the sensor readings
directly. The design parameters of the proposed observer are
used to deﬁne properties such as the region of exponential
convergence, the location of the unstable equilibria, and the
ultimate bounds in the presence of noise, and hence are of
interest in the implementation of the observer.
The paper is organized as follows. In Section II, the
attitude estimation problem is described. Section III introduces the Lyapunov function used in the observer synthesis.
In Section IV, the attitude observer is proposed and the
stability properties in the presence of biased angular velocity
readings are derived. Almost global asymptotic stabilization
and exponential convergence of the estimation errors are
demonstrated. In Section V, the stability results for the
attitude observer with noise in the velocity measurements
are presented. In Section VI, simulation results illustrate
the stability properties of the observer. Section VII presents
concluding remarks and comments on future work.
NOMENCLATURE
The notation adopted is fairly standard. The set of n ×
m matrices with real entries is denoted as M(n, m) and
M(n) := M(n, n). The sets of skew-symmetric, orthogonal,
and special orthogonal matrices are respectively denoted by
K(n) := {K ∈ M(n) : K = −K }, O(n) := {U ∈ M(n) :
U U = I}, SO(n) := {R ∈ O(n) : det(R) = 1}, and
the n-dimensional sphere and ball are described by S(n) :=
{x ∈ Rn+1 : x x = 1} and B(n) := {x ∈ Rn : x x ≤ 1},
respectively. The minimum and maximum singular values
of a matrix A ∈ M(n, m) are denoted by σmin (A) and
σmax (A), respectively.
II. PROBLEM FORMULATION
In this section, the concepts involved in the attitude estimation problem are introduced. The rigid body kinematics
are described by
Ṙ = R(ω)× ,
where R is the shorthand notation for the rotation matrix
from body frame {B} to local frame {L} coordinates,
ω is the body angular velocity expressed in {B}, and (a)×

L
BR
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is the skew symmetric matrix deﬁned by the vector a ∈ R3
such that (a)× b = a × b, b ∈ R3 .
The body angular velocity measurement, denoted by ω r , is
obtained by a rate gyro sensor triad. Vector observations are
a function of the rigid body’s orientation. On-board sensors
such as magnetometers, star trackers and pendulums, among
others, provide vector observations expressed in body frame
coordinates
hr i = B hi := RL hi ,

(1)

where i = 1..n is the vector index, n is the number of vector
measuring sensors, and the vector representation in the local
coordinate frame {L}, denoted by L hi , is known.
The proposed observer estimates the orientation of the
rigid body by computing the kinematics
˙
R̂ = R̂(ω̂)× ,
where R̂ is the estimated attitude and ω̂ is the feedback term
constructed to compensate for the attitude estimation error.
The attitude error is deﬁned as R̃ := R̂ R, and the
Euler angle-axis parametrization of R̃ is described by the
rotation

 vector φ ∈ S(2) and by the rotation angle ϕ ∈
0 π , yielding the DCM formulation [13], denoted by
R̃ = rot(ϕ, φ) := cos(ϕ)I+sin(ϕ)(φ)× +(1−cos(ϕ))φφ .
The attitude error kinematics are a function of the angular
velocity estimates and given by R̃˙ = −R̃(R̃ ω̂ − ω)× .
The objective of the present work is to deﬁne an attitude
feedback law ω̂ as function of the velocity readings ω r
and vector observations (1), so that the closed loop attitude
observer has an asymptotically stable equilibrium point at the
origin (R̃ = I) with the largest region of attraction possible.
III. SYNTHESIS LYAPUNOV FUNCTION
The attitude feedback law is derived resorting to the
Lyapunov’s stability theory and to a conveniently deﬁned
transformation of the vector observations, described in this
section. Deﬁne the linear combination of the sensed vectors
L
hi expressed in the local coordinate frame as
L

uj :=

n


aij L hi ,

j = 1..n.

