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1. Introduction

By a quadratic programming problem (QP) we understand the following optimization
problem:
Given matrices A; € R™" b, e R»™ 1 and ¢; € R, 4 =0,...,k, solve

minimize gt Aoq + bl g+ co (1)
subject to ¢T A1q + brfq +c1 >0
qTAsq+b3q+ca >0

qTArq+ b g+ cp >0

where ¢ € R"*! is a variable.

Quadratic Programming problems frequently appear in various fields, like control
theory [4,5], optimization [1], computer vision, etc. Particular problems that we will be
dealing with in this paper have also strong applications in Procrustes’ type problems
(see Section 4).

The difficulty in solving Quadratic Programming problems (1) depends heavily on the
number of constraints involved (k), on whether the cost function is homogeneous or not
(bop = 0), as well as on the properties of the matrices involved. The general theory for
solving (efficiently) Quadratic Programming problems, can deal only with some subcases.
For a nice exposition of known methods, see [5] and the references therein.

In particular, there exists a solution to problem (1) if there is only one constraint
(k =1), or if the cost function is homogeneous and we have two constraints (by = 0 and
k=2).

In this paper we focus on one particular, but very important, Quadratic Programming
problem. Namely, we focus on the case when the variable ¢ runs through vectors of 3 x 2
Stiefel matrices, i.e., of 3 X 2 matrices whose columns are orthogonal vectors of unit
norm. Also, we shall focus on the homogeneous case.

Thus our main problem is the following one:

Problem 1. For given C' € R%%6 solve

minimize ' Cq (2)
subject to q = vec(Q)

where @ runs through the Stiefel matrices, i.e.,

Qe0(3,2)={QeR>?:QTQ =1).

As we shall show below, the set of all the constraints in Problem 1 can be characterized
by three quadratic constraints. Thus Problem 1 is a QP problem which is beyond the
scope of standard techniques.
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In this paper, we propose a completely novel approach to Problem 1. In Section 2, we
present a very fast algorithm that gives the solution, by using semi-definite programming
(SDP) that finds the minimum of linear functions on a convex set of matrices.

In fact, we rewrite Problem 1 as a minimization of a linear function over a certain set
of 6 x 6 matrices. The set over which we are minimizing is non-convex, and we compute
its convex hull (tight convex relaxation). We conjecture that it can be computed by in-
troducing one novel constraint. Not only we manage to rewrite the original, non-convex
problem, as an equivalent problem, but surprisingly we can describe the convex hull ex-
plicitly by using only Linear Matrix Inequalities (only linear functions of the entries of
the matrix are involved). Consequently, we managed to rewrite a Problem 1 as a Semi-
Definite Programming (SDP) problem [1,2], hence easily solvable via SeDuMi MATLAB
toolbox [6].

Our result is of immediate interest for so-called structure from motion (SfM) prob-
lems in computer vision. In [3] it proved to be very effective in solving SfM problems
for nonrigid (deformable) shapes. In Section 4, we show that it can also be used for
Procrustes-like problems on O(3, 2).

In Section 5 we give the results of numerical experiments to illustrate the tightness
of the convex approximation obtained by the two aforementioned methods (“standard”
and ours), that clearly show the superiority of our method.

2. Computing the convex hull
For a real symmetric matrix A € R"*" we write
A=0

if it is positive semi-definite, i.e., if 27 Az > 0 for all z € R™.
For two real symmetric matrices of the same size, A, B € R"*" we write

A=B if A-Bx0.

