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We propose a methodology for enforcing a set of coordination rules onto a multi-robot system, based
on the use of Petri nets to model the team of robots, safe linear temporal logic to specify a set of
coordination rules to be enforced, and supervisory control theory to synthesise a supervisor that
enforces the coordination rules. We introduce a composition algorithm that allows us to build a Petri
net that represents the largest restriction of the team behaviour that still satisfies the specification. Such
a Petri net can be interpreted as a candidate for a supervisor, for which one needs to verify admissibility.
We present a general verification procedure for this problem. We also present a syntactic restriction
to safe linear temporal logic that guarantees admissibility of the composition a priori. We finish by
providing an illustrative example, where we show how the use of temporal logic allows the designer to
write the specifications intuitively, and the use of Petri nets allows us to tackle the large state spaces
and high concurrency associated with multi-robot systems.

1. Introduction
A wide range of applications, such as logistics, environmental monitoring, and smart transportation systems require
fleets of autonomous mobile robots. For such systems, formal
guarantees concerning aspects such as safety, predictability,
performance, robustness and reliability are essential to support the acceptability of the systems. However, in the field
of robotics innovation is often associated with non-formal
approaches. Novel ideas and concepts are typically introduced for particular applications, through well-engineered
systems, but lack the ability to provide formal guarantees.
A particularly important class of guarantee is safety, which
allow for specifying that something “bad” never happens.
Safety properties include requirements that must be satisfied
in all states (e.g., robots should avoid collisions) or can dynamically change depending on observations (e.g., robots
should change from a surveillance to a evacuation behaviour
if a fire is detected).
In this work, we introduce a framework, based on a combination of concepts from discrete event systems and formal
verification, that allows a designer to enforce a set of safety
requirements on a multi-robot team. The framework proposes the use of Petri nets (PNs) to model the uncontrolled
behaviour of the robot team, and safe linear temporal logic
(LTL) for the specification of the coordination requirements.
Then, we build upon concepts from supervisory control (SC)
to synthesise a PN representation of a supervisor that restricts
the behaviours of the team such that the coordination requirements are met. With this approach, we exploit the ability
of PNs to compactly model systems with high concurrency
and the powerful and intuitive ability to specify behaviours
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naturally provided by LTL.
Figure 1 depicts a diagram illustrating the methodology.
To summarise, we start with a PN model of the team and a
syntactically safe LTL formula written over the set of events
of the system plus linear constraints on the markings of the
PN. We translate the safe LTL formula into a deterministic
finite automaton (DFA) that represents it. The DFA is then
appropriately composed with the PN. This composition provides a structure that represents the smallest restriction – in
the sense that any restriction which is more permissive in the
events that can be fired by the system will not comply with
the specification – of the behaviour of the system that satisfies the LTL formula. Then, one needs to guarantee that the
composition is admissible. Intuitively, admissibility means
that the supervisor will not attempt to disable events it cannot
control. We provide two approaches to ensure admissibility.
The first, more general approach is based on the verification
procedure described in Subsection 5.1. With this approach,
if the composition is found to be admissible, then it can be
used to supervise the PN. However, if it is not admissible,
and since PNs are not closed under the supremal controllable
sublanguage operator [13], the designer has to re-write the
specification and re-check the new composition, which in
practical terms is not satisfactory. Given this fact, along with
the significant complexity of checking for admissibility, in
Subsection 5.2 we present a syntactic restriction that ensures
composition admissibility by design. Thus, if the specification is written according to this restriction, the composition
is guaranteed to be an appropriate supervisor. As we will see,
in practical terms using the restriction provided in Subsection 5.2 is a better approach, as it allows for the supervision of
larger systems, and does not require formula re-writing. However, we also present the general algorithm for admissibility
check in Section 5.1 due to its theoretical interest.
Figure 1 also includes the paper organisation, referring
each of the required operations to the section where it is dePage 1 of 15
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Model the system as a PN G (3.2)

Write safe LTL specification ' (3.4, 3.5)
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Build DFA A' (3.5)
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Figure 1: The proposed methodology, along with pointers to
the sections where each operation is described.

scribed. Our contributions are mainly on the steps described
in Sections 4 and 5. Broadly speaking, these are:
1. The definition of a semantics to evaluate state/event
LTL formulas over PNs, where one can reason both
about linear combinations of the number of tokens in
each place plus the labels of transitions;
2. A novel composition algorithm between a PN and a
DFA representing the safe state/event LTL formula;
3. A general procedure to verify supervisor admissibility for the result of our composition algorithm, thus
proving decidability of the problem;
4. A syntactic restriction to the specification language
that guarantees admissibility by design, and can be
used in practical terms.
In Section 6, we present an illustrative example that shows
how our approach allows for the specification of intricate behaviours and the control of systems with large state spaces.
While the procedure we present can be computationally expensive, all the heavy computations are performed off-line.
Thus, the execution of the supervisor resulting from our
methodology requires very little in terms of computational
resources at run-time. This is crucial, given that the supervisor is used in a feedback-loop with the system, hence it needs
to quickly react to changes in the system state.

2. Related Work
PNs have been used as a modelling formalism in several sub-fields of robotics. For example, [53] use PNs to
model robot plans which support robust execution strategies
and [6] use generalised stochastic PNs (GSPNs) to model
and analyse the closed-loop execution of robot behaviour in
its environment. However, in these works behaviours are not
synthesised from the PN, as we do here. PN models have
also been proposed for human-robot collaboration [5].
Given their clear semantics and ability to compactly model
systems with high levels of concurrency, the application of
Lacerda and Lima: Preprint submitted to Elsevier

PNs to model the behaviour of multi-robot systems has attracted particular interest. The work in [26] maps a homogeneous robot team to tokens in a PN to provide a compact
representation of interchangeable robots in order to generate
multi-robot paths that reach certain target locations in the
environment. This is extended in [38] to allow for synthesis
of multi-robot plans that satisfy a boolean team specification.
Finally, [39] uses GSPNs to coordinate a team of robots under
navigation duration uncertainty such that a reward representing system performance is maximised whilst maintaining a
global constraint on team behaviour. These works exploit the
mapping of robots to tokens to maintain a compact representation of the environment. Whilst this is not a requirement of
the work we present here, our application example uses the
same idea to keep the model compact.
In recent years, the use of formal methods for robotics, in
particular temporal logics for robot behaviour specification
and correct-by-construction synthesis have been advocated in
several works and tackling a range of different problems, such
as motion planning [27, 9, 8], partial satisfiability [35, 30]
or multi-objective planning [34, 36]. Furthermore, many of
these methods have been used as the basis for extensions that
deal with multi-robot systems, both with local specifications
for each robot [19, 42] or global, team-level, specification
for which parts of the specification must be assigned to each
robot [51, 47, 10]. All these works are based on a model
that explicitly enumerates the possible states of the system.
In our work, by using structural analysis of PNs, we strive
to mitigate the scalability issues associated with state space
enumeration. Furthermore, we show how our approach can
be applied to task assignment for a team of robots. This
problem has been addressed by several authors, and tackled
using different techniques such as auctioning [7, 43], hybrid
systems [17, 52], and fuzzy logic [50]. These solutions, however, are specific to the problem of task assignment, whilst
the approach we formalise here is more general and can be
applied to different problems, with task assignment being an
instance of a problem our approach is particularly well suited
for.
Supervisory control (SC) of discrete event systems (DES)
modelled as DFA models and language specifications was introduced in the seminal work [45], being currently known in
the community as the Ramadge-Wonham (R-W) framework.
This work introduced the idea, also used here, of obtaining a
supervisor by composing the system model with the specification model, and then analysing such composition in order
to check for controllability. A fairly complete introduction
to DES and SC is avaiable in [4]. The R-W framework was
then extended to PN models of DES in [14, 12, 15]. This
work shows some undesirable properties of PN languages
that hinder their usability as models on the R-W framework.
For example, general PN languages are not closed under
the supremal controllable sublanguage operator [13], which
makes it impossible to define general methods to find PN
representations of the least restrictive admissible supervisor
(i.e., the supervisor that is admissible, satisfies the specification, and disables the minimal amount of transitions to do
Page 2 of 15
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so). In spite of this limitation, one can still check if a given
supervisor candidate is admissible. See [11] for a thorough
compilation of these results. The work presented here extends
the specification language from a solely event-based language
to a state/event-based language. This introduces a new challenge in terms of how to compose the plant model with the
supervisor model. Furthermore, we introduce safe LTL as
a specification language. We discuss these points further
in Subsection 4.4. Alternative to using language specifications is the so called supervision based on place invariants
(SBPI) or generalised mutual exclusion constraints (GMEC)
[16, 21, 22, 40]. In this approach, the specifications are written as linear constraints on the reachable markings of the
system and the number of firings of each transition. This line
of work is based on a linear algebraic approach that deals
with several relevant notions for SC, such as admissibility [3],
observability [41], deadlock avoidance [23] and liveness [20].
We will further discuss the relation between our approach
and GMEC in Subsection 4.4.
The use of temporal logic for SC has mostly focused on
modelling both system and specification as a temporal logic
formula [24, 25] or in state-based models such as DFA [18,
48, 31]. The work presented here builds on [32], where LTLbased approaches for SC was defined for PNs. Here, we
extend the semantics of LTL in order to reason directly over
markings. This not only enriches the specification language,
but also reduces the size of the supervisors, as we will show
in Section 6.

