IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 21, NO. 5, SEPTEMBER 2013

1889

Brief Papers
Nonlinear Attitude Observer Based on Range and Inertial Measurements
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Abstract— We address the problem of attitude and rate
gyro bias estimation based on inertial and range data. Range
measurements are obtained from beacons installed in an inertial
frame and acoustic sensors fixed in the moving body reference
frame. A nonlinear observer is proposed and its stability and performance properties are studied using Lyapunov techniques. In
the presence of constant bias on the rate gyro measurements, the
attitude and bias estimates are shown to converge exponentially
to the desired values inside an almost global region of attraction.
For time-varying bias with bounded derivative, a local result
of ultimate boundedness is provided. The performance of the
proposed nonlinear observer is validated experimentally using
a high-accuracy calibration table, which provides ground-truth
signals for comparison with the resulting estimates.
Index Terms— Attitude estimation, Lyapunov method, nonlinear systems, observers.
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:= U ∈ Rn×n : UUT = UT U = I .
Orthogonal Group of order n.


:= R ∈ Rn×n : det(R) = 1 RT R = I .
Special Orthogonal Group of order n.
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Minimum singular value of matrix A.
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[[x]× ]⊗ = x, x ∈ R3 .
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I. I NTRODUCTION

A

TTITUDE estimation plays an important role in many
modern platforms, such as aircrafts, satellites, unmanned
air vehicles, and underwater autonomous robots. It is a
classical estimation problem that, despite its rich historical
background, continues to attract intensive research efforts and
to experiencing new advances. Over the years, a wide variety
of estimation techniques have been proposed to address this
problem. Some solutions are purely algebraic, like the solution
to Wahba’s problem [1]. More advanced solutions rely on the
system dynamics to obtain better accuracy and noise reduction,
as is the case with Kalman filtering-based approaches [2].
Among the latter, the extended Kalman filter (EKF), has been
widely used to address nonlinear estimation problems [3]–[5].
Recently, other solutions have been proposed to overcome
the limitations of the EKF in estimating states evolving
on the group of rotations SO(3), namely, the multiplicative
extended Kalman filter (MEKF) [6] and the invariant extended
Kalman filter [7]. However, none of the EKF-based estimators
guarantees optimality or convergence. Among the dynamic
estimators, nonlinear observers have emerged as an attractive alternative given the possibility to establish convergence
bounds and provide stability guarantees. In many applications,
it is desirable to design observers based only on the rigid body
kinematics, which are an exact description of the physical
quantities involved, see [8] and [9]. Attitude observers rigorously formulated on non-Euclidean spaces, such as the set
of rotation matrices SO(3) and the set of unit quaternions S(3),
can be found in [10]–[14]. Guidelines on observer design and
the topological limitation for achieving global stabilization on
the SO(3) manifold are discussed in [15]–[17]. In the design
of attitude observers, it is often assumed that the bias in the
angular velocity measurements is constant [11], [13], [14]. In
[18], the authors take a different approach and estimate a timevarying rate gyro bias assuming that its time evolution is determined by a known linear model with known inputs. However,
in many situations, such a model is not available or it depends
on unknown inputs. In our approach, we assume constant bias
in the design of the observer and study the stability properties
of the observer when this assumption does not hold.
The EKF-type estimators and the nonlinear observers
combine the information from different sources. The nonideal characteristics of the inertial sensors, namely bias, misalignment, and noise, render inaccurate the attitude obtained
by the integration of inertial data. External aiding sensors,
such as global positioning system (GPS) receivers, must
be included to obtain more accurate estimates. However, in
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GPS-denied environments, such as indoors or in the vicinity
of buildings and other structures, alternative aiding sensors
are required. For that reason, many proposed solutions in the
field of robotics rely on range data. Range measurements
can be obtained using sensors such as laser range finders
and stereo cameras. An affordable alternative is the use of
acoustic sensors. In the Cricket system [19], an acoustic
signal and a radio frequency (RF) synchronization signal
are transmitted simultaneously. The receiver then measures
the time difference between both signals and computes the
distance using the speed of sound in the air. Other advantages of these sensors are their compact size and low power
consumption.
This brief presents a nonlinear attitude observer that
combines angular rate measurements acquired by nonideal rate
gyros with range measurements provided by a commercially
available acoustic positioning system, which comprises an
ultrasonic beacon array assumed fixed in the inertial frame
and an acoustic receiver array installed on board the vehicle.
The proposed solution builds on previous work [20]–[22] to
consider the specific problem of attitude estimation based
on angular rate measurements and position measurements
that are extracted from the range data. It is shown that, in
the presence of constant bias on the rate gyros, the attitude
and bias estimation errors converge exponentially fast to
the origin in any closed neighborhood of the almost global
region of attraction. When compared with other attitude
observers proposed in the literature, (see [8], [9], [11]–[14],
and references therein), this brief presents new results on the
stability analysis of the system. More specifically, using a
Lyapunov coordinate transformation, we show that worst case
bounds on the convergence rates can be explicitly computed.
Assuming that the bias on the rate gyros is time-varying, the
estimation errors are shown to remain bounded for sufficiently
small initial conditions with ultimate bounds proportional to
the bias time derivatives. Moreover, based on the Kalman–
Bucy filter theory, a method is proposed for selecting observer
gains such that the covariance of the estimation error in the
vicinity of the origin is minimized. Detailed experiments are
conducted with a custom-built prototype that comprises a
Memsense nIMU and a Cricket localization system [19]. For
real-time evaluation of the proposed solution, the experimental
setup was assembled and mounted on an Ideal Aerosmith
positioning rate table system, Model 2103HT [23], which is a
three-axis system that provides precise angular position, rate,
and acceleration measurements. A comparison between the
experimental results obtained with the filter and those given by
the MEKF technique illustrates the advantages of the proposed
solution.
To summarize, the main contributions of this brief are the
following.
1) A range-based nonlinear attitude observer is presented
that relies on geometric methods to guarantee almost
global asymptotic stability of the desired equilibrium
point.
2) An alternative description for the estimation error
dynamics is obtained by applying a time-varying
Lyapunov transformation. This novel description takes
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Fig. 1.