Problem 1 is indeed a quadratic programming problem since the vector ¢ € R*! is
of the form vec(Q) for some Stiefel matrix @ if and only if

o]
T |13
=1
q 0 0 q )
0 0]
T
=1
T |y I q )
0 L]
T 3
=0.
q 0 0 q
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Moreover, since we are minimizing a quadratic function over the set given by three
quadratic restrictions, it is beyond the scope of known general techniques (see [4]).
Our problem can be re-written in the following way:

min ¢’Cq= min Tr(quT):ggleiréTr(CX).

g=vec(Q) g=vec(Q)

Here S is the set of all matrices of the form qq”, with ¢ = vec(Q), for some Stiefel
matrix € R3*2. The set S can be equivalently described as a set of all real symmetric
6 by 6 matrices

Xll X12
X = , 3
[X21 XZQ] ( )

with X1; € R3*3, satisfying the following

X =0, (4)
TI‘(Xll) = TI‘(XQQ) = 1, TI'(Xlg) = 0, (5)
rank X = 1. (6)

Because of the rank constraint, the set S is non-convex.

Denote by co(S) the convex hull of the set S, i.e. the set of all convex combinations
c1X1 + c2Xo + ...+ cx Xk, where X; € S, 7 =1,...,k, and ¢;’s are nonnegative real
numbers such that ¢; + ¢ + -+ - + ¢ = 1. In other words, the convex hull of the set S
(co(5)) is the smallest convex set (with respect to inclusion) that contains the set S.

Since the cost function is linear we have

min Tr(CX) = min Tr(CX).
Xes Xeco(S)

The convex hull co(S) cannot be obtained by simply loosening the rank constraint
(6) in the definition of the set S (“standard” convex relaxation), as can be shown by the
following example:

Example 1. The matrix

= elel ool S
o O Ol © O
O O Ol O O
o O RHIO O O
o O Ol O O
o O Ol © O
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satisfies the conditions (4) and (5). However, it doesn’t belong to the convex hull of S.
Indeed, if there exist nonnegative numbers cy,..., ¢, such that ¢ +co + -4+ ¢, = 1,
and the matrices My,..., My € S, such that

M =My + -+ e M,

then we would have that in matrices Mj, ..., M}, entries at the positions (2,2), (3,3),
(5,5) and (6,6) are zero. Consequently all entries in the second, third, fifth and sixth
rows and columns are zero (all matrices are positive semi-definite). However, matrix M;
being from S is of the form gq” for some ¢ = vec(Q), and thus the corresponding matrix
@ would be of the form

Q=

oS O *
o O ¥

The last is impossible, since @ is a Stiefel matrix.

Thus, we want to compute co(S) by introducing some novel constraints instead of the
rank constraint (6), and if possible to describe co(S) by linear matrix inequalities.

Let Q € R3*2 be a Stiefel matrix, and denote its columns by ¢q; and go. Then the
vector ¢ = vec(Q) € R®*! is given by ¢7 = [¢7 ¢I], and the matrix X = qq” belongs
to S.

The vectors g1, ¢» and their cross-product ¢; x ¢s form an orthonormal basis of R3,
and consequently the sum of projectors to these three vectors is equal to the identity
matrix I3. Moreover, we have access to the entries of ¢; X ¢o as linear functions of the
entries of the off-diagonal block X75. So, we have that the matrices X € S satisfy

vl 4+ X1 + X = I, (7)
where
ba3 — b3
v = U(X) = b31 — b13 (8)
b1z — b2
Wlth X12 = [b”]
Let Y € co(S), and let
v — Yii Yia

)

YZ 1 Y2 2
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with Y11 € R3%3, Let

bs — by
vVV=0(Y):= by — bl |,
12 — by
where Yi5 = [b;]] Then we have that
VT Y1+ Yo < I, 9)

Indeed, as we saw above, all matrices from S satisfy (7) and hence (9). Moreover, if
matrices Y and Y satisfy (9) (the corresponding vectors v(Y”’) and v(Y"') are denoted
by v; and ws, respectively), and if ¢; and ¢y are nonnegative real numbers such that
¢1 4 ¢c2 = 1, then the matrix Z := 1Y’ + ¢Y"” also satisfies (9):

V(2 0(Z2)T + Zy1 + Zay = (c1v1 + cova)(c1v] + covd) 4+ 1Y), + oYY}
+ 1Yoy + caYoy
= ci(vivf + Vi) + Yay) + calvavg + Y{] + Ya3)
T

- 0162(111 - 712)(111 - Uz)

K el +eol3 = I3.