3. Preliminaries

A marking is a distribution of tokens among places and
represents a state of the system. Intuitively, places represent
different components of the system, e.g., number of robots
in a location or number of jobs in a queue. Transitions re
labelled with an associated event, and represent the dynamics
of the states of the system, i.e., changes in the marking of the
PN. Changes of state can be due to the triggering of actions
sent to the robots or the observation of a state update. These
map to controllable and uncontrollable events as we will see
later.
Definition 2 (Input and Output Weights). Let 𝑡 ∈ 𝑇 . We
define the vectors ∙ 𝑡 ∈ ℕ|𝑃 | (input weights of 𝑡) and 𝑡∙ ∈
ℕ|𝑃 | (output weights of 𝑡) as ∙ 𝑡(𝑝) = 𝑊 − (𝑝, 𝑡) and 𝑡∙ (𝑝) =
𝑊 + (𝑝, 𝑡).
We say that 𝑝 is an input place, or an output place, of 𝑡 if
> 0, or 𝑡∙ (𝑝) > 0, respectively.

∙ 𝑡(𝑝)

Definition 3 (Enabled Transition). Let 𝑀 ∈ ℕ|𝑃 | and 𝑡 ∈ 𝑇 .
We say that 𝑡 is enabled if ∙ 𝑡 ≤ 𝑀.
An enabled transition can fire, updating the marking of
the PN according to the input and output weight vectors.
Definition 4 (Transition Firing). Let 𝑡 be an enabled transition in marking 𝑀. The firing of 𝑡 evolves the marking to
𝑡

𝑀 ′ = 𝑀 − ∙ 𝑡 + 𝑡∙ . This is denoted 𝑀 → 𝑀 ′ .
The notion of firing of a transition can be extended to
sequences of transitions.
Definition 5 (Firing Sequences). Let 𝜏 = 𝑡1 ...𝑡𝑛 ∈ 𝑇 ∗ . We
𝜏

3.1. Notation
Let 𝐴 be a set. We define the set
as the set of all finite
sequences that can be built from 𝐴 (including the empty string
𝜖), and 𝐴𝜔 as the set of all infinite sequences that can be built
from 𝐴. For 𝑠 ∈ 𝐴∗ and 𝜎 ∈ 𝐴𝜔 , we define 𝑠.𝜎 ∈ 𝐴𝜔 as
the concatenation of 𝑠 and 𝜎. If 𝐴 is finite, we denote the
number of elements of 𝐴 as |𝐴|. The set of relations between
positive integers is denoted Λ = {<, ≤, =, ≠, ≥, >}. Finally,
let 𝑀, 𝑀 ′ ∈ ℕ𝑛 . We write 𝑀 ≤ 𝑀 ′ if 𝑀(𝑘) ≤ 𝑀 ′ (𝑘) for
all 𝑘 ∈ {1, ..., 𝑛}.
𝐴∗

3.2. Petri Nets
We will model our system as a Petri net (PN) with event
labels associated with the transitions. The alphabet for our
temporal logic specifications will be the union of the event
set and linear constraints on the markings of the system.
Definition 1 (Petri Net). A PN is a bipartite graph defined
as 𝐺 = ⟨𝑃 , 𝑇 , 𝑊 + , 𝑊 − , 𝑀0 , 𝐸, 𝓁⟩. The two types of nodes
are given by sets 𝑃 (places) and 𝑇 (transitions). Matrices
𝑊 − , 𝑊 + ∈ ℕ|𝑃 |×|𝑇 | represent, respectively, the arc weights
from places to transitions, and the arc weights from transitions to places. The vector 𝑀0 ∈ ℕ|𝑃 | is the initial marking,
set 𝐸 represents the events associated to the firing of transitions, with labelling function 𝓁 ∶ 𝑇 → 𝐸 assigning to each
transition a label from 𝐸.

write 𝑀 → 𝑀 ′ if exists 𝑀1 , ..., 𝑀𝑛−1 ∈ ℕ|𝑃 | such that
𝑡1

𝑡2

𝑡𝑛−1

𝑡𝑛

𝑀 → 𝑀1 → ... → 𝑀𝑛−1 → 𝑀 ′ .
We can now define the set of reachable markings as the
set of reachable markings in 𝐺, starting in 𝑀0 and following
the firing rule.
Definition 6 (Reachable Markings). The set of reachable
markings for PN 𝐺 is defined as:
𝜏

𝑅(𝐺) = {𝑀 ∈ ℕ|𝑃 | | exists 𝜏 ∈ 𝑇 ∗ such that 𝑀0 → 𝑀}
(1)
Furthermore, we represent the behaviour of the PN as
sets of generated languages.
Definition 7 (Generated Languages). We define the following two languages generated by a labelled PN 𝐺:
∗
𝐸
𝑓 𝑖𝑛 (𝐺) = {𝓁(𝑡1 )...𝓁(𝑡𝑛 ) ∈ 𝐸 | exists 𝑀1 , ..., 𝑀𝑛
𝑡1

𝑡2

𝑡𝑛

such that 𝑀0 → 𝑀1 → ... → 𝑀𝑛 }
(𝐺) = {(𝓁(𝑡1 ), 𝑀1 )(𝓁(𝑡2 ), 𝑀2 )... ∈ (𝐸 × 𝑅(𝐺))𝜔 |
𝑡1

𝑡2

𝑡3

(2)

(3)

𝑀0 → 𝑀1 → 𝑀2 → ...}
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As we will see later, the elements of 𝐸
(𝐺) will be
𝑓 𝑖𝑛
used in the supervisory control loop, and the elements of
(𝐺) will be used to evaluate the LTL specifications. Also,
note that 𝑀1 must be reachable from the initial marking 𝑀0
through the firing of 𝑡1 , but 𝑀0 is not included in (𝐺). This
is because we assume, without loss of generality, that 𝐺 has
place 𝑖𝑛𝑖𝑡 ∈ 𝑃𝑔 and an 𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑠𝑒_𝑠𝑦𝑠𝑡𝑒𝑚 transition. The 𝑖𝑛𝑖𝑡
place has initial marking equal to 1, while all other places
have initial markings equal to 0. Also, the 𝑖𝑛𝑖𝑡 place is not
an output place on any transition. The system always starts
by firing the 𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑠𝑒_𝑠𝑦𝑠𝑡𝑒𝑚 transition, which consumes
the token of the init place and distributes tokens to the other
places of 𝐺, according to the real initial state of the system.
This ensures that the initial marking of the system will be
taken into account by our composition algorithm. We require
the PNs in this work to be deterministic, to ensure that the
supervisor can keep track of the current marking of the PN
model of the system during execution while only observing
the generated sequence of events.

Figure 2: PN model for job allocation. Complement places
that do not restrict the language of the model as omitted for
readability. Transitions in red are uncontrollable.

Definition 8 (Deterministic PN). Let 𝐺 be a PN. We say
that 𝐺 is deterministic if in all of its reachable markings
𝑡

𝑡′

𝑀 ∈ 𝑅(𝐺), if 𝑀 → 𝑀 ′ , 𝑀 → 𝑀 ′′ and 𝑀 ′ ≠ 𝑀 ′′ , then
𝓁(𝑡) ≠ 𝓁(𝑡′ ).
Finally, we assume that 𝑃 is partitioned into 𝑃𝜔 ∪ 𝑃𝑏 ,
where 𝑃𝜔 is the set of unbounded places and 𝑃𝑏 is the set of
bounded places.
Definition 9 (Bounded Place). Let 𝑝 ∈ 𝑃 . We say that 𝑝
is bounded, with bound 𝜅(𝑝), if for all 𝑀 ∈ 𝑅(𝐺), 𝑀(𝑝) ≤
𝜅(𝑝).
We also assume that, for each 𝑝 ∈ 𝑃𝑏 , its complement
place 𝑝 is also in 𝑃𝑏 .
Definition 10 (Complement Place). Let 𝑝 ∈ 𝑃𝑏 be a bounded
place. We define its complement place as the place 𝑝 such
that 𝑀(𝑝) + 𝑀(𝑝) = 𝜅(𝑝) for all 𝑀 ∈ 𝑅(𝐺). Note that
𝜅(𝑝) = 𝜅(𝑝) and 𝑝 = 𝑝.
Note that if we know the bound for a place, we can add its
complement place to the PN without changing its behaviour
[46]. Thus, we do not lose generality with our assumption.
Example 1. We introduce the multi-robot coordination example that will be built throughout the paper. Assume a
team of 𝑛𝑅 robots that are in charge of performing a set
𝐽 = {𝑗1 , ..., 𝑗𝑛𝐽 } of different types of jobs. We assume that
there is a maximum number 𝑛𝑗𝑖 of jobs of type 𝑗𝑖 that are
allowed to be processed by the system at any given time. Furthermore, robots might fail while executing tasks. When this
happens, the robot gets into a broken state, and the task goes
to a queue of incomplete tasks. The PN is Figure 2 represents
this system, for task 𝑗𝑖 .
Also, when a robot breaks, other robots can repair it.
When doing so, robots might be successful (leading to both
robots being able to continue executing tasks), fail (leading
to both robots being considered broken), or discover that the
Lacerda and Lima: Preprint submitted to Elsevier

Figure 3: PN model for robot repair. Complement places
that do not restrict the language of the model as omitted for
readability. Transitions in red are uncontrollable.

broken robot is not repairable (leading to a state where the
broken robot needs to be replaced). This repair module of
the system is represented by the PN in Figure 3. The overall
model is obtained by merging places with the same name in
Figs. 2 and 3.
For simplicity, we do not depict all the complement places.
Furthermore, we define 𝐸 = 𝑇 , and 𝓁(𝑡) = 𝑡, i.e., we will
refer the transitions by the event they represent, since all
events are unique. Also, for clarity, we depict the models
without the 𝑖𝑛𝑖𝑡 place and 𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑠𝑒_𝑠𝑦𝑠𝑡𝑒𝑚 transition. The
𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑠𝑒_𝑠𝑦𝑠𝑡𝑒𝑚 transition would put 𝑛𝑅 tokens in place
idle_robots, and 𝑛𝑗𝑖 tokens in 𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚, for each 𝑗1 , ..., 𝑗𝑛𝐽 .