Frames and navigation system configuration.

the form of an linear time-varying system and significantly simplifies the stability analysis and enables other
novelties of this brief.
3) Computation of explicit bounds on the estimation error
is carried out in the presence of time-varying rate gyro
bias based on the new description of the error.
4) An explicit method to tune the observer gains is
presented such that the covariance of the estimation
error in the vicinity of the desired equilibrium point is
minimized.
5) Experimental results attest the feasibility of the proposed solution, and a comparison with the MEKF is
made.
The rest of this brief is structured as follows. In Section II,
the attitude estimation problem is introduced and the
sensor suite is described. In Section III, the nonlinear attitude observer is presented and its properties are highlighted. A method to tune the observer gains based on the
Kalman–Bucy filter is proposed in Section IV. The experimental setup is described in Section V. In Section VI, experimental results validating the performance of the proposed solution are presented. Finally, concluding remarks are given in
Section VII.
II. P ROBLEM F ORMULATION
In this section, the attitude estimation problem is introduced
and the sensor suite is characterized. Consider the two reference frames depicted in Fig. 1, the local reference frame {L},
which is placed in the mission scenario, and the reference
frame {B} attached to the rigid body. For the sake of simplicity,
{L} is assumed to be an inertial frame.
Let R ∈ SO(3) be the rotation matrix that transforms the
vectors expressed in {B} to {L} and ω ∈ R3 the rigid body
angular velocity expressed in {B}. The rigid body attitude
kinematics is described by the differential equation
Ṙ = R[ω]× .
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The sensor suite comprises a triad of rate gyros and an
acoustic positioning system. The angular velocity measurements ωr ∈ R3 are assumed to be corrupted by a constant
unknown bias term b ∈ R3 so that
ωr = ω + b.
The basic elements of the acoustic positioning system are an
array of beacons placed in the mission scenario and an array of
receivers installed on the vehicle. The range from each beacon
to all acoustic receivers can then be measured. Let the position
of the i th beacon in {L} and in {B} be denoted by L xi ∈ R3
and by B xi ∈ R3 , respectively, where i = 1, . . . , Nb , and Nb is
the number of beacons. We resort to the spherical interpolation
method proposed in [24] to obtain the positions of the beacons
in {B}; so B xi and L xi , i = 1, . . . , Nb are available in the filter.
The spherical interpolation method requires the existence of
at least four noncoplanar receivers, i.e., Nb ≥ 4.
Let B X = [ B x1 · · · B x Nb ] ∈ R3×Nb and L X = R B X =
L
[ x1 · · · L x Nb ] ∈ R3×Nb . Without loss of generality, the
origin of the local frame {L} is defined at the centroid of the
L
beacons.
 Nb L Therefore, the vectors xi , i = 1, . . . , Nb , satisfy
i=1 xi = 0.
The observer uses measurements in the form B ui ,
i = 1, . . . , Nb , which are obtained using a conveniently
defined coordinate transformation. This transformation takes
the form
U = XD X A X
  I