The vector transformation (2) is represented
in matrix
 form
L
L
u
.
.
.
u
, H =
=
HA
,
where
U
=
by
U
1
n
H
H
H

L
h1 . . . L hn , UH , H ∈ M(3, n) and AH = [aij ] ∈
M(n) is invertible by construction.
Let B ui = RL ui and B ûi = R̂L ui be the nominal and
the estimated representations of L uj in body frame coordinates, respectively. The corresponding matrix representation
B

B

B
UH =
is
H = R̂ UH, where

B UH = BR U H , ÛB
B
u1 . . .
un and
û1 . . . B ûn ,
ÛH =
B
UH , B ÛH ∈ M(3, n).
The Lyapunov function is deﬁned by the weighted estimation error of the transformed vectors,
n

VH


1 
tr (I − R̃)W(I − R̃) UH UH ,
2

(3)

where W ∈ M(3) is a positive deﬁnite matrix, i.e. W > 0,
to be determined in the design of the observer.
The geometric conﬁguration of the measured vectors is
required to satisfy the following assumption, which is necessary and sufﬁcient for attitude estimation, as discussed in
[11] and references therein.
Assumption 1: There are at least two linearly independent
vectors L hi , that is, rank(H) ≥ 2.
Using Assumption 1, necessary and sufﬁcient conditions
such that VH > 0 are obtained.
Lemma 1: The Lyapunov function VH has a unique global
minimum if and only if Assumption 1 is veriﬁed.
Proof: Since AH is invertible, Assumption 1 is equivalent to the linear independence of at 
least two L ui . Given that
n
W > 0, then VH = 0 if and only if i=1 B ui − B ûi 2 = 0.
Using [12, Lemma 1], the latter condition has an unique
solution (R̃ = I) if and only if two B ui are linearly
independent, which concludes the proof.
The transformation AH considered in this work is described in the following proposition.
Proposition 2: Under Assumption 1 there is a nonsingular
AH ∈ M(n) such that UH UH = I.
Proof: If rank H = 3, the derivation of AH can be
found in [11, Proposition 3]. If rank H = 2, the conditions of
Proposition 2 can be satisﬁed by formulating an augmented
attitude observer, for more details see [11, Appendix A].
Using the transformation AH deﬁned in Proposition 2, the
Lyapunov function (3) is expressed by

 1
(4)
VH = tr (I − R̃)W = I − R̃2 φ Pφ
4
where P = tr(W)I − W, P ∈ M(3). In this work, the
convergence properties of the observer are studied given the
directionality of P, that is an observer design parameter.
IV. OBSERVER SYNTHESIS AND STABILITY
ANALYSIS

(2)

i=1

1 B
=
( ûi − B ui ) W(B ûi − B ui )
2 i=1

=
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This section derives an observer for attitude estimation, in
the presence of biased velocity measurements. The angular
velocity reading is given by
ω r = ω + bω .
The proposed synthesis Lyapunov function is augmented
with a bias compensation error term
V = VH +

γb
b̃ω 2 ,
2

(5)

where b̃ω = b̂ω − bω is the bias compensation error. The
time derivative of the Lyapunov function along the system
trajectories is given by
˙
V̇ = V̇H + γb b̃ω b̃ω ,
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where sR = (R̃W − WR̃ )⊗ and (·)⊗ is the unskew
operator such that ((w)× )⊗ = w, w ∈ R3 . The feedback
law for the angular velocity is deﬁned as

Lemma 5: The attitude and bias estimation errors, R̃ and
b̃ω respectively, are bounded. For any initial condition such
that

ω̂ = R̃(ω r − b̂ω ) + kω sR = R̃(ω − b̃ω ) + kω sR , (6)
so as to obtain a negative semi-deﬁnite derivative for the
Lyapunov function. The resulting expression for the time
derivative of the Lyapunov function is described by V̇ =
˙
−kω sR sR + b̃ω (γb b̃ω + R̃ sR ). The nominal bias is con˙
˙
sidered constant, ḃω = 0, hence b̂ω = b̃ω , and the bias
feedback law is deﬁned as
˙
b̂ω = −kbω sR ,

(7)

where kbω is a positive scalar. The closed loop
and γb = kb−1
ω
kinematics are given by
R̃˙ = kω R̃(R̃ W − WR̃) + R̃(b̃ω )× ,
˙
b̃ω = kbω (R̃ W − WR̃)⊗ ,