3.3. Supervisory Control
The purpose of supervisory control (SC), as introduced
in [45] is, given a model of the uncontrolled behaviour of a
system, to restrict its behaviour to an admissible language
𝑎 ⊆ (𝐺), through a feedback loop. In this subsection, we
provide a brief overview on SC with language specifications
for PNs (see [11, 33] for further details).
One starts by partitioning the event set 𝐸 into controllable
and uncontrollable transitions.
Definition 11 (Controllable and Uncontrollable Events). We
split the set of events 𝐸 into two disjoint subsets 𝐸 = 𝐸𝑐 ∪𝐸𝑢𝑐 .
We call 𝐸𝑐 the set of controllable events and 𝐸𝑢𝑐 the set of
uncontrollable events.
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𝐸𝑐 is the set of events that can be prevented from happening by the supervisor and 𝐸𝑢𝑐 is the events that cannot be
prevented from happening. This partition is due to the fact
that, in general, there are events that make a system change
its state that are not of the “responsibility” of the system itself
(e.g., failures in execution). The set of uncontrollable events
induces a set of uncontrollable transitions for 𝐺.
Definition 12 (Uncontrollable Transitions). We define the set
of uncontrollable transitions as 𝑇𝑢𝑐 = {𝑡 ∈ 𝑇 | 𝓁(𝑡) ∈ 𝐸𝑢𝑐 }.
Example 2. In the PN models depicted in Figs. 2 and 3,
controllable transitions, corresponding to actions that can
be taken on the system are depicted in black, and uncontrollable transitions, corresponding to events that represent the
arrival of new jobs or a given action being successful, or
unsuccessful, are depicted in red.
Definition 13 (Supervisor). A supervisor for 𝐺 is a function
𝑆 ∶ 𝐸
(𝐺) → 2𝐸 that, given 𝑠 ∈ 𝐸
(𝐺), outputs the set
𝑓 𝑖𝑛
𝑓 𝑖𝑛
of enabled events, i.e., the set of events that 𝐺 can execute
next.
A supervisor restricts the language generated by 𝐺 such
that some behaviour specification for the system is fulfilled.
Definition 14 (Controlled Language). The language generated by 𝐺 when controlled by 𝑆 is then given by:
(𝑆∕𝐺) = {(𝑒1 , 𝑀1 )(𝑒2 , 𝑀2 )... ∈ (𝐺) |
𝑒𝑖+1 ∈ 𝑆(𝑒1 ...𝑒𝑖 ) for all 𝑖 ∈ ℕ}

(4)

The supervisor controls the system by, after the firing of
an event by 𝐺, “reading” the string 𝑠 executed by 𝐺 so far,
and outputting a set of enabled events 𝑆(𝑠). When executing
the next event, 𝐺 can only execute an event which is enabled
in its current state and which is enabled by 𝑆.
For analysis and implementation purposes, it is important to represent the supervisor in a convenient way. In this
work, we will use a PN 𝐺𝜑 to represent the supervisor. In
order for 𝐺𝜑 to be implementable in the real system, we need
to guarantee that it is admissible. Intuitively, admissibility
means that the supervisor never disables enabled uncontrollable events. We will discuss admissibility in Section 5. If the
composition is admissible, then it can be used to control the
system, i.e., we can directly represent the supervisor as a PN,
using 𝐺𝜑 . The feedback loop is then implemented as follows:
at each step, 𝐺 executes an event 𝑒, according to the enabled
events in its current state and the current enabled events by
𝐺𝜑 , evolving to a new marking. This event is then sent to 𝐺𝜑 ,
which passively executes 𝑒, also evolving to a new marking.
The set of enabled events after the execution of 𝑒 is the set of
enabled events of 𝐺𝜑 in the new marking. Representing supervisors with the same formalism used to model for system
modelling also gives us analysis benefits. These benefits stem
from the fact that, for this case, (𝑆∕𝐺) = (𝐺𝜑 ), i.e., 𝐺𝜑
also models the closed-loop behaviour of the system. Thus,
we can use all the analysis techniques available for PNs on
the controlled system.
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3.4. Linear Temporal Logic
Linear temporal logic (LTL) is an extension of propositional logic developed as a means for formal reasoning about
concurrent systems [44]. It provides a convenient and powerful way to formally specify a variety of qualitative properties
of a system.
Definition 15 (Syntax). The syntax of LTL is defined over a
set of atomic propositions Π using the grammar below.
𝜑 ∶∶= 𝑡𝑟𝑢𝑒 | 𝜋 | ¬𝜑 | 𝜑∧𝜑 | 𝚇 𝜑 | 𝜑 𝚄 𝜑, where 𝜋 ∈ Π (5)
We evaluate LTL formulas over 𝜔-strings 𝜎 = 𝜎0 𝜎1 𝜎2 ... ∈
(𝐺). Thus, we define the set of atomic propositions as
Π = 𝐸 ∪ (ℤ|𝑃𝑏 | × Λ × ℕ).
Definition 16 (Atomic Propositions Satisfaction). Let 𝜎𝑖 =
(𝑒𝑖 , 𝑀𝑖 ) ∈ 𝐸 ×ℕ|𝑃 | be an (event/marking) pair. 𝜎𝑖 = (𝑒𝑖 , 𝑀𝑖 )
satisfies 𝜋 ∈ Π if (i) 𝜋 = 𝑒𝑖 ∈ 𝐸; or (ii) 𝜋 = (𝑣, ⋈, 𝑏) with
∑
𝑣 ∈ ℤ|𝑃𝑏 | , ⋈∈ Λ and 𝑏 ∈ ℕ, and 𝑝∈𝑃𝑏 𝑣(𝑝)𝑀𝑖 (𝑝) ⋈ 𝑏.
Intuitively, 𝜋 = 𝑒 means that the last event to occur
was 𝑒, and 𝜋 = (𝑣, ⋈, 𝑏) is a linear constraint requiring
∑
𝑝∈𝑃𝑏 𝑣(𝑝)𝑀(𝑝) ⋈ 𝑏 to hold for the current marking 𝑀.
Note that we are allowing the writing of state/event specifications, i.e., we allow reasoning over both events and markings
generated by the system.
Now that we know how to evaluate atomic propositions
on 𝜎 ∈ (𝐺), we can define the LTL operators in the usual
way (see, for example, [44] for a formal semantics): The 𝚇
operator is read “next”, meaning that the formula it precedes
will be true in the next state. The 𝚄 operator is read “until”,
meaning that its second argument will eventually become
true in some state, and the first argument will be continuously
true until that state is reached. We write 𝜎 ⊩ 𝜑 to denote
that 𝜎 satisfies 𝜑.
Other useful LTL operators can be derived: (i) the “eventually” operator 𝙵 𝜑, which requires that 𝜑 is satisfied in some
future state: 𝙵 𝜑 ≡ 𝑡𝑟𝑢𝑒 𝚄 𝜑; (ii) the “always” operator 𝙶 𝜑,
which requires that 𝜑 is satisfied in all states: 𝙶 𝜑 ≡ ¬ 𝙵 ¬𝜑;
and (iii) the “weak until” operator 𝜑 𝚆 𝜓 which relaxes the until operator to include 𝜔-strings for which 𝜓 is never satisfied
but 𝜑 is always satisfied: 𝜑 𝚆 𝜓 ≡ (𝜑 𝚄 𝜓) ∨ (𝙶 𝜑).
Example 3. For the PN model depicted in Figs. 2 and 3, one
might want to specify that if the number of working robots is
greater or equal than the current number of jobs in the system,
then we should not require dead robot replacement, as this
requires human intervention and should only be done when
the resources start becoming low. This can be written as the
following LTL specification:
𝜑1 = 𝙶((𝑛𝑅 − 𝑀(𝑏𝑟𝑜𝑘𝑒𝑛_𝑟𝑜𝑏𝑜𝑡𝑠) − 𝑀(𝑑𝑒𝑎𝑑_𝑟𝑜𝑏𝑜𝑡𝑠)
∑
≥(
𝑀(𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚))) ⇒ (𝑋(¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡))) (6)
𝑗𝑖 ∈𝐽

(

∑

Note that 𝑛𝑅 − 𝑀(𝑏𝑟𝑜𝑘𝑒𝑛_𝑟𝑜𝑏𝑜𝑡𝑠) − 𝑀(𝑑𝑒𝑎𝑑_𝑟𝑜𝑏𝑜𝑡𝑠) ≥
𝑗𝑖 ∈𝐽 𝑀(𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚)) is a linear constraint on the system.
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We write it using this form for readability. The formal specification is (𝑣, ≤, 𝑛𝑅 ), where 𝑣(𝑝)
=
1 if
𝑝 ∈ {𝑏𝑟𝑜𝑘𝑒𝑛_𝑟𝑜𝑏𝑜𝑡𝑠, 𝑑𝑒𝑎𝑑_𝑟𝑜𝑏𝑜𝑡𝑠, 𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚 | 𝑗𝑖 ∈ 𝐽 },
and 𝑣(𝑝) = 0 otherwise.