0
1×Nb −1
N −1
− 01×Nb −1 and A X ∈
where B U ∈ R3×Nb −1 , D X = I N −1
B

B

b

b

R Nb −1×Nb −1 . The representation of the position measurements
in the local reference frame {L} is given by L U = R B U =
L
XD X A X . Since the beacons are placed in known locations
of the mission scenario, the matrix L U is known a priori.
The measurements directionality is made uniform by the
nonsingular linear transformation A X , i.e., B U B UT = I. Such
linear transformation can be obtained resorting to the singular
value decomposition of L XD X = WSVT , where W ∈ O(3),
V ∈ O(Nb −1), S = [diag(s1 , s2 , s3 ) 03×(Nb −4) ]. The following
assumption is necessary to compute the transformation A X .
Assumption 1: The positions of the beacons are not
collinear, i.e., rank( L X) ≥ 2.
If L XD X is full rank, let
diag(s1 , s2 , s3 )−1 03×(Nb −4)
.
AX = V
0(Nb −4)×3
I(Nb −4)×(Nb −4)
Then, due to the orthogonality of W and V, it follows that
L L T
U U = L XD X A X ( L XD X A X )T = I, and since L U = R B U,
we have that B U B UT = I. If [ L x1 · · · L x Nb ] is of rank 2, L X
needs to be redefined as L X = [ L x1 · · · L x Nb , L xi × L x j ], for
some i and j such that L xi × L x j = 0, in order to obtain a
full-rank matrix.
Note that the matrix A X is constant along the system trajectories since it is computed using the position of the beacons
in {L} which are fixed. It is convenient to orthogonalize the
measured directions in order to simplify the derivation of the
observer feedback law.
In this brief, we rely on range measurements to obtain the
positions B x1 , . . . , B x Nb . Other alternatives are available that
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provide such measurements. Nevertheless, from the application point of view, the use of ultrasonic beacons is still very
relevant, since range measurements are widely used in many
robotic applications in great part due to their flexibility and the
availability of compact and low-power sensors. With proper
modifications to the proposed algorithm, other sensors, such
as magnetometers and gravimeters, can also be used. These
sensors have, however, their own limitations.
The objective of this brief is to exploit the information
provided by the sensor suite by deriving an attitude observer
that combines the inertial measurements with ranges between
a beacon array and a receiver array.
III. ATTITUDE O BSERVER
In this section, the attitude observer, which relies on the
sensors’ measurements to estimate simultaneously the rigid
body attitude and rate gyro bias, is presented and its properties
are derived. It is shown that the proposed feedback law yields
exponential convergence of the estimation error for almost all
initial conditions, in the sense that only a set of measure zero
lies outside the region of attraction.
The proposed observer takes the form
˙
R̂ = R̂[ω̂]×
ω̂ = Û U (ωr − b̂) − kω sω
˙
b̂ = kb sω
sω = [ B U B ÛT − B Û B UT ]⊗
B

B

T

(1a)
(1b)
(1c)
(1d)

where R̂ ∈ SO(3) is the estimated attitude, b̂ ∈ R3 is the
estimated rate gyro bias, kω , kb ∈ R are positive gains, the
term B Û = R̂T L U is a function of the observer estimates and
known quantities, and the term B U = B XD X A X is an explicit
function of the sensor measurements.
Let the attitude and bias estimation errors be given by
R̃ = R̂T R and b̃ = b̂ − b, respectively, and note that,
since L U L UT = I and B U = RT L U, the term sω satisfies
sω = [R̃T − R̃]⊗ . The error dynamics are autonomous and
given by
˙ = k R̃(R̃T − R̃) + R̃[b̃]
R̃
ω
×
b̃˙ = kb [R̃T − R̃]⊗ .