(8a)
(8b)

and the time derivative of the Lyapunov function is described
by V̇ = −kω sR sR ≤ 0. The set of points where V̇ = 0 are
characterized in the following result.
Lemma 3 ([12]): Under Assumption 1, the set of points
where V̇ = 0 is given by
CR = {(R̃, b̃ω ) ∈ SO(3) × R3 : R̃ = I∨
R̃ = rot(π, φ ∈ eigvec(P))}.
The multiple equilibrium points contained in the set CR
illustrate the topological obstacles to continuous state feedback on manifolds, discussed in [2], [4], [14]. However,
CR is of zero measure and it is possible to show that, for
almost all initial conditions, the solutions of the system (8)
are attracted to the origin. For the case of unbiased velocity
measurements, aGAS and exponential stability of R̃ = I are
obtained.
Theorem 4 ([12]): Consider the system (8a) with b̃ω =
0. The attitude error R̃ = I is exponentially stable with
region of attraction given by RA = {R̃ ∈ SO(3) : R̃ =
rot(ϕ, φ), φ ∈ S(2), |ϕ| < π}. For any initial condition in
the region of attraction, the trajectories satisfy
R̃(t) − I ≤ R̃(t0 ) − Ie−kω (1+cos(ϕ(t0 )))σmin (P)(t−t0 ) .
For biased angular velocity measurements, the stability of
the observer (8) is derived by showing i) exponential stability
of the origin given bounded initial estimation errors, and
ii) aGAS of the origin. The combination of these properties
yields that the origin is aGAS, with exponential convergence
of the trajectories in a known region.
A. Exponential Stability
The exponential stability of the origin is obtained by
formulating sufﬁcient conditions that exclude the set of
points R̃ = rot(π, φ).

kbω >

b̃ω (t0 )2
, (9a)
2(2σmin (P) − (1 − cos(ϕ(t0 )))σmax (P))
σmin (P)
(1 − cos(ϕ(t0 ))) < 2
,
(9b)
σmax (P)

the attitude error is bounded by ϕ(t) ≤ ϕmax < π for all
t ≥ t0 .
Proof: Let x := (R̃, b̃ω ), deﬁne the set Ωρ = {x ∈
SO(3) × R3 : V ≤ ρ}, and the weighted distance of the state
to the origin d0 (x) = 14 I − R̃2 σmin (P) + 2k1b b̃ω 2 .
ω
The Lyapunov function is lower bounded by V ≥ d0 (x),
so the set Ωρ is contained in the compact set deﬁned by
d0 (x) ≤ ρ and thus is compact. The Lyapunov function
veriﬁes V̇ ≤ 0 in Ωρ , so Ωρ is positively invariant. Consequently, ∀t≥t0 d0 (x(t)) ≤ V (x(t)) ≤ V (x(t0 )) and the
state is bounded for all t ≥ t0 .
The conditions (9) imply that there exists cmax such
that V (x(t0 )) ≤ cmax < 2σmin (P). Deﬁne ϕmax such
that cmax = σmin (P)(1 − cos(ϕmax )). The invariance of
Ωρ yields V (x(t)) ≤ V (x(t0 )) and, using 41 I − R̃2 =
(1 − cos(ϕ)), produces (1−cos(ϕ(t)))φ Pφ ≤ σmin (P)(1−
cos(ϕmax )), implying (1−cos(ϕ(t))) ≤ (1−cos(ϕmax )) for
all t > t0 , which shows that ϕ(t) ≤ ϕmax for all t ≥ t0 .
By Lemma 5, the equilibrium point (R̃, b̃ω ) = (I, 0)
is stable. Exponential stability is obtained in the following
theorem.
Theorem 6: For any initial condition given by (9b), let
the feedback gain satisfy (9a). Then the attitude and bias
estimation errors converge exponentially fast to the stable
equilibrium point (R̃, b̃ω ) = (I, 0).
Proof: Let the attitude error vector be given by q̃q =
sin( ϕ2 )φ, the closed loop attitude and bias compensation
errors kinematics are described by
1
q̃˙ q = −kω Q(q̃)Q (q̃)Pq̃q + Q(q̃)b̃ω ,
2
˙
b̃ω = −2kbω Q (q̃)Pq̃q ,