3.5. Safe LTL and Deterministic Automata
In SC theory, we are generally interested in restricting the
behaviour of a system so that it satisfies a given specification,
i.e., we are interested in avoiding sequences of execution that
are considered “bad”. The class of LTL that specifies properties that state that something “bad” will never happen is a
well-defined class, called safe LTL [28, 49]. These are formulas for which the non-satisfying infinite sequences always
have a finite bad prefix.
Definition 17 (Bad Prefix). Let 𝜑 be an LTL formula and
𝜎 = 𝜎0 𝜎1 ... ∈ (𝐺) such that 𝜎 ⊮ 𝜑. We say 𝜎 has a bad
prefix if there exists 𝑛 ∈ ℕ for which the truncated finite
sequence 𝜎|𝑛 = 𝜎0 𝜎1 ...𝜎𝑛 is such that 𝜎|𝑛 ⋅𝜎 ′ ⊮ 𝜑 for all
𝜔
infinite sequences 𝜎 ′ ∈ (2Π ) .
Definition 18 (Safe LTL). We say that the LTL formula 𝜑
is safe if all the infinite sequences 𝜎 such that 𝜎 ⊮ 𝜑 have a
bad prefix.
Intuitively, a safe LTL formula is a formula that can always be falsified in a finite horizon. It is known that formulas
in the positive normal form (i.e., where negation is only applied directly to atomic propositions) which only use the
temporal operators 𝚇, 𝙶 and 𝚆 are safe. We will keep our
specifications within this syntactic restriction.
Safe LTL formulas 𝜑 can be translated into deterministic
finite automata (DFA)1 .
Proposition 1 ([28]).⟨ Let 𝜑 be a safe⟩LTL formula. There
exists a DFA 𝐴𝜑 = 𝑄, 2Π , 𝛿, 𝑞0 , 𝑄𝑓 where (i) 𝑄 is a set
of states; (ii) 𝛿 ∶ 𝑄 × 2Π → 𝑄 is a (partial) deterministic
transition function; (iii) 𝑞0 is an initial state; and (iv) 𝑄𝑓 is
a set of accepting states; that accepts exactly the sequences
that are not a bad prefix for 𝜑.
The fact that 𝜑 is safe also allows us to assume, without
loss of generality, that (i) 𝐴𝜑 is pruned, i.e., there are no
sink states from which all accepting states are unreachable;
and (ii) 𝑄𝑓 = 𝑄. Furthermore, in order to describe the
transition labels (elements of 2Π ) in a more compact way,
we use DNF transition labels, i.e., we label the transitions
with propositional formulas over Π, in the disjunctive normal
form (DNF). A propositional formula is said to be in the DNF
if it is a disjunction of conjunctive clauses. A conjunctive
clause is the conjunction of positive and negative literals. The
labels of the transition are then the pairs (𝑒, 𝑀) ∈ 2Π that
satisfy the DNF formula. We write (𝑒, 𝑀) ⊩ 𝜓 when 𝜓 is
a DNF formula satisfied by (𝑒, 𝑀). Also, the satisfaction of
conjunctive clauses 𝜓𝐸 written only over 𝐸 only depends on
𝑒. Thus, we write 𝑒 ⊩ 𝜓𝐸 if 𝑒 satisfies 𝜓𝐸 .
1 Note that, given the semantics over infinite sequences, in general one
needs automata that accept infinite strings (such as Büchi automata) to
represent LTL formulas. However, for the safety fragment of LTL DFA
suffice, and make the presentation clearer.
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Figure 4: DFA for formula 𝜑1 . States are labelled 𝑞1 and 𝑞2 .

Example 4. The LTL formula in Ex. 3 is syntactically safe.
The DFA 𝐴𝜑1 that only accepts the sequences which are not
a bad prefix for 𝜑1 is depicted in Figure 4.
All atomic propositions (𝑒, 𝑀) such that
𝑛𝑅 − 𝑀(𝑏𝑟𝑜𝑘𝑒𝑛_𝑟𝑜𝑏𝑜𝑡𝑠) − 𝑀(𝑑𝑒𝑎𝑑_𝑟𝑜𝑏𝑜𝑡𝑠)
≥
∑
( 𝑗𝑖 ∈𝐽 𝑀(𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚)) are transition labels of the transition from 𝑞1 to 𝑞2 , while only atomic propositions that
satisfy the same condition over 𝑀 and are such that 𝑒 ≠
𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 are transition labels of the self-loop from 𝑞2
to 𝑞2 .

4. Composition of PN System Model with DFA
In this section, we present the composition algorithm
between a PN system model 𝐺 and the DFA obtained from a
safe LTL specification 𝜑. The result of this composition is a
PN 𝐺𝜑 whose generated language is the generated language
of 𝐺 restricted to the 𝜔-strings that satisfy 𝜑. Formally, we
will tackle the following problem:
Problem 1. Let 𝐺 = ⟨𝑃𝑏 ∪ 𝑃𝜔 , 𝑇 , 𝑊 − , 𝑊 + , 𝑀0 , 𝐸, 𝓁⟩ be
a PN and 𝜑 be a safe state/event LTL formula written over
Π = 𝐸 ∪ (ℤ𝑃𝑏 × Λ × ℕ). Build a PN 𝐺𝜑 such that:
𝜎 ∈ (𝐺𝜑 ) if and only if 𝜎 ∈ (𝐺) and 𝜎 ⊩ 𝜑

(7)

4.1. From General Linear Constraints to
SP-GEQ-Cs
We start by showing how one can translate arbitrary literals of the form (𝑣, ⋈, 𝑏) to single place greater-or-equal
constraints (SP-GEQ-Cs). An SP-GEQ-C is of the form
(𝑣𝑠 , ≥, 𝑏), where 𝑣𝑠 is a vector with exactly one entry equal to
1, and all other entries equal to 0. We will represent all DNF
labels in the DFA obtained for the safe LTL formulas using
SP-GEQ-Cs, as this representation is required to define the
notion of minimal satisfying transition, which will be central
to the composition algorithm. We split the translation into 4
steps. These steps are more or less straightforward and use
known properties of bounded PNs and of complement places
so, for the sake of brevity, we omit the details. We refer the
reader to [29] for a thorough description of the translation.

4.1.1. From Negative Literals to Positive Literals
Firstly, we convert any negative literal into a positive literal over (ℤ|𝑃𝐵 | × Λ × ℕ), by noting that the negation of a
linear constraint can always be transformed in an equivalent
“positive” linear constraint by changing the relation accordingly. For example, ¬(𝑣, ≥, 𝑏) can be re-written as (𝑣, <, 𝑏).
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4.1.2. From General Constraints to GEQ and LEQ
Constraints
One can now convert any positive literal (𝑣, ⋈, 𝑏) into
greater-or-equal (GEQ) or less-or-equal (LEQ) constraints,
by taking into account that these are constraints over integers.
∑
For example, one can write 𝑝∈𝑃𝑏 𝑣(𝑝)𝑀(𝑝) ≥ 𝑏 + 1 instead
∑
of 𝑝∈𝑃𝑏 𝑣(𝑝)𝑀(𝑝) > 𝑏.
4.1.3. From GEQ and LEQ Constraints to Positive
GEQ Constraints
After preforming the two conversion steps described above,
all the literals in the DFA transition labels are of the form
(𝑣, ⋈, 𝑏) ∈ ℤ|𝑃𝐵 | × {≤, ≥} × ℕ. We can now convert each
constraint to a positive GEQ constraint, i.e., a constraint
(𝑣′ , ≥, 𝑏′ ) ∈ ℕ|𝑃𝐵 | × {≥} × ℕ equivalent to (𝑣, ⋈, 𝑏). This
can be done by re-writing the LEQ constraints and the negative weights in 𝑣, using the relations between places and
their complement places, and using the corresponding place
bounds. For example, if 𝜅(𝑝) = 3 a constraint that imposes
𝑀(𝑝) ≤ 2 can be re-written as 𝑀(𝑝) ≥ 1.
4.1.4. From Positive GEQ Constraints to SP-GEQ-Cs
We can now assume that we are dealing with constraints
(𝑣, ≥, 𝑏) ∈ ℕ|𝑃𝐵 | × {≥} × ℕ. In order to re-write these constraints as SP-GEQ-Cs, we add, for each (𝑣, ≥, 𝑏), an extra
place 𝑝𝑣 in the PN. We call this place counter place, as it is
used to “count” the sum of tokens in 𝑀 weighted by 𝑣, i.e.,
for all 𝑀 ∈ 𝑅(𝐺):
𝑀(𝑝𝑣 ) =

∑

𝑣(𝑝)𝑀(𝑝).