(2)

Let the Euler angle-axis parameterization of R̃ be described
by the rotation vector λ ∈ R3 and by the rotation angle
θ ∈ [0 π], such that R̃ = rot(θ, λ) = cos(θ ) + sin(θ )[λ]× +
(1−cos(θ ))λλT [25]. The following lemma provides sufficient
conditions on the initial estimates for the boundedness of the
estimation errors, which excludes the set of points such that
R̃ = rot(π, λ), λ ∈ R3 .
Lemma 1: For any initial condition satisfying
||b̃(t0 )||2
< kb
2(1 + cos(θ (t0 )))

(3)

the estimation errors x̃ = (R̃, b̃) are bounded, and there exists
ωmax ∈ R3 such that the attitude error satisfies 0 ≤ θ (t) ≤
θmax < π for all t ≥ t0 .
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Proof: Consider the following Lyapunov function:
1
||R̃ − I||2
+
||b̃||2
V =
2
2kb
1
= 2(1 − cos(θ )) +
||b̃||2
2kb

where

(4)

where . denotes the Frobenius norm of matrices and the
Euclidean norm of vectors. The time derivative of V is
given by
˙ + 1 b̃T b̂˙
V̇ = − tr(R̃)
kb
= − tr(R̃[−R̃T ω̂ + ω]× ) +
= sωT (R̃T ω̂ − ω) +

1 T˙
b̃ b̂
kb

Since (1b) can be rewritten in the form ω̂ = R̃(ω − b̃) − kω sω ,
along the trajectories of the closed-loop system (2), V̇ takes
the form V̇ = −kω sω 2 .
Let ρ = {x̃ ∈ Db : V ≤ ρ}, where ρ ∈ R+ . As the
Lyapunov function (4) is a weighted squared distance from
the desired equilibrium point, the set ρ is a compact set.
The derivative of the Lyapunov function satisfies V̇ ≤ 0, which
means that any trajectory starting in ρ remains in ρ . Then,
for all t ≥ t0 the state is bounded.
The gain condition (3) is equivalent to V (x̃(t0 )) < 4.
The invariance of ρ implies that V (x̃(t)) ≤ V (x̃(t0 )), then
2(1 − cos(θ (t))) ≤ 2(1 − cos(θmax )) = V (x̃(t0 )) < 4 and
consequently θ (t) ≤ θmax < π for all t ≥ t0 .
In general, one does not know the values of b̃(t0 ) and
cos(θ (t0 )) required in (3). However, in practice, one can use
the information provided by the manufacturer of the sensors
to obtain worst case values for both quantities.
The proposed observer is derived on SO(3) in order to
overcome the problems associated with unwinding phenomena
and singularities introduced by other attitude representations.
However, to gain further insight into the properties of the error
system (2), it is convenient to rewrite it using the attitude
vector q̃v = sin(θ/2)λ and apply an adequately defined
Lyapunov transformation to obtain a more tractable system.
We can analyze the properties of the error of the observer
using this representation since R̃ − I2 = 8q̃v 2 . Using q̃v
instead of R̃ in the state vector yields

(5)

coordinate
where q̃s = cos(θ/2). Consider the following
√
transformation: η1 = 2T(t)q̃v , η2 = 1/ 2kb T(t)b̃, where
T(t) ∈ SO(3) is a rotation matrix that integrates the rate gyro
bias
1
(6)
Ṫ(t) = T(t)[b̃]× .
2
The time derivative of the transformed state vector η =
[η1T η2T ]T is given by
η̇ = A(η)η