(10a)
(10b)

where Q(q̃) = q̃s I + (q̃q )× , q̃s = cos( ϕ2 ), q̃˙s =


kω q̃s q̃q Pq̃q − 12 qq b̃ω , and q̃ = q̃q q̃s is the Euler quaternion representation [13]. Using q̃q 2 = 18 R̃ − I2 , the
Lyapunov function (5) in quaternion coordinates is described
by V = 2q̃q Pq̃q + 2k1b b̃ω 2 .
ω
Deﬁne the system (10) in the domain Dq = {(q̃q , b̃ω ) ∈
B(3) × R3 : V ≤ 2σmin (P)(1 − εq )}, 0 < εq < 1. The set
Dq is given by the interior of the Lyapunov surface, so it is
positively invariant and well deﬁned. The feedback gain (9a)
implies that any initial condition satisfying (9b) is in the set
Dq for εq small enough.
Deﬁne the parameterized linear time-varying system

q̃˙ q
A(t, λ) B  (t, λ) q̃q
=
,
(11)
˙
−C(t, λ)
03×3
b̃ω
b̃ω
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where (q̃q , b̃ω ) ∈ R3 × R3 , λ ∈ R≥0 × Dq . The
matrices A(t, λ) := kω Q(q̃(t, λ))Q (q̃(t, λ))P, B(t, λ) :=
1 

2 Q (q̃(t, λ)) and C(t, λ) := 2kbω Q (q̃(t, λ))P are bounded,
so the system is well deﬁned. The quaternion q̃(t, λ) represents the solution of (10) with initial condition λ =
(t0 , q̃q (t0 ), b̃ω (t0 )). If the parameterized LTV system (11)
is λ-UGES, then the nonlinear system (10) is uniformly
exponentially stable in the domain Dq , see [15] for discussion
and details. The parameterized LTV system veriﬁes the
assumptions of [15, Theorem 1]:
˙ λ)) are
i) The elements of B(t, λ) and ∂B(t,λ)
= 12 Q (q̃(t,
∂t
upper bounded, for all λ ∈ R≥0 × Dq , t ≥ t0 .
ii) The positive deﬁnite matrices P (t, λ) = 4kbω P
and Q(t, λ) = 8kbω kω PQ(q̃(t, λ))Q (q̃(t, λ))P satisfy
P (t, λ)B  (t, λ) = C  (t, λ) , pm I ≤ P (t, λ) ≤ pM I,
−Q(t, λ) = A (t, λ)P (t, λ) + P (t, λ)A(t, λ) + Ṗ (t, λ),
qm I ≤ Q(t, λ) ≤ qM I, with pm = 4kbω σmin (P), pM =
2
4kbω σmax (P), qm = 8kω kbω cos2 ( ϕmax
2 )σmin (P) and qM =
2
8kω kbω σmax (P).
The system (11) is λ-UGES if and only if B(t, λ) is λuniformly persistently exciting (λ-uPE) [15]. For any unitary
norm vector y, 4y B(τ, λ)B  (τ, λ)y = y (I − q̃q q̃q )y ≥
which satisﬁes the
1 − q̃q 2 = q̃s 2 ≥ cos2 ϕmax
2
persistency of excitation condition. Consequently, the parameterized LTV (11) is λ-UGES, and the nonlinear system (10)
is exponentially stable in the domain Dq . Using q̃q 2 =
1
2
8 R̃ − I yields exponential stability of the nonlinear
system (8).
B. Almost Global Asymptotic Stability
The trajectories of the attitude observer converge exponentially fast for any initial condition in a region characterized
by (9). In this section, the convergence of the trajectories
of the system emanating from anywhere in the domain is
studied.
By Lemma 3, the equilibrium points of the system (8) are
contained in CR . By substitution in (8), the largest invariant
set in CR is given by
IR = {R̃, b̃ω ∈ SO(3) × R3 : (R̃, b̃ω ) = (I, 0)∨
(R̃, b̃ω ) = (rot(π, eigvec(P)), 0)}.
The next theorem shows that, among all the equilibrium
points in IR , only the origin is stable, which guarantees
aGAS of the origin and, using Theorem 6, exponential
convergence within a explicit region in the state space.
Theorem 7: Deﬁne W such that the eigenvalues of P
are distinct. Under Assumption 1, the equilibrium point
(R̃, b̃ω ) = (I, 0) of the system (8) is aGAS. Furthermore,
every system solution emanating from the region of attraction of (R̃, b̃ω ) = (I, 0) converges exponentially fast for
t ≥ te ≥ t0 , where te is the time instant that veriﬁes
V (R̃(te ), b̃(te )) ≤ 2σmin (P).
Proof: By LaSalle’s invariance principle, the trajectories of the system converge to the set IR . The equilibrium
points contained in IR are characterized using a local analysis, based on the local parametrization adopted in [6, Section
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5], given by the ﬁrst order terms of the DCM formulation
R̃ ≈ R̃∗ (I + (η)× ),