Figure 5: Illustration of the counter place construction.

Example 5. Consider the linear constraint ¬(𝑣1 , ≤, 𝑛𝑅 ), where
𝑣1 is defined in Ex. 3, and the PN models of Ex. 1. We illustrate the full conversion procedure:
1. Convert the constraint into a positive literal (𝑣1 , >, 𝑛𝑅 );
2. Convert the constraint into a GEQ constraint
(𝑣1 , ≥, 𝑛𝑅 − 1);
3. Since 𝑣1 is already in ℕ|𝑃𝐵 | and the constraint is already
a GEQ constraint, we do not need to modify it;
4. Build the counter place 𝑝𝑣1 for 𝑣1 . The construction
is depicted in blue in Figure 5, where we assume two
types of jobs, and only depict the relevant places and
transitions of the model. The final SP-GEQ-C, equivalent to the initial constraint, is (𝑝𝑣1 , ≥, 𝑛𝑅 − 1).

(8)

𝑝∈𝑃𝑏

Definition
19
(Counter
Place).
Let
𝐺 = ⟨𝑃𝑏 ∪ 𝑃𝜔 , 𝑇 , 𝑊 − , 𝑊 + , 𝑀0 , 𝐸, 𝓁⟩ be a PN and (𝑣, ≥
, 𝑏) ∈ ℕ|𝑃𝐵 | × {≥} × ℕ a constraint. The addition of a counter
place
for
𝑣
to
𝐺,
yields
the
PN
𝐺𝑣 = ⟨𝑃 ∪ {𝑝𝑣 }, 𝑇 , 𝑀0𝑣 , 𝑊 𝑣− , 𝑊 𝑣+ , 𝐸, 𝓁⟩, where, for 𝑝𝑣 :
∑
• 𝑀0𝑣 (𝑝𝑣 ) = 𝑣𝑇 𝑀0 =
𝑣(𝑝)𝑀0 (𝑝);
𝑝∈𝑃𝑏

• For 𝑡 ∈ 𝑇 , 𝑊 𝑣− (𝑝𝑣 , 𝑡) = max{−𝑊 𝑣 (𝑝𝑣 , 𝑡), 0} and
𝑊 𝑣+ (𝑝𝑣 , 𝑡) = max{𝑊 𝑣 (𝑝𝑣 , 𝑡), 0}, where:
∑
𝑊 𝑣 (𝑝𝑣 , 𝑡) =
𝑣(𝑝)(𝑊 + (𝑝, 𝑡) − 𝑊 − (𝑝, 𝑡)) (9)
𝑝∈𝑃𝑏

Furthermore 𝑊 𝑣− (𝑝, 𝑡) = 𝑊 − (𝑝, 𝑡) and 𝑊 𝑣+ (𝑝, 𝑡) =
𝑊 + (𝑝, 𝑡) for all 𝑝 ∈ 𝑃 , 𝑡 ∈ 𝑇 .
Note that the addition of the counter place does not change
the behaviour of the PN, and one can see 𝐺𝑣 as an extension
of 𝐺 that keeps track of the sum of the number of tokens in
certain places.
Thus, after the counter place 𝑝𝑣 is built, (𝑣, ≥, 𝑏) can be
re-written as an SP-GEQ-C (𝑣𝑝𝑣 , ≥, 𝑏), where 𝑣𝑝𝑣 (𝑝𝑣 ) = 1
and 𝑣𝑝𝑣 (𝑝) = 0 for all other 𝑝 ∈ 𝑃 . For simplicity we will
denote SP-GEQ-Cs as (𝑝𝑣 , ≥, 𝑏) in the remainder of the paper.
Lacerda and Lima: Preprint submitted to Elsevier

4.2. Adding Minimal Satisfying Transitions
We now describe the construction of minimal satisfying
transitions for conjunctive clauses of the form 𝜓 = 𝜓𝐸 ∧ 𝜓𝑃 ,
where 𝜓𝐸 = 𝑙1 ∧ ... ∧ 𝑙𝑘𝐸 is a conjunctive clause over 𝐸, and
𝜓𝑃 = (𝑝1 , ≥, 𝑏1 ) ∧ ... ∧ (𝑝𝑘𝑃 , ≥, 𝑏𝑘𝑃 ) is a conjunctive clause,
where all the literals are SP-GEQ-Cs.
Definition 20 (Minimal Satisfying Transition). Let 𝜓 =
𝜓𝐸 ∧ 𝜓𝑃 , where 𝜓𝐸 = 𝑙1 ∧ ... ∧ 𝑙𝑘𝐸 . We define the set
⋃ 𝑘𝑃
of places associated with 𝜓 as 𝑃𝜓 = 𝑖=1
𝑝𝑖 and the function 𝑏 ∶ 𝑃𝜓 → ℕ that maps each 𝑝𝑖 to the corresponding 𝑏𝑖 ,
i.e., 𝑏(𝑝𝑖 ) = 𝑏𝑖 , 𝑖 = 1, ..., 𝑘𝑃 . If 𝜅(𝑝) − ∙ 𝑡(𝑝) + 𝑡∙ (𝑝) ≥ 𝑏(𝑝) for
all 𝑝 ∈ 𝑃𝜓 and 𝓁(𝑡) ⊩ 𝜓𝐸 , the minimal satisfying transition
𝑡𝑡,𝜓 obtained from 𝑡 and 𝜓 is defined as:
∙

{
𝑡𝑡,𝜓 (𝑝) =

∙ 𝑡(𝑝)

𝑏(𝑝) + ∙ 𝑡(𝑝) − 𝑡∙ (𝑝)

𝑡∙𝑡,𝜓 (𝑝) =

{

if 𝑝 ∉ 𝑃𝜓 or 𝑏(𝑝) ≤ 𝑡∙ (𝑝)
otherwise
(10)

𝑡∙ (𝑝) if 𝑝 ∉ 𝑃𝜓 or 𝑏(𝑝) ≤ 𝑡∙ (𝑝)
𝑏(𝑝) otherwise

(11)
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In the cases where 𝓁(𝑡) ⊮ 𝜓𝐸 , or exists 𝑝 ∈ 𝑃𝜓 such that
𝜅(𝑝) − ∙ 𝑡(𝑝) + 𝑡∙ (𝑝) < 𝑏(𝑝), we say that the minimal satisfying
transition is undefined.
The minimal satisfying transition for 𝑡 and 𝜓 is enabled
if and only if (i) 𝑡 is enabled; (ii) 𝓁(𝑡) satisfies the conjunctive
clause 𝜓𝐸 ; and (iii) the firing of 𝑡 drives the PN to a marking
that satisfies all the SP-GEQ-Cs in 𝜓𝑃 . Furthermore, when
the minimal satisfying transition is not defined, then either
(i) 𝓁(𝑡) does not satisfy the conjunctive clause 𝜓𝐸 ; or (ii) all
the firings of 𝑡 will drive the PN to a marking 𝑀 where at least
one SP-GEQ-C (𝑝𝑖 , ≥, 𝑏𝑖 ) is not satisfied, i.e., 𝑀(𝑝𝑖 ) < 𝑏𝑖 .
Proposition 2. Let 𝐺 be a PN, 𝑡 ∈ 𝑇 , and 𝜓 = 𝜓𝐸 ∧ 𝜓𝑃 ,
where 𝜓𝐸 is a conjunctive clause written over 𝐸 and 𝜓𝑃 is
a conjunctive clause of SP-GEQ-Cs. The minimal satisfying
transition 𝑡𝑡,𝜓 has the following properties:
𝑡𝑡,𝜓

𝑡

1. For all 𝑀 ∈ 𝑅(𝐺), 𝑀 → 𝑀 ′ if and only if 𝑀 → 𝑀 ′ ,
𝓁(𝑡) ⊩ 𝜓𝐸 and 𝑀 ′ (𝑝) ≥ 𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 , i.e.,
(𝑀, 𝓁(𝑡)) ⊩ 𝜓;
2. If 𝑡𝑡,𝜓 is undefined, then either 𝓁(𝑡) ⊮ 𝜓𝐸 , or for
all 𝑀 ′ ∈ 𝑅(𝐺) for which there exists 𝑀 ∈ 𝑅(𝐺)
𝑡

such that 𝑀 → 𝑀 ′ , there exists 𝑝 ∈ 𝑃𝜓 such that
𝑀 ′ (𝑝) < 𝑏(𝑝), i.e., (𝑀, 𝓁(𝑡)) ⊮ 𝜓.
Proof. We note that the part of the result concerning 𝓁(𝑡) and
𝜓𝐸 follows directly from the definition. Thus, we just need to
analyse 𝜓𝑃 and the possible markings obtained immediately
after the firing of 𝑡.
1. We start by noting that the input and output weights
of 𝑡 and 𝑡𝑡,𝜓 coincide for all places 𝑝 such that 𝑝 ∉
𝑃𝜓 or 𝑏(𝑝) ≤ 𝑡∙ (𝑝). Hence, we only need to analyse
places 𝑝 such that 𝑝 ∈ 𝑃𝜓 and 𝑏(𝑝) > 𝑡∙ (𝑝).
𝑡𝑡,𝜓