√
2kb q̃s I
.
0

Since T(t) is a rotation matrix, it satisfies ||T(t)|| =
det(T(t)) = 1 for all t ≥ t0 . Hence, T(t) is a Lyapunov
transformation [26] and the stability properties of (7) also hold
for (5).
The following theorem characterizes the stability of the error
dynamics (7) and consequently (2), showing that the origin is
exponentially stable given bounded initial estimation errors.
Theorem 1: For any initial condition that satisfies (3)
||b̃(t0 )||2
< kb
2(1 + cos(θ (t0 )))

1 T˙
b̃ b̂.
kb

1
q̃˙ v = −2kω q̃s2 q̃v + (q̃s I + [q̃v ]× )b̃
2
b̃˙ = −4kb q̃s q̃v

2
−2k
√ ω q̃s I
− 2kb q̃s I

A(η) =

(7)

the error dynamics converge exponentially to the stable equilibrium point (R̃, b̃) = (I, 0).
Proof: In order to prove the exponential convergence
of (7), it is sufficient to show that there exists positive constants a, k1 , k2 , k3 and a continuously differentiable function
VT such that [27, Th. 4.10]
k1 ηa ≤ VT (t, η) ≤ k2 ηa

∂ VT
∂ VT
+
A(η)η ≤ −k3 ηa .
∂t
∂η

In particular, these conditions are satisfied if the function VT
takes the form
VT (η) = η T Pη > 0
V̇T (η, t) = −η T Q(η)η < 0

(8)
(9)

where P ∈ R6×6 and Q(η) ∈ R6×6 are symmetric positive
definite matrices and the minimum singular value of Q(η),
denoted by σmin (Q(η)), is uniformly lower bounded by a
nonzero positive constant. In what follows, the dependency
of A and Q on η is omitted for reasons of simplicity. Let
P=

p11 I3×3 p12I3×3
p12 I3×3 p22I3×3

Q=

q11 I3×3 q12 I3×3
q12 I3×3 q22 I3×3

where p11, p12 , p22 , q11 , q12 , q22 ∈ R and Q = −(PA+AT P).
In order to satisfy (8) and (9), it is sufficient to show that the
leading principal minors of P and Q are strictly positive
p11 p22 −

p11 > 0

(10)

2
p12

(11)
(12)

>0
q11 > 0

2
q11 q22 − q12
> 0.

(13)

Using some algebraic manipulations on the inequalities
(10)–(13), we derive sufficient conditions for p11, p12, and p22
so that (8) and (9) hold. The condition (13) can be expanded
in the form
4kω q̃s2 p11 + 2 2kb q̃s p12
− 2kω q̃s2 p12 −

−2 2kb q̃s p12

2kb q̃s p11 +

2kb q̃s p22

2

> 0. (14)
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Using q̃s = cos(θ/2) and assuming that Lemma 1 holds,
it is easy to show that q̃s min ≤ q̃ ≤ 1, where q̃s min =
cos(θmax /2) > 0. Consequently, q̃s can be factored out of (14).
Let p11 = p22 ; then if
2kω q̃s
p11 < p12 < 0
−√
k 2 q̃ 2
2kb + √ω2ks

(15)

the inequality (14) is satisfied. Equation (12) is equivalent to
(16)

Note that any p12 that satisfies (15) also satisfies (16). Since
q̃s ≥ q̃smin > 0, we can conclude that, for any positive p11 =
p22 , there exists a p12 such that (11)–(13) are satisfied. Also
note that for any choice of p12 satisfying (13), | det(Q)| does
not converge to zero along time and all elements of Q are
finite. Together, these two properties guarantee that σmin (Q) is
lower bounded by a positive constant, and hence the conditions
that guarantee exponential convergence of the errors to zero
are satisfied.
This proof exploits a new Lyapunov transformation given
by (6) and resorts to the positive definite matrices P and Q
to show that the errors converge exponentially to the desired
equilibrium point. Using the constraints for positive definiteness, P and Q can be explicitly computed to provide
exponential convergence bounds and worst case convergence
rates as specified in
1