b̃ω ≈ b̃∗ω + δb,

(12)

where η, δb ∈ R3 , R̃∗ = rot(π, φ∗i ), φ∗i ∈ eigvec(P), b̃∗ω =
0 and i = 1, 2, 3 is the index of the equilibrium point. Applying (12) in the system (8) and neglecting second order terms
η̇
kω (R̃∗ W − tr(R̃∗ W)I) I
η
produces
=
.
∗
∗
˙
δb
δb
kbω (R̃ W − tr(R̃ W)I) 0
Let the eigenvalues of W and P be denoted by αW l and
αP l , l = 1, 2, 3, respectively, with αW 1 > αW 2 > αW 3
and αP 1 > αP 2 > αP 3 . From the deﬁnition of P, the
eigenvectors of P and W are equal and the eigenvalue i
satisﬁes αP i = αW k + αW j , where i, k and j are distinct.

Using R̃∗ = −I + 2φ∗i φ∗i , the spectral decomposition
W=
 ∗

3
∗
∗
∗ ∗
φ
φ
φ
∈
α
φ
φ
,
and
deﬁning
U
=
W
l
i
j
k
l l
l=1

O(3), produces R̃∗ W − tr(R̃∗ W)I = 2φ∗i φ∗i αW i − W −
(αW j + αW k − αW i ) = UΛU where Λ = diag(αW j +
αW k , αW k − αW i , αW j − αW i ). The linearized system
η̇
η
kω UΛU I
. The
can be rewritten as ˙
=

UΛU
0
δb
k
δb

 bω




I
and kkbω UΛU
are equal and

ω UΛU 0

1
2
2
given by αl =
2 (kω [Λ]ll + kω [Λ]ll + 4kbω [Λ]ll ), αl+3 =
1
(k
[Λ]
−
kω2 [Λ]2ll + 4kbω [Λ]ll ), where l = 1, 2, 3, and
ll
2 ω
th
[Λ]ll denotes l diagonal element of Λ. The real part of
α1 is always positive, the real parts of α4 , α5 and α6 are
always negative, and the real parts of α2 and α3 are always
nonzero. Therefore, the equilibrium points are hyperbolic
and unstable. By the Stable-Unstable Manifold theorem and
the Hartman-Grobman theorem [6], [16], the stable manifold
of (R̃∗ , b̃∗ω ) = (rot(π, eigvec(P)), 0) has zero measure in
SO(3) × R3 and the complement of the stable manifold is
open and dense. Consequently, almost all initial conditions
in SO(3) × R3 converge to the stable equilibrium point
(R̃, b̃ω ) = (I, 0). Exponential convergence is obtained by
using aGAS to show that the solutions of (8) enter the
positively invariant set V ≤ 2σmin (P) for some te ≥ t0 ,
where exponential stability is guaranteed by Theorem 6.

eigenvalues of

kω Λ I
kbω Λ 0

Interestingly enough, in most practical application it is
possible to guarantee upper bounds for the initial estimation
errors. In that case, exponential stability of the origin for all
valid initial conditions follows directly from Theorem 6.
Corollary 8: Assume that the initial estimation errors are
bounded according to
ϕ(t0 ) ≤ ϕ0 max ,

b̃ω (t0 ) ≤ b0 max ,

(13)

(P)
where (1−cos(ϕ0 max )) < 2 σσmax
, and select kbω such that
min (P)
2
kbω > b0 max (4σmin (P) − 2(1 − cos(ϕ0 max ))σmax (P)))−1 .
Then the origin (R̃, b̃ω ) = (I, 0) is uniformly exponentially
stable in the set deﬁned by (13).