𝑡

⇒ For all 𝑀 ∈ 𝑅(𝐺), if 𝑀 → 𝑀 ′ then 𝑀 → 𝑀 ′
and 𝑀 ′ (𝑝) ≥ 𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 .
𝑡

To prove that 𝑀 → 𝑀 ′ , we need to prove that:
(i) 𝑡 is enabled in 𝑀, i.e., 𝑀 ≥ ∙ 𝑡.
For all 𝑝 ∈ 𝑃𝜓 such that 𝑏(𝑝) > 𝑡∙ (𝑝), we have:
𝑀(𝑝) ≥ ∙ 𝑡𝑡,𝜓 (𝑝) = 𝑏(𝑝) + ∙ 𝑡(𝑝) − 𝑡∙ (𝑝) > ∙ 𝑡(𝑝)
(12)
(ii) 𝑀 − ∙ 𝑡 + 𝑡∙ = 𝑀 − ∙ 𝑡𝑡,𝜓 + 𝑡∙𝑡,𝜓 .
For all 𝑝 ∈ 𝑃𝜓 such that 𝑏(𝑝) > 𝑡∙ (𝑝), we have:
𝑀(𝑝) − ∙ 𝑡𝑡,𝜓 (𝑝) + 𝑡∙𝑡,𝜓 (𝑝) =
∙

∙

∙

𝑀(𝑝) − 𝑡(𝑝) + 𝑡 (𝑝)
To prove that 𝑀 ′ (𝑝) ≥ 𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 , we start by
𝑡𝑡,𝜓

noting that, according to the PN firing rule, if 𝑀 →
𝑀 ′ , then 𝑀 ′ (𝑝) ≥ 𝑡∙𝑡,𝜓 (𝑝) for all 𝑝 ∈ 𝑃 . Furthermore,
by construction of 𝑡𝑡,𝜓 , 𝑡∙𝑡,𝜓 (𝑝) ≥ 𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 .
Hence, it is clear that 𝑀 ′ (𝑝) ≥ 𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 .
Lacerda and Lima: Preprint submitted to Elsevier

𝑡𝑡,𝜓

𝑏(𝑝) for all 𝑝 ∈ 𝑃𝜓 , then 𝑀 → 𝑀 ′ . We need to prove
that:
(i) 𝑡𝑡,𝜓 is enabled in 𝑀, i.e., 𝑀 ≥ ∙ 𝑡𝑡,𝜓 .
For all 𝑝 ∈ 𝑃𝜓 such that 𝑏(𝑝) > 𝑡∙ (𝑝), we have:
𝑀 ′ (𝑝) =
𝑀(𝑝) − ∙ 𝑡(𝑝) + 𝑡∙ (𝑝) =
𝑀(𝑝) − ∙ 𝑡𝑡,𝜓 (𝑝) + 𝑏(𝑝) − 𝑡∙ (𝑝) + 𝑡∙ (𝑝) =

(14)

𝑀(𝑝) − ∙ 𝑡𝑡,𝜓 (𝑝) + 𝑏(𝑝)
Given that, by hypothesis, 𝑀 ′ (𝑝) ≥ 𝑏(𝑝), we can
conclude that 𝑀(𝑝) − ∙ 𝑡𝑡,𝜓 (𝑝) + 𝑏(𝑝) ≥ 𝑏(𝑝), thus
𝑀(𝑝) ≥ ∙ 𝑡𝑡,𝜓 (𝑝).
(ii) 𝑀 − ∙ 𝑡𝑡,𝜓 + 𝑡∙𝑡,𝜓 = 𝑀 − ∙ 𝑡 + 𝑡∙ .
This was already proven in point (ii) above.
2. Since 𝑡𝑡,𝜓 is undefined, let 𝑝 ∈ 𝑃𝜓 such that 𝜅(𝑝) −
∙ 𝑡(𝑝) + 𝑡∙ (𝑝) < 𝑏(𝑝), i.e., −∙ 𝑡(𝑝) + 𝑡∙ (𝑝) < 𝑏(𝑝) − 𝜅(𝑝).
𝑡

Let 𝑀, 𝑀 ′ ∈ 𝑅(𝐺) such that 𝑀 → 𝑀 ′ . We have
that:
𝑀 ′ (𝑝) =𝑀(𝑝) − ∙ 𝑡(𝑝) + 𝑡∙ (𝑝) <
𝑀(𝑝) + 𝑏(𝑝) − 𝜅(𝑝) ≤ 𝑏(𝑝)

(15)

Hence the proof is completed.
Example 6. Let 𝛾 = ¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 ∧ (𝑝𝑣1 , ≥, 𝑛𝑅 − 1),
where 𝑝𝑣1 is the counter place defined in Ex. 5. We assume
𝑛𝑅 > 1, otherwise the SP-GEQ-C is trivially satisfied in
all markings. We will analyse transitions 𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 and
ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡. For transition 𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡, 𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 ⊮
¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡, thus 𝑡𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡,𝛾 is not defined. For transition ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡, ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡 ⊩ ¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡. Furthermore, we have ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡∙ (𝑝𝑣1 ) = 0 ≱ 𝑏(𝑝𝑣1 ) = 𝑛𝑅 − 1,
so we change the arc weights to ∙ 𝑡ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡,𝛾 (𝑝𝑣1 ) = 𝑏(𝑝𝑣1 ) +
∙ ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡(𝑝 ) − ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡∙ (𝑝 ) = (𝑛 − 1) + 1 − 0 = 𝑛
𝑣1
𝑣1
𝑅
𝑅
and 𝑡∙ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡,𝛾 (𝑝𝑣1 ) = 𝑏(𝑝𝑣1 ) = 𝑛𝑅 − 1. Figure 6 depicts the
result of the minimal satisfying transition 𝑡ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡,𝛾 , as just
described. We only depict the relevant places and transitions
for its construction. The transitions with arc changes are
depicted in blue. For this example, the places and arcs depicted in green are to be ignored, as they are related to the
composition algorithm that will be described next.

4.3. Composition Algorithm

𝑀(𝑝) − 𝑏(𝑝) − 𝑡(𝑝) + 𝑡 (𝑝) + 𝑏(𝑝) = (13)
∙

𝑡

⇐ For all 𝑀 ∈ 𝑅(𝐺), if 𝑀 → 𝑀 ′ and 𝑀 ′ (𝑝) ≥

To solve Problem 1, we define a composition function
that, given the PN 𝐺 and the DFA 𝐴𝜑 , builds a PN 𝐺𝜑 that
simulates the run of the PN and the DFA in parallel, such
that 𝐺 only fires a transition 𝑡 if the firing of 𝑡 satisfies one
of the enabled DNF transition labels in the current state of
𝐴𝜑 . The construction of this PN follows Algorithm 1. The
algorithm is based on the notion of minimal satisfying transition, so we assume that all the DNF formulas labelling the
DFA transitions have either literals over 𝐸 or SP-GEQ-Cs,
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To summarise, for each transition 𝑡𝑡,𝛾 added to the output
PN, there are 3 types of arcs:

Figure 6: Synchronising transition ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡 with the selfloop of state 𝑞2 of the DFA depicted in Figure 4.

Algorithm 1 DFA/PN Composition
Input: PN 𝐺 = ⟨𝑃 , 𝑇 , 𝑊 + , 𝑊 − , 𝑀0 , 𝐸, 𝓁⟩, and syntactically safe LTL
formula 𝜑, written over Π
Output: PN 𝐺𝜑 = ⟨𝑃𝜑 , 𝑇𝜑 , 𝑊𝜑+ , 𝑊𝜑− , 𝑀𝜑,0 , 𝐸, 𝓁𝜑 ⟩
⟨
⟩
1: 𝐴𝜑 = 𝑄, 2Π , 𝛿, 𝑞0 , 𝑄𝑓
2: 𝑃𝜑 ← 𝑃 ; 𝑀𝜑,0 ← 𝑀0
3: 𝑞𝑢𝑒𝑢𝑒.𝑝𝑢𝑠ℎ(𝑞0 )
4: add place 𝑝 with label 𝑞0 to 𝑃𝜑 ; 𝑀𝜑,0 (𝑝) ← 1
5: while 𝑞𝑢𝑒𝑢𝑒 ≠ ∅ do
6:
𝑞 ← 𝑞𝑢𝑒𝑢𝑒.𝑝𝑜𝑝()
7:
for all 𝑡 ∈ 𝑇 do
8:
for all (𝜓, 𝑞 ′ ) such that 𝛿(𝑞, 𝜓) = 𝑞 ′ do
9:
for all conjunctive clauses 𝛾 in 𝜓 do
10:
if 𝑡𝑡,𝛾 is defined then
11:
if ∄𝑝 ∈ 𝑃𝜑 with label 𝑞 ′ then
12:
𝑞𝑢𝑒𝑢𝑒.𝑝𝑢𝑠ℎ(𝑞 ′ )
13:
add place 𝑝′ with label 𝑞 ′ to 𝑃𝜑 ; 𝑀𝜑,0 (𝑝′ ) ← 0
14:
end if
15:
add transition 𝑡𝑡,𝛾 to 𝑇𝜑 ; 𝓁𝜑 (𝑡𝑡,𝛾 ) ← 𝓁(𝑡)
∙ 𝑡 (𝑝) ← 1, where 𝑝 ∈ 𝑃 is labelled 𝑞
16:
𝑡,𝛾
𝜑
17:
𝑡∙𝑡,𝛾 (𝑝′ ) ← 1, where 𝑝′ ∈ 𝑃𝜑 is labelled 𝑞 ′
18:
end if
19:
end for
20:
end for
21:
end for
22: end while