σmin (Q)
σmax (P) 2
||η(t0 )||e− 2σmax (P)) (t −t0 ) .
||η(t)|| ≤
σmin (P)
Note that, for purposes of analysis, different values for
the parameter p12 can be selected so as to reach different
conclusions about the system. If p12 is close to zero, the value
of σmax (P)/σmin (P) is close to 1, so we obtain a larger basin
of attraction. Choosing a smaller value for p12 , we obtain a
higher σmin (Q) and consequently a higher value for the lower
bound on the convergence rate.
Corollary 1: Assume that the initial estimation errors are
bounded according to
θ (t0 ) ≤ θmax

||b̃|| ≤ b0max

a sufficiently small γ , there is a sufficiently small error on the
initial estimates such that the estimation errors are bounded
with ultimate bound proportional to γ .
Proof: Define the domain U = {η : VT (η) ≤ 4 − },
0 < < 4. From Theorem 1 we know that, if kb satisfies (3),
there exist positive constants k1 , k2 , k3 , and k4 such that
k1 ||η||2 ≤ VT (t, η) ≤ k2 ||η||2

b

2kω q̃s
−√
p11 < p12 < 0.
2kb
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(17)

where (1 − cos(θmax )) < 2, and select kbω such that
b0max
< k bω .
4(1 + cos(θ (t0 )))
Then, the origin (R̃, b̃) = (I, 0) is uniformly exponentially
stable in the set defined by (17).
In Theorem 1 and Corollary 1, we have assumed that the rate
gyro bias is constant. In practice, the bias suffers fluctuations
that depend on several parameters, such as temperature, power
supply, or g-sensitivities. If the constant bias assumption is
lifted, the convergence result of Theorem 1 no longer holds.
However, we can show that for bias values with bounded time
derivative ||ḃ|| < γ , the estimation errors are also bounded
with ultimate bound proportional to γ.
Lemma 2: Consider the attitude observer defined in (1)
and assume that ḃ is bounded, with ||ḃ|| < γ . Then, for

2
V̇T (t, η)
 ≤ −k3 ||η||
 ∂ VT 


 ∂η  ≤ k4 ||η||.

In particular, we can choose k1 = σmin (P), k2 = σmax (P),
k3 = σmin (Q), and k4 = 2σmax (P). It follows that, if ḃ = 0,
the time derivative of VT is given by
V̇T ≤ −k3 ||η||2 + k4 κηḃ
√
where κ = 1/ 2kb . Assuming ḃ ≤ γ implies
that
√
4−
.
V̇T < 0 for η > k4 /k3 κγ and η <
√ To
ensure that η(t) does not exceed the upper √
bound 4 − ,
the initial conditions must satisfy η(t0 ) < k1 /k2 (4 − ).
Then, if γ √is sufficiently small,
√ we can guarantee that
k4 /k3 κγ < k1 /k2 (4 − ) < 4 − , and η(t) remains in
U
√ for all t ≥ t0 . Since V̇T < 0 for k4 /k3 κγ < η <
√4 − , we can conclude that η is ultimately bounded by
k2 /k1 k4 /k3 κγ .
IV. T UNING THE O BSERVER
The technique adopted to obtain the attitude observer is
naturally suited for tackling uncertainties such as the presence
of a constant bias in the rate gyros, but renders the handling of
others, such as random noise, not straightforward. However, it
is possible to exploit the observer structure and consider the
characteristics of the sensor noise to tune the feedback gains
kω and kb .
In (1b) and (1c), the terms B U, ωr and sω depend on the
sensor measurements. Taking into account the presence of
noise, (1b) and (1c) can be approximated by
ω̂ ≈ R̃(ωr − b̂ + nw ) − kω (sω + nv )
b̂˙ ≈ −kb (sω + nv )
where nw ∈ R3 and nv ∈ R3 are zero-mean Gaussian
random variables with second moments identical to those of
B B T
Û U (ωr − b) and [ B U B ÛT − B Û B UT ]⊗ , respectively. These
moments are computed in simulation environment using noisy
measurements for the distances and angular rates. With this
approximation, the error dynamics are described by
q̃˙ v = −2kω q̃s2 q̃v
1
+ (q̃s I + [q̃v ]× )(b̃ + nw − kω R̃T nv )
2
b̃˙ = −4kb q̃s q̃v − kb nv .
Consider now the transformation ξ 1 (t) = T(t)q̃v (t), ξ 2 (t) =
T(t)b̃(t), where T(t) is given by (6). Linearizing the dynamics of the transformed system about the equilibrium point
(R̃, b) = (I, 0), we obtain the following linear system:
ξ̇ = Āξ + K̄C̄ξ − K̄v + w

(18)
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Block diagram of the transformed system (18).
(a)

where

Fig. 3.