Furthermore, we can write (9) as a Linear Matrix Inequality

=0, (10)

Is — Y11 — Yoo o
o' T 1

since all entries of the matrix on the LHS of (10) are linear functions of the entries of the
matrix Y. It is straightforward to see that this new condition easily discards the matrix
from Example 1.

Xi11 X9

We define the set ¥ of all real, symmetric matrices X = {
Xo1 Xoo

] c RGXG, Xij S

R3*3, that satisfy:

X =0, (11)
TI‘(Xll) = TI‘(XQQ) = 17 (12)
T‘I‘(X12) =0, (13)
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Here the vector v(X) is given as the following linear function of the entries of the off-
diagonal block X;s:

bag — b32
v(X) = | b1 — b3 (15)
bi2 — b2y

with X12 = [bU]
We have proved the following:

Theorem 2. For the above defined sets S and %, we have
co(S)C X
Moreover, we conjecture that the converse is also valid:

Conjecture 3.
co(S) = X.

Although we don’t have the complete rigorous proof of Conjecture 3, we have strong
evidence of its validity. First of all, we have run the tests on very large number of
randomly generated matrices (> 1000), and the results were always correct, i.e. each
randomly generated matrix from ¥ was always in the convex hull of the set S (for
details see Section 5). Also, we have rigorous proofs for some particular cases — for the
complete proof of Conjecture 3 in these particular cases see Section 3. As can be seen
from these proofs, they are quite involved and technical, and we expect that the general
proof will be along the same lines.

3. Proof of the two particular cases
In order to prove Conjecture 3, we are left with proving
Y C co(S).
Hence, we need to prove that every matrix X € ¥ can be written as a convex combination
of the matrices from .5, i.e. that there exist nonnegative real numbers ¢y, ..., c; > 0, with
Zle ¢; = 1, and matrices X1,..., X € S, such that
k

X = ZCiXi-

=1
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Xi11 X9
Xo1 Xoo
is an orthogonal matrix, then the matrix X is from X (respectively, from S) if and only

So, let X = { ] be an arbitrary matrix in . First of all, note that if P € R3*3

if the matrix

PT 0
0o PT

P 0
0 P

X1 X2

) 16
Xo1 Xoo (16)

is from X (respectively, from S). Hence, it is enough to show that for some orthogonal
matrix P, the matrix (16) is from co(S).
Denote by

S
I
IS S

the vector v(X) given by (15). Then the condition (14) in the definition of the set 3 can
be written as

X1+ Xoo + 00" < I,

and since X711 and Xo are positive semi-definite, we have that ||v|| < 1.
In the following two subsections we give a complete proof of Conjecture 3 in the cases
[lv]] = 1, and rank(X11 + Xa2) = 2, respectively.

3.1. Case |[v|| =1

0
Let P be a matrix from SO(3) such that Pv = {0] . Since for every orthogonal matrix
1

Q € R3*3 we have that
Qu(X) = v (diag(@, Q)X diag(Q”, Q")) det(Q),

0

we obtain that v (diag(P, P)X diag(PT, PT)) = {0] . Therefore, by using the transfor-
1

mation (16) for this matrix P, without loss of generality, we can assume that X is such

0
that v =v(X) = [(ﬂ , and so by the definition of v(X):

0
X - XL =1]-1
0

(17)

S O =
S O O

Thus, we are left with proving that all matrices X € ¥ that satisfy (17), belong to
co(S).
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From the defining conditions (12) and (14) of the set X, and since v(X) = [0 0 1]T,
we have that

1
Xi1+Xo=10
0

o = O
o O O

Moreover, since matrices X1; and X5 are positive semi-definite, we have that the third
and the sixth rows, as well as the third and the sixth columns of the matrix X are zero.
Also, since all matrices from S are also positive semi-definite, the only matrices from
S which can be summand in the convex combination making X, must have the same
property, i.e. their third and sixth rows and columns are all zero. Therefore, from now
on we can restrict only to the submatrix of X formed by the first, second, fourth and
fifth rows and columns.