and that the corresponding counter places have already been
added to 𝐺.
We start by analysing the initial state 𝑞0 of the DFA, and
only analyse states that are attained during the execution of
the algorithm, i.e., states added to 𝑞𝑢𝑒𝑢𝑒 (lines 11–14). These
states are added as places to 𝐺𝜑 . At each marking of 𝐺𝜑 , the
“DFA place” representing the current state of the DFA has
one token and all other “DFA places” have zero tokens. This
can be seen as representing the DFA as a PN structure, and
allows us to represent the result of the composition as a PN.
When analysing a state 𝑞, taken from 𝑞𝑢𝑒𝑢𝑒, we iterate
over all DNF formulas 𝜓 labelling transitions from 𝑞 and, for
each transition of the input PN, build the minimal satisfying
transition for each conjunctive clause 𝛾 in 𝜓. For each of
these conjunctive clauses, if the minimal satisfying transition
𝑡𝑡,𝛾 is defined, we add it to 𝐺𝜑 . Furthermore, to ensure that
we keep the DFA evolution encoded in 𝐺𝜑 , we add the place
representing 𝑞 as an input place, and the place representing
𝛿(𝑞, 𝜓) as an output place to 𝑡𝑡,𝛾 (lines 7–21). Note that if the
minimal satisfying transition is not defined, it means that the
original transition cannot be executed without falsifying 𝜑,
hence we do not add anything to 𝐺𝜑 .
Lacerda and Lima: Preprint submitted to Elsevier

1. System arcs, i.e., the same arcs as in 𝑡. These arcs take
into account the evolution of the system after 𝑡 is fired;
2. DFA arcs, i.e., arcs that consume a token from the
place representing the current state of the DFA and put
one token in the place representing the next state of
the DFA. These arcs take into account the evolution of
the DFA;
3. Constraint arcs, obtained from the minimal satisfying
transition construction. These arcs do not change the
token flow (with respect to the original PN) in the
places they are related to. Furthermore, they guarantee
that any marking obtained immediately after the firing
of 𝑡𝑡,𝛾 satisfies 𝛾 (according to the properties of minimal
satisfying transitions proved in Proposition 3).
Hence, the result of the composition simulates the running in parallel of the PN and the DFA, where we add transitions that represent all the possible firings of transitions in
the PN that can satisfy a DNF label in the DFA, evolving
both structures accordingly. Given that we synchronise all
transitions in both models (as in the parallel composition
of PNs where transition synchronisation is done using the
events of each model, see for example [11]), and the notion of
minimal satisfying transition is ocrrect as proved in Prop. 3,
we can ensure the correctness of the composition algorithm.
Proposition 3. Algorithm 1 solves Problem 1.
Proof. The counter place represents a linear constraint (𝑣, ⋈
, 𝑏) while maintaining the language of the PN. Thus, after
building counter places for all linear constraints in 𝜑, one
just needs to ensure that the corresponding SP-GEQ-Cs over
the counter places are kept valid according to the transitions
of 𝐴𝜑 , while not restricting the firing of transitions more
than needed to guarantee that validity. The minimal satisfying transitions exactly represent the minimal restriction
over a transition such that its firing is guaranteed to evolve
the PN to a marking such that the SP-GEQ-C is satisfied,
as proved in Proposition 2. Algorithm 1 generalises the notion of event-based parallel composition of PNs as described
in [11], synchronising all transitions between the PN and
the DFA, using the minimal satisfying transition notion, and
keeping track of the marking evolution of 𝐺 and the state
evolution of 𝐴𝜑 . Thus, the result follows.
Example 7. Algorithm 1 needs to synchronise all transitions
of 𝐺 with all transitions from DFA states that are queued
(lines 6 and 12). Consider the PN model 𝐺 in Figs. 2 and
3, and the DFA 𝐴𝜑 in Figure 4. Assume that all transitions
from state 𝑞1 of 𝐴𝜑 have been processed, and we are currently
processing transition ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡 of 𝐺, and the transition in
𝐴𝜑 from 𝑞2 to 𝑞1 , labelled by ¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 ∧ ¬(𝑣1 , ≤, 𝑛𝑅 ).
As seen in Ex. 5, this label is equivalent to ¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 ∧
(𝑝𝑣1 , ≥, 𝑛𝑅 − 1), where 𝑝𝑣1 is the associated counter place.
The construction of the minimal satisfying transition for
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ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡 and ¬𝑟𝑒𝑝𝑙𝑎𝑐𝑒_𝑟𝑜𝑏𝑜𝑡 ∧ (𝑝𝑣1 , ≥, 𝑛𝑅 − 1) was illustrated in Ex. 6. Thus, we just need to add arcs representing
the evolution of the DFA from 𝑞2 to 𝑞1 , as depicted in green
in Figure 6.

4.4. Additional Remarks
4.4.1. Complexity of the Composition
It is known that for an LTL formula 𝜑, the number of
states of the deterministic automaton 𝐴𝜑 is, in the worst|𝜑|

case, doubly exponential on the size of 𝜑, i.e., |𝑄| = 22
[28]. Furthermore, the number of transitions is at most
|𝑄|2|Π𝜑 | , where Π𝜑 ⊆ Π is the set of atomic proposition
that occur in 𝜑. This is because the maximum number of
transitions from a state is the size of the DFA’s alphabet.
|𝜑|
Thus, in the worst-case, |𝑃𝜑 | = |𝑃 | + 22 and |𝑇𝜑 | =
|𝜑|

|𝑇 ||𝑄|2|Π𝜑 | = |𝑇 |2(2 +|Π𝜑 |) . Thus, the composition has
|𝜑|
complexity 𝑂(|𝑃 | + |𝑇 |2(2 +|Π𝜑 |) ). We note that the exponential blow-up on the size of the formula is unavoidable
as it stems from the translation of the formula to the DFA.
However, in general the size of the LTL specifications can
be kept small, with our semantics based on linear constraints
being an extra factor for such an argument, as we discuss
next. Furthermore, the worst-case scenario for the automaton
size is rarely attained, with state-of-the-art LTL to automaton
translators generating automata that are much smaller than
the worst-case for most LTL formulas.

4.4.2. Dead Transitions
The use of a structural approach allows us to avoid the
state space explosion. However, our composition requires
synchronising all transitions in the PN with all transitions in
the DFA, to ensure that the DFA component of the composition evolves according to all the events fired in the original
PN. Several of these transitions might not be enabled by any
of the reachable markings in the PN. However, this cannot
be analysed at composition time because it would require
building the state space. In general, the computational savings of not generating the state space of the PN outweigh
the impact of the generation of these dead transitions. Their
presence does not affect the overall qualitative behaviour of
the system, i.e., the generated controlled language is still the
same. Hence, their main impact is on execution and analysis terms, as there is a large subset of transitions which, if
not pruned, impact the process of finding the enabled transitions in a certain marking. In order to perform the pruning
of dead transitions, one can use several techniques. Examples are building the coverability graph of the composition,
and remove transitions that do not appear there, or using an
incomplete structural approach, based on the notion of firing count vector, as described in [32]. In future work, we
will investigate more involved approaches for removing dead
transition, e.g., [1].
4.4.3. Complexity Benefit of Linear Constraints
In other works relating LTL and PNs, the proposed semantics of LTL is more restrictive than the one we present
here. In general, LTL formulas are evaluated over PN models
Lacerda and Lima: Preprint submitted to Elsevier

by associating a set of atomic propositions 𝐷 to a subset of
1-bounded places (i.e., places 𝑝 such that 𝜅(𝑝) = 1). Then, 𝑑
is satisfied in a marking 𝑀 iff 𝑀(𝑝𝑑 ) = 1, where 𝑝𝑑 is the 1bounded place associated to 𝑑. Our approach is not only more
general but also can yield smaller supervisors, by allowing
the representation of some propositional connectives by linear constraints. For example, let 𝐷′ = {𝑑1 , ..., 𝑑𝑛 } ⊆ 𝐷 and
𝑣𝐷′ a vector such that 𝑣𝐷′ (𝑝) = 1 if 𝑝 = 𝑝𝑑𝑖 for some 𝑑𝑖 ∈ 𝐷′
⋁
and 0 otherwise. A formula 𝑑𝑖 ∈𝐷′ 𝑑𝑖 , can be represented
⋀
by (𝑣𝐷′ , ≥, 1); a formula 𝑑𝑖 ∈𝐷′ 𝑑𝑖 , can be represented by
(𝑣𝐷′ , ≥, 𝑛); more generally, consider the so-called cardinality
constraints, i.e., constraints of the form “at least 𝑚 of the 𝑛
atomic propositions in 𝐷′ need to be satisfied” or “at most
𝑚 of the 𝑛 atomic proposition in 𝐷′ can be satisfied”. To the
best of our knowledge, the best lower-bound for the length
of a propositional logic formula encoding such a constraint
is in 𝑂(𝑛 log2 𝑚) [2]. We can represent “at least” constraints
by (𝑣𝐷′ , ≥, 𝑚) and “at most” constraints by (𝑣𝐷′ , ≤, 𝑚) , i.e.,
by a single atomic proposition.