0 12
Ā =
0 0

k I
K̄ = ω
2kb I

C̄ = [2I 0]

(b)

(a) Inertial unit Memsense nIMU. (b) Cricket mote.

(19)

and
T
T
nv w = nw .
2
2
It turns out that this system, whose block diagram is shown in
Fig. 2, is in the Kalman–Bucy filter form (see [28] for more
details) and therefore one can use the associated theory to compute suitable constant gains kω and kb . This is accomplished
by solving the following algebraic Riccati equation:
v=

0 = ĀP̄ + P̄ĀT − P̄C̄T R̄−1 C̄P̄ + Q̄
where R̄ and Q̄ are covariance matrices of v and w, respectively, and P̄ is the steady-state covariance matrix of the
state ξ . Notice that, since T is a rotation matrix, it does
not affect the covariance of v and w, hence R̄ and Q̄ can
be obtained directly from the covariance of nv /2 and nw /2,
respectively. The matrix of gains K̄ that minimizes P̄ is given
by K̄ = P̄C̄R̄−1 . Finally, the gains kω and kb are obtained
directly from (19).
V. E XPERIMENTAL A PPARATUS
A real-time prototype was developed comprising an inertial
unit and a range measurement system, which was installed
on a motion rate table that provided ground-truth data. In this
section, we describe the experimental setup and the experiment
carried out to validate the proposed technique.
A. Discrete-Time Implementation
An advantage of the continuous-time approach adopted in
this brief is the large region of attraction of the desired equilibrium point. However, the nonlinear differential equations
that constitute the observer are not in the form suitable for
computer implementation, and hence it is necessary to obtain
a discrete-time approximation of the original system. The
key idea governing the selection of the numerical integration
method is the fact that the rotation matrix belongs to the
Lie group SO(3) and the intrinsic geometric properties of
this group have to be preserved by the numerical integration
algorithms. This is not guaranteed by the classical integration
techniques such as Runge–Kutta methods, since these do not
preserve polynomials invariants, like the determinant, with a
degree greater than 3 [29, Theorem IV-3.3]. Therefore, we
have implemented the proposed attitude observer resorting to
the commutator-free Lie group method [30], which is a geometrical integration method and preserves the geometrical

properties of the rotation group. This method leads to a
singularity-free integration and does not require projection
after the update because the integration already evolves on
the underlying manifold.
B. Memsense nIMU
The angular rate measurements were acquired by a
MemSense nIMU (Fig. 3) that contains a triad of rate gyros,
a triad of accelerometers, and a triad of magnetometers. The
data is received via an RS422 communication link. The rate
gyros have a dynamic range of ±150° s−1 , and typical and
maximum noise of 0.36 and 0.95° s−1 (1σ ), respectively.
C. Cricket Localization System
The range measurements were obtained using the Cricket
localization system [19], which is composed by a set of Cricket
motes (Fig. 3). Each mote can be set as a beacon or as
a receiver. In this experimental setup, we used four motes
as beacons and four as receivers. This system relies on the
fact that speed of sound in air (about 343 m s−1 ) is much
lower than the speed of an RF signal (speed of light). Each
beacon emits an ultrasonic pulse simultaneously with an RF
signal containing the respective identification. When the RF
signal is detected by a receiver, it uses the time difference
of arrival with respect to the ultrasonic pulse to compute the
propagation time and subsequently the distance between the
emitter and the receiver. For this experiment, the Cricket motes
firmware was slightly modified so that the beacons only emit a
pulse when requested by an external source via the RS422 data
link. With this configuration, the beacons can be commanded
to emit sequentially, avoiding the collisions usually observed
with this system. At each sampling cycle, all distances between
the beacons and the receivers are computed, neglecting the
time difference between each beacon transmission, which is
a relatively good approximation given the proximity of the
receivers with respect to the beacons. The range measurements
have a resolution of 0.01 m. This system allows for a sampling
frequency of 2 Hz.
D. Motion Rate Table
The system is installed on an Ideal Aerosmith Positioning
and Rate Table Model 2103HT [23], see Fig. 4. This table
provides precise triaxial angular position, rate, and acceleration measurements for development and testing of inertial
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Fig. 4.