C. Output Feedback Conﬁguration
This section describes how the attitude observer can be
implemented using directly the sensor measurements and
state estimates.
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Proposition 9: The feedback laws (6) and (7) are explicit
functions of the sensor readings and state estimates
ω̂ = fR (Hr , R̂)(ω r − b̂ω ) + kω sR ,

˙
b̂ω = kbω sR ,


sR = (fR (Hr , R̂)W − WfR
(Hr , R̂))⊗ ,

:= R̂ HAH AH Hr and Hr :=

where fR (Hr , R̂)
hr 1 · · · hr n .
Proof: Using B ÛH B UH = R̂ UH UH R = R̃ yields
sR = (B ÛH B UH W − WB UH B ÛH )⊗ . Applying ÛH :=
R̂ HAH , Hr = R H and Hr AH = B UH produces the
desired results.
V. OBSERVER STABILITY WITH RATE GYRO
NOISE
In this section, the stability of the attitude observer in the
presence of bounded time-varying disturbances in the rate
gyro measurements is studied. Although the origin of the
unforced system is aGAS, generic exogenous disturbances
may drive the trajectories of system to the unstable equilibrium points. Sufﬁcient conditions for ultimate boundedness
of the attitude estimate in the presence of noise in the inertial
sensor are provided.
The rate gyro sensor measurements are described by
ω r = ω + nω ,
where nω is the sensor noise, bounded by nmax ≥ nω .
Using the feedback law ω̂ = R̃ω r + kω sR , the closed loop
kinematics of the attitude error are given by
R̃˙ = kω R̃(R̃ W − WR̃) − R̃(nω )× ,

(14)

which are well deﬁned on SO(3) in spite of the presence of
the rate gyro sensor disturbance. The stability of the observer
in the presence of inertial sensor noise is presented next.
Theorem 10: Choose ϕmin ∈ 0 π2 , let kω satisfy
nmax
kω >
,
(15)
sin(ϕmin )σmin (P)
(P)
and let W be such that (1 − cos(ϕmax )) ≥ σσmax
(1 −
min (P)
cos(ϕmin )) is veriﬁed, where ϕmax = π − ϕmin . Then for
any initial condition such that

I − R̃(t0 )2 < 4

σmin (P)
(1 − cos(ϕmax )),
σmax (P)

(16)

there exists T such that the trajectory of the system (14)
satisﬁes
σmax (P)
(1 − cos(ϕmin )),
I − R̃(t)2 ≤ 4
(17)
σmin (P)
for all t ≥ t0 + T .
Proof: The proof is based on the derivation of
boundedness properties for nonlinear systems presented
in [17, Theorem 4.18]. Using the Lyapunov function VH
deﬁned in (4) yields V̇H = −kω sR 2 − sR R̃nω ≤
−sR (kω sR  − nmax ). Using the algebraic manipulations
adopted in [12] produces sR  = Qs (ϕ, φ)Pφ ≥
≥
sin(ϕ)σmin (P), where
σmin (Qs (ϕ, φ))σmin (P)

Qs (ϕ, φ) = sin(ϕ)I + (1 − cos(ϕ))(φ)× . The gain
condition (15) produces


sR 
−1
V̇H < −sR nmax
sin(ϕmin )σmin (P)


sin(ϕ)
−1 ,
= −sR nmax
sin(ϕmin )