Then we have that the obtained matrix (still denoted by X) is of the following form:

a1 az bl b2 +1
as 1—a ba —b;
X = 18
bl b2 1-— a1 —as9 ’ ( )
bo+1 —by —ag ax

for some aj,as,b1,be € R. From the positive semi-definiteness (non-negativity of the
principal minors), we obtain the following inequalities for the minors of the dimension

two:

) (19)
a2 > (by+1)2, (20)
? (21)
(22)

Also, by considering minors of the dimension one in the matrix (18), we have that
O S aq S 1 (23)

From (20), (21) and (23), we have by = a; — 1. Moreover, the principal 3 by 3 minor
of (18), gives:

(a1 — 1)(@2 + b1)2 > 0. (24)

If a; = 1, then X automatically belongs to S, i.e. then X € S € co(S), which finishes
our proof.
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If a; < 1, then by (24), we must have by = —a2, and so our matrix X has the form
ay a2 —az ay
X — as l—ay|a—1 az (25)
—az aip — 11— a; —az ’
aq as —as aq

with a; > a? + a3.
On the other hand, matrices from S whose third and sixth rows and columns are zero,
have the following form:

cos? ¢ sinpcosy | —sinycos cos? o
sin ¢ cos ¢ sin? ¢ —sin? g sin ¢ cos ¢
—sinpcosy  —sin?y sin? ¢ —sinpcosy
cos? o sin pcosy | —sinpcos cos? o

with ¢ € R.
Hence we are left with proving that the point (a1, as) € R? satisfying a; > a? + a3, is
in the convex hull of the set

K = {(cos? p,sin g cos @) | p € [0,27]}.

2

Since K is a circle given by the equation (z — %)2 +9% = (%) e 22+ y% =2z, by

(19) we have that the point (a1, az2) is inside the circle K. This finishes our proof. O

Remark 4. Above we have obtained that matrices of the form (25) with a? + a3 < a;
belong to co(S) (remember that the third and the sixth rows and columns are zero and we
omit those rows and columns). By multiplying this matrix from the left by diag(ls, —I2)
and from the right by diag(ls, —I2), we obtain that the matrices of the form

ail a9 a9 —aq

ag 1—CL1 1—&1 —as (26)
as 1-— ay 1-— a; —ag ’

—ai —as9 —as9 ay

with a?+a3 < a; also belong to co(S). This will be important in the following subsection.
3.2. Case rank(X11 + X22) =2

X1 X2
Xo1 Xo2
this case, from the conditions (12) and (14), we have that there exists an orthogonal
matrix P € R3*3 such that

Now, let X = { ] be a matrix from 3 such that rank (X;; + Xg2) = 2. In
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1
P(X11 4+ X20)PT = | 0 (27)
0

o = O
S O O

and such that PX; PT is diagonal. Therefore, without loss of generality we can assume
that the matrix X € ¥ satisfies that

1
X1+ Xo2= 1|0 (28)
0

oS = O
oS O O

with X713 being a diagonal matrix. Also, by (14), the vector v(X) has the form v(X) =
[00 ], for some |z < 1.

Hence, we are left with proving that the positive semi-definite matrix of the form (we
are not writing the third and the sixth rows and columns since they are all zero)

aq 0 by by +x
0 1-— a1 b2 —b1
X = 29
bl b2 1-— aq 0 ’ ( )
by +x —b; 0 aj

belongs to co(.S).