Experimental setup.

components and systems. It has ±0.0083° position accuracy
and 0.01% ± 0.0005° s−1 rate accuracy.
E. Observer Gains
The noise of the angular rate measurements is characterized
by a biased Gaussian distribution with standard deviation given
by 0.5443, 0.4756, and 0.5386° s−1 (1σ ) for the x, y, and
z axis, respectively. Regarding the range measurements, we
consider a standard deviation of the measurements of 0.1 m.
This value was slightly inflated to accommodate effects such
as delays in the communications.
Based on the variance of the distance and angular rate measurements, the second moments of all channels of nv and nw
are 0.2843 and 1.07 10−4 , respectively. Consequently, as
discussed in Section IV, the matrices R̄ and Q̄ are given by
⎡
⎤
0.0702 0
0
R̄ = ⎣ 0 0.0702 0 ⎦
0
0 0.0702
⎡
⎤
0.2614 0
0
Q̄ = 10−4 ⎣ 0 0.2614 0 ⎦
0
0 0.2614
and the Kalman gain matrix is given by
⎡
⎤
0.0982 0
0
⎢ 0 0.0982 0 ⎥
⎢
⎥
⎢ 0
0 0.0982⎥
⎢
⎥.
K̄ = ⎢
0 ⎥
⎢0.0193 0
⎥
⎣ 0 0.0193 0 ⎦
0
0 0.0193
From this matrix, we extract the observer gains using the
definition (19): kω = 0.0982 and kb = 0.0096.

Attitude estimates provided by the MEKF.

This set of gains is suitable in terms of local performance
because, in the neighborhood of the origin, the nonlinear
observer can be approximated by its linearization and the gains
are designed so as to reduce the impact of the measurement
noise on the estimation error.
VI. E XPERIMENTAL R ESULTS
This section presents experimental results that validate the
applicability of the proposed solution, considering the reduced
accuracy and low sampling frequency of the ultrasonic sensors.
To guarantee that range measurements are available throughout
the experiment, the performed trajectory is selected to ensure
proper detection of ultrasonic pulses by the receiver transducers. Due to the high directionality of the Cricket ultrasound
emitters [19], the trajectory is characterized by small angular
displacements in roll and pitch. This restriction does not apply
to the yaw angle, which can perform larger excursions. The
results of the proposed nonlinear observer (NL observer) are
compared with the common solution based on the MEKF [6]
using the same initial conditions for both estimators.
Figs. 5 and 6 show the results provided by the MEKF
and the time evolution of the attitude estimates obtained
using the proposed solution, respectively. A large error on the
initial estimates was purposely introduced to highlight the
convergence rate of the estimates. The time evolution of
the estimation errors for both the MEKF and the proposed
attitude observer is shown in Fig. 7. From this figure, we
conclude that both solutions successfully estimate the attitude,
but the MEKF exhibits more sensitivity to outliers and large
angular velocities. Finally, Fig. 8 depicts the time evolution
of the rate gyro bias estimates of the MEKF and the nonlinear observer. This figure shows that the estimates converge
to approximately constant values of bias. Some variations
after the initial transient can be attributed to measurement
errors, thermal fluctuations, and small changes in the real
value of the rate gyro bias. Even in these conditions, the
MEKF shows more oscillations on its estimates, which is
undesirable.
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VII. C ONCLUSION
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In this brief, a nonlinear attitude observer defined on the
SO(3) manifold that relies on inertial and range measurements
was presented. The presence of static bias in angular velocity
measurements was considered and its value estimated by the
observer. Exponential convergence of the estimates to the
desired equilibrium points was established. An experimental
prototype validated the good performance of the proposed
solution when resorting to a three-axis motion rate table.
Future work will be devoted to the implementation of the
system on board an unmanned aerial vehicle.
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