and ϕ ∈ ϕmin ϕmax ⇒ V̇H < 0. Let μ := I −
Rmin 2 , Rmin := rot(ϕmin , φ) and r := I − Rmax 2 ,
Rmax :=
 rot(ϕ
 max , φ), where φ is arbitrary, then I −
R̃2 ∈ μ r ⇒ V̇H < 0, which characterizes a compact
set in SO(3) where the Lyapunov function decreases along
the system trajectories.
The Lyapunov function satisﬁes α1 (I − R̃2 ) ≤ VH ≤
2
α2 (I − R̃ ) where α1 (x) = 14 σmin (P)x, α2 (x) =
1
4 σmax (P)x. Deﬁne the sets Ωt,μ = {R̃ ∈ SO(3) : VH ≤
α2 (μ)}, Ωt,r = {R̃ ∈ SO(3) : VH ≤ α1 (r)}, and Ct,μ,r =
{Ωt,r −Ωt,μ } which is nonempty by construction

 of W. Any
point R̃ ∈ Ct,μ,r satisﬁes I − R̃2 ∈ μ r , as shown by
using
VH ≤ α1 (r) ⇒ α1 (I − R̃2 ) ≤ α1 (r) ⇒ I − R̃2 ≤ r,
VH ≥ α2 (μ) ⇒ α2 (I − R̃2 ) ≥ α1 (r) ⇒ I − R̃2 ≥ μ,
and hence R̃ ∈ Ct,μ,r ⇒ V̇H < 0. Because V̇H is strictly
negative in Ct,μ,r , any solution starting in Ct,μ,r will reach
Ωt,μ in ﬁnite time and any solution starting in Ωt,μ will
remain in the set since V̇H < 0 in the corresponding
boundary, see [17, Section 4.8] for a motivation of the level
sets involved. The initial conditions given by (16) satisfy
R̃(t0 ) ∈ Ωt,r ; any R̃ ∈ Ωt,μ satisﬁes (17), which concludes
the proof.
The conditions of Theorem 10 are of interest in practical
applications, since they allow for worst-case attitude errors
to be driven to a desired neighborhood of the origin, by
appropriate choice of kω and W.
VI. SIMULATIONS
In this section, simulation results for the proposed attitude observer are presented. The directions
 of the vector measurements are given by L h1 = 1 0 0 and


L
h2 = 0 0 1 , which are a simpliﬁed representation of
vectors sensed in frame {B} by a magnetic compass and a
pendulum, respectively, and satisfy the conditions expressed
in Proposition 2.
The attitude observer stability in the presence of rate gyro
bias is studied ﬁrst. The observer parameters
 1.1 0 0 are
 given by
0 1 0 , ϕ(t0 ) =
kω = 1, kbω ∈ {10−1 , 1}, W =
3π
4

0 0 0.9

rad, bω = 10π
180 1 rad/s, b̂ω (t0 ) = 0 rad/s, where the initial
conditions are realistic for most practical applications. The
rigid body trajectory is computed using oscillatory angular
rates of 1 Hz. The attitude and bias estimation results are
depicted in Fig. 1, where kbω exp = 0.21 is the minimum
feedback gain (9a) that guarantees exponential convergence.
The trajectories convergences faster for higher gain kbω , as
expected. The peak of the bias estimate for large kbω is
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VII. CONCLUSIONS

>k

bω

b ω exp

A nonlinear observer for attitude estimation on SO(3) was
derived. Almost global asymptotic stability and exponential
convergence of the attitude estimates in the presence of
biased rate gyro readings were demonstrated. Boundedness
of the attitude estimation error in the presence of rate gyro
noise was shown. The stability and convergence results were
formulated in terms of the design parameters, which can
be determined to satisfy accuracy speciﬁcations in practical
applications. Simulations results illustrated the stability of
the observer. Future work will address the stability analysis
for the case where both angular rate noise and bias are
present, and exploiting the observer design parameters to
tackle sensor noise in practical setups.
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justiﬁed by the level set V ≤ c of the Lyapunov function
containing the points satisfying b̃ω 2 ≈
(5) with γb = kb−1
ω
2kbω c, I − R̃2 ≈ 0.
The stability properties of the attitude observer in the
presence of rate gyro noise are illustrated by considering low
cost device readings, corrupted by the disturbance depicted in
Fig. 2(a) and bounded by nω  < nmax = 1.75×10−2 rad/s.
The observer parameters are designed to guarantee ϕmin =
π
−4
, W = I,
180 rad and are given by kω = kω min + 10
179π
−4
ϕmax = 180 rad, where kω min = 1 + 10 is the minimum
gain that veriﬁes (15). The simulation results for ϕ(t0 ) =
π
9π
3 rad and ϕ(t0 ) = 10 rad are depicted in Figure 2(b) using
a logarithmic scale in the attitude error axis. For both initial
conditions, the attitude error converges in ﬁnite time to the
region given by (17), as desired.