The case |z| = 1 we have already solved in Section 3.1, so we can assume that —1 <
Tz <1

In fact, we shall show that the matrix X in (29) can be written as a convex combination
of matrices of the forms (25) and (26), which, as we have already shown above, belong to
co(S). Namely, we shall show that there exist my,ma,n1,n9 € R, with m? + m2 < my,
and n? 4+ n3 < nq, such that

mi ma —m2 my n N2 N2 -
X_1+£L' mao 1—m1 m1—1 meo +1—£L' n9 1—77,1 1—’17,1 —MNo
2 —mo mp1—1|1—mp —mo 2 nge 1l—mp|1—n1 —no
mi ma —ma my —n —Na2 ) n
(30)

Straightforward computation gives the unique solution of (30):

(11+b2+l‘
my = ——
1+z
b1
mo = —
2 1—‘1—1"
n _al—bg—x
1 — 1— =z )
by
No =

1—2a
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Since |z| < 1, the right-hand side of the expression (30) is a convex combination of
two matrices of the forms (25) and (26), respectively. Hence, in order to use the result
from Section 3.1 that these two matrices are from co(.S), we are left with proving that
m% —|—m§ < mj and n% + n% < nq, i.e.

b <min{(a; + by + )(1 — ay — ba), (a1 — by — x)(1 — a; + b)}. (31)

In order to prove (31), we use the fact that X = 0, and in particular that its determinant
is nonnegative, which gives:

b1 — 2(a1(1 — a1) — ba(by + )b}
+ (1 —ay — bg)(l —ay + bQ)(CLl — by — x)(a1 + by + .13) > 0. (32)

Denote by
A=ai;(l—ay)—ba(bs + )
and
B=(1-a;—b3)(1—ai+bs)(ar —bs —z)(as + by + x).
Then we have
A% — B = (a1by — (1 — a1)(by + 2))?,
and so (32) is equivalent to
P<A—\/A2-B or b>A++\/A2-B. (33)

However, from the non-negativity of the principal 3 by 3 minors of the matrix X from
(29), we obtain that

2 _ 2
b%ﬁal(l—al)—max{ arb;  (1—a1)(bs + ) }

—ar’ a

The maximum of the two nonnegative numbers is always greater or equal to their geo-
metric mean, and so we obtain

b% < a1(1 — al) — |b2(b2 —|—1‘)‘ < A.
Therefore, only the first inequality in (33) is valid, and it reads
b% S (11(1 - al) - b2(b2 + I) - |a1b2 - (1 - al)(bg + I)|

The last is equivalent to (31), which finishes our proof. O
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4. Applications and experiments

Our result is of the highest interest for structure from motion (SfM) problems in
computer vision. In fact, in [3] it already proved to be extremely effective in solving SfM
problems for nonrigid (deformable) shapes.

Here we show that it can also be used for Procrustes-like problems on O(3,2).

Consider the following Procrustes problem:

Let B € R®*2 and A € R3%3

.. . B—A 2 34
supyiinimize 1B —AQl (34)

Problem (34) can be regarded as a typical subproblem in SfM algorithms (e.g. see [3]).

Problem (34) is equivalent to

minimize Tr
subject to XeX

4 %c] X) (35)

where A := I, ® AT A, ¢ := 2vec(AT B) and

X X2 m
X=<KX= X21 X22 Zo = 0:Tr (X”) = ].,TI‘ (Xlg) = O,rankX =1
T 2l 1
1 2

Now, the “standard” convex relaxation for (35) consists in dropping the rank constraint
from X, thus turning (35) into a (relaxed) SDP.

Let X* be the solution obtained by solving a particular instance of the relaxed SDP.
Note that X™* is also a solution of (35) if it happens that rank X* = 1 or, equivalently,

Amax (X*) = 3, (36)

where Apax(X) denotes the maximum eigenvalue of a symmetric matrix X.
Here, we propose a tighter relaxation, by capitalizing on our result. First, note
that (34) can be rewritten as

. T ™ T .
Subjergltntl;r?izvic(q;) l"(Aqq ) lg” | (37)

with the understanding that @ runs through the Stiefel matrices O(3,2). Problem (37)
is, in turn, equivalent to

minimize Tr(AX) — Vel Xce (38)

subject to X€S
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Recall that S C R%%6 was defined in (4)—(6). We now propose to relax the nonconvex
constraint set S in (38) to the convex set ¥ defined in Conjecture 3. This turns (38) into
a (relaxed) convex problem which, in fact, is easily reformulated into a SDP.

Let X* be a solution of this relaxed SDP. Then, X* is also a solution of (38) if
rank X* =1 or, equivalently,

Amax (X*) =2 (39)
5. Numerical experiments

We report some numerical experiments to illustrate the tightness of the convex ap-
proximation obtained by the two aforementioned methods (“standard” and ours). We
generated more than 1000 random instances of problem (34) (in each instance, the entries
of A and B were independently drawn from a zero-mean unit-variance Gaussian distri-
bution). For instance k (k= 1,2,...,1000), we solved the “standard” convex relaxation
of (35) (i.e., we dropped the rank constraint from X') and our convex relaxation of (38)
(i.e., we replaced S with X). Let X7, and X3, denote the respective obtained solutions
on instance k. We then checked if X7, and X, also solved the associated nonconvex
problems (35) and (38) (both equivalent to (34)), i.e., we verified if (36) and (39) hold
(we used the tests, Amax (X7%) > 2.9999 and Apax (X3,) > 1.9999, respectively). For the
“standard” relaxation, only 48% of the instances turned out to be exact, whereas our
method was exact in 99.9% of the instances.

Acknowledgements

We thank the referee for valuable comments and suggestions.

This work was supported by Fundac¢ao para a Ciéncia e a Tecnologia (FCT) — ISR/IST
plurianual funding — through the POS Conhecimento Program that includes FEDER
funds, and by the Ministry of Science of Serbia, projects No. 174020 (M. Dodig) and
No. 174012 (M. Stosi¢). The work of J. Xavier was supported by the FCT grants CMU-
PT/STA /0026/2009, PTDC/EMS-CRO/2042/2012 and UID/EEA /5009/2013.

References

[1] S. Boyd, L. Vandenberghe, Convex Optimization, Cambridge University Press, New York, NY, USA,
2004.

[2] L. Vandenberghe, S. Boyd, Semidefinite programming, STAM Rev. 38 (1996) 49-95.

[3] M. Paladini, A. Del Bue, J. Xavier, L. Agapito, M. Stosi¢, M. Dodig, Optimal metric projections for
deformable and articulated structure-from-motion, Int. J. Comput. Vis. 96 (2) (2012) 252-276.

[4] B.T. Polyak, Convexity of quadratic transformation and its use in control and optimization, J. Optim.
Theory Appl. 99 (3) (1998) 553-583.

[5] I. Pélik, T. Terlaky, A survey of the S-lemma, SIAM Rev. 49 (2007) 371-418.

[6] J.F. Sturm, Using SeDuMi 1.02, A Matlab toolbox for optimization over symmetric cones, Optim.
Methods Softw. 11-12 (1999) 625-653.


http://refhub.elsevier.com/S0024-3795(15)00135-4/bib534450s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib534450s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib53445031s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib7031s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib7031s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib706F6Cs1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib706F6Cs1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib706F6C32s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib536544754D69s1
http://refhub.elsevier.com/S0024-3795(15)00135-4/bib536544754D69s1

	On minimizing a quadratic function on Stiefel manifold
	1 Introduction
	2 Computing the convex hull
	3 Proof of the two particular cases
	3.1 Case ||v||=1
	3.2 Case rank(X11+X22)=2

	4 Applications and experiments
	5 Numerical experiments
	Acknowledgements
	References