[1] J. L. Crassidis, F. L. Markley, and Y. Cheng, “Survey of nonlinear
attitude estimation methods,” Journal of Guidance, Control, and
Dynamics, vol. 30, no. 1, pp. 12–28, January-February 2007.
[2] S. P. Bhat and D. S. Bernstein, “A topological obstruction to continuous global stabilization of rotational motion and the unwinding
phenomenon,” Systems and Control Letters, vol. 39, no. 1, pp. 63–70,
January 2000.
[3] D. Fragopoulos and M. Innocenti, “Stability considerations in quaternion attitude control using discontinuous Lyapunov functions,” IEE
Proceedings on Control Theory and Applications, vol. 151, no. 3, pp.
253– 258, May 2004.
[4] M. Malisoff, M. Krichman, and E. Sontag, “Global stabilization for
systems evolving on manifolds,” Journal of Dynamical and Control
Systems, vol. 12, no. 2, pp. 161–184, April 2006.
[5] H. Rehbinder and B. K. Ghosh, “Pose estimation using line-based
dynamic vision and inertial sensors,” IEEE Transactions on Automatic
Control, vol. 48, no. 2, pp. 186–199, February 2003.
[6] N. Chaturvedi and N. McClamroch, “Asymptotic stabilization of the
hanging equilibrium manifold of the 3D pendulum,” International
Journal of Robust and Nonlinear Control, vol. 17, no. 16, pp. 1435–
1454, 2007.
[7] S. Salcudean, “A globally convergent angular velocity observer for
rigid body motion,” IEEE Transactions on Automatic Control, vol. 36,
no. 12, pp. 1493–1497, December 1991.
[8] S. Bonnabel, P. Martin, and P. Rouchon, “Symmetry-preserving observers,” IEEE Transactions on Automatic Control, vol. 53, no. 11, pp.
2514–2526, Dec. 2008.
[9] J. Thienel and R. M. Sanner, “A coupled nonlinear spacecraft attitude
controller and observer with an unknown constant gyro bias and gyro
noise,” IEEE Transactions on Automatic Control, vol. 48, no. 11, pp.
2011–2015, November 2003.
[10] R. Mahony, T. Hamel, and J.-M. Pﬂimlin, “Nonlinear complementary
ﬁlters on the special orthogonal group,” Automatic Control, IEEE
Transactions on, vol. 53, no. 5, pp. 1203–1218, June 2008.
[11] J. Vasconcelos, C. Silvestre, and P. Oliveira, “A nonlinear observer
for rigid body attitude estimation using vector observations,” in
Proceedings of the 17th IFAC World Congress, July 2008.
[12] J. Vasconcelos, R. Cunha, C. Silvestre, and P. Oliveira, “Landmark
based nonlinear observer for rigid body attitude and position estimation,” in Proceedings of the 46th IEEE Conference on Decision and
Control (CDC2007), December 2007.
[13] R. M. Murray, Z. Li, and S. S. Sastry, A Mathematical Introduction
to Robotic Manipulation. CRC, 1994.
[14] D. E. Koditschek, “The application of total energy as a Lyapunov function for mechanical control systems,” Control Theory and Multibody
Systems, vol. 97, pp. 131–151, 1989.
[15] A. Lorı́a and E. Panteley, “Uniform exponential stability of linear
time-varying systems: Revisited,” Systems and Control Letters, vol. 47,
no. 1, pp. 13–24, September 2002.
[16] S. Sastry, Nonlinear Systems: Analysis, Stability and Control.
Springer, 1999.
[17] H. K. Khalil, Nonlinear Systems, 3rd ed. Prentice Hall, 2001.

2774