4.4.4. Generalised Mutual Exclusion Constraints
The inspiration to use linear constraints came from the
so called generalised mutual exclusion constraints (GMEC)
approach [16, 21, 40, 22]. The GMEC approach is a form
of state-based supervision, based on the addition of places
– called monitors – that create place invariants in the PN.
These monitors allow the designer to write specifications
similar to ours. In fact, the construction of the counter place
we presented here has similarities with the basic construction of monitors. Loosely speaking, a “GMEC specification”
(𝑣, ⋈, 𝑏) is equivalent to the safe LTL specification 𝐺(𝑣, ⋈, 𝑏).
Thus, our approach can be seen as an alternative to GMECs,
that deals with specifications of the same flavour but, instead
of only allowing for “static” linear restrictions that must always hold, allows for the specification of “dynamic” safe
LTL relations between GMECs that can change due to the
sequence of markings and/or events already executed. The
GMEC approach has the advantage of being able to deal with
unbounded places. This is because GMEC always keeps the
number of tokens in the places above or below a given constant, being only applicable when the initial marking already
satisfies the linear constraint. In our case, we must check the
number of tokens in certain places, because we always need
to know what is the marking after the firing of a transition
in order to make the DFA evolve to the correct state. Since
being able to check whether an unbounded place has 0 tokens
increases the modelling power of the PN to the equivalent
of a Turing machines (which is not desirable as most problems become undecidable), we cannot hope to reason directly
about unbounded places.
4.4.5. Event Based DFA and PN Language
Specifications
Our approach builds over the more traditional event based
language specification approaches, by allowing for state/event
specifications, where the state specifications are “GMEClike”. Hence, our composition algorithm can be seen as
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bringing together ideas from two well established techniques
for SC of PNs: GMECs and language specifications. We
also note that, while our algorithm receives a safe state/event
LTL specifications as input, it can be easily generalised to
specifications given directly as a DFA or a PN, as it follows
the idea of concurrent composition for PNs, as presented for
example in [11].

5. Supervisor Admissibility
5.1. Checking Admissibility
In this subsection we provide a general procedure to check
admissibility of the composition 𝐺𝜑 obtained from Algorithm 1. This procedure is based on the notion of partially
covering markings [11, 33].
Definition 21 (Partially Covering Marking). Given a set of
places 𝑃 , a marking 𝑀 ∈ ℕ|𝑃 | , and 𝑃 = ⊆ 𝑃 , the set of
partially covering markings is defined as:
(𝑀, 𝑃 = ) =
{𝑀 ′ ∈ ℕ|𝑃 | | 𝑀 ′ (𝑝) = 𝑀(𝑝) for all 𝑝 ∈ 𝑃 = and (16)
𝑀 ′ (𝑝) ≥ 𝑀(𝑝) for all 𝑝 ∈ 𝑃 ⧵ 𝑃 = }
Partially covering markings represent the set of markings
which are equal to 𝑀 for places in 𝑃 = and greater or equal
than 𝑀 for all other places. In spite of being a set of infinite
cardinality, it is shown in [33] that checking the reachability
of an element in this set is decidable.
Definition 22 (Modified Input Places). Given 𝑡 ∈ 𝑇𝑢𝑐 , let
𝑇𝜑𝑡 = {𝑡1 , ..., 𝑡𝑟 } be the set of transitions of the form 𝑡𝑡,𝜓
created by Algorithm 1 for 𝑡 ∈ 𝑇 . We define the set of
combinations (Cartesian product) of input places that were
modified for 𝑇𝜑𝑡 as:

𝑃𝜑𝑡

𝑟
∏
=
{𝑝𝜑 ∈ 𝑃𝜑 | ∙ 𝑡𝑖 (𝑝𝜑 ) − ∙ 𝑡(𝑝𝜑 ) > 0}

(17)

𝑖=1

For places 𝑝𝑄 ∈ 𝑃𝜑 ⧵ 𝑃 , i.e., places representing DFA states,
we consider ∙ 𝑡(𝑝𝑄 ) = 0.
We can now define the set of tokens for input places
of 𝑡 for which 𝑡 would be enabled in 𝐺 but none of the its
corresponding transitions created in 𝐺𝜑 would be enabled.
Definition 23 (Inadmissible Token Distribution). Let 𝐩 =
(𝑝1 , ..., 𝑝𝑟 ) ∈ 𝑃𝜑𝑡 . We define the set of inadmissible 𝑘’s for
𝑡 ∈ 𝑇𝑢𝑐 as:
𝐾
∙

𝑡,𝐩

= {(𝑘1 , ..., 𝑘𝑟 ) ∈ ℕ | for all 𝑖, 𝑗 = 1, ..., 𝑟,
𝑟

𝑡(𝑝𝑖 ) ≤ 𝑘𝑖 < 𝑡𝑖 (𝑝𝑖 ) and if 𝑝𝑖 = 𝑝𝑗 then 𝑘𝑖 = 𝑘𝑗 }
∙

(18)

Example 8. Figure 7 depicts (a) a system model 𝐺; and
(b) a composition 𝐺𝜑 for a safe LTL formula 𝜑. Note that
places 𝑞0 and 𝑞1 represent DFA places. We exemplify how
𝑡
to construct some instances of the sets defined above: 𝑇𝜑1 =
Lacerda and Lima: Preprint submitted to Elsevier

Figure 7: (a) A PN system model 𝐺. (b) A PN/DFA composition 𝐺𝜑 .

𝑡

{𝑡𝑡1 ,𝜓1 , 𝑡𝑡1 ,𝜓2 }; 𝑃𝜑1
=
{𝑝1 , 𝑞1 } × {𝑝2 , 𝑞0 }
=
{(𝑝1 , 𝑝2 ), (𝑝1 , 𝑞0 ), (𝑞1 , 𝑝2 ), (𝑞1 , 𝑞0 )}; and 𝐾 𝑡1 ,(𝑝1 ,𝑝2 )
=
{(1, 0), (2, 0), (1, 1), (2, 1)}.
Note that, for the job allocation model in Figs. 2 and
3, and the self-loop of 𝑞2 of the DFA 𝐴𝜑1 in Figure 4, we

have calculated one element of 𝑇𝜑ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡
. However, this set
1
has 4 elements, one for each transition of the DFA. Thus,
exemplifying this construction for 𝑇𝜑ℎ𝑒𝑙𝑝_𝑟𝑜𝑏𝑜𝑡
is not possible,
1
due to spacing constraints. This illustrates the first problem
with this approach: one needs to take into account all possible
combinations of 𝑘-tuples over a Cartesian product, which can
become unmanageable very quickly.
The proposition below is a straightforward adaptation of
the result in [33] to our composition algorithm.
Proposition 4. Checking if 𝐺𝜑 is admissible for 𝐺 can be
reduced to checking reachability of a finite union of partially
covering markings in 𝐺𝜑 .
Proof. Let 𝑡 ∈ 𝑇𝑢𝑐 , 𝐩 = (𝑝1 , ..., 𝑝𝑟 ) ∈ 𝑃𝜑𝑡 , 𝑃𝐩 = {𝑝1 } ∪ ... ∪
{𝑝𝑟 } and 𝐤 = (𝑘1 , ..., 𝑘𝑟 ) ∈ 𝐾 𝑡,𝐩 , and consider the marking
following markings, defined over 𝑃𝜑 :
⎧ 𝑘
if 𝑝 = 𝑝𝑖 ∈ 𝑃𝐩
⎪ 𝑖
𝑀𝑡,𝐩,𝐤 (𝑝) = ⎨ ∙ 𝑡(𝑝) if 𝑝 ∈ 𝑃 and 𝑝 ∉ 𝑃𝐩
⎪ 0
otherwise
⎩
{
𝑀𝑡 (𝑝) =

∙ 𝑡(𝑝)

0

if 𝑝 ∈ 𝑃
otherwise

(19)

(20)

All possible uncontrollable markings for 𝐺𝜑 can be represented by the following:
⋃ ⋃

⋃

𝑡∈𝑇𝑢𝑐 𝐩∈𝑃𝜑𝑡 𝐤∈𝐾 𝑡,𝐤

(
)
 𝑀𝑡,𝐩,𝐤 , 𝑃𝐩 ∪

⋃

(𝑀𝑡 , ∅) (21)

𝑡∈𝑇𝑢𝑐 | 𝑇𝜑𝑡 =∅

This result has the importance of showing that admissibility checking is decidable for 𝐺𝜑 . However, in practical
terms, applying it is not efficient, as checking for reachability
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of a partially covering marking relies on building a PN 𝐺𝜑′ .
The state space growth associated with the construction of
𝐺𝜑′ makes the procedure infeasible for PNs with state spaces
larger than a few hundred states. In our experiences, we could
only check a PN with less that 50 reachable markings, and
𝐺𝜑′ had more than 100,000 reachable markings.

5.2. Specification Language Restriction

Formulas of type 3 specify that immediately after condition 𝛾 is satisfied, 𝜓 must keep being satisfied until condition
𝛾 ′ is met. The restrictions for the SP-GEQ-Cs in 𝜓 are the
same as for formulas of type 2. Note that we can use formulas
of type 3 to encode that an event 𝑒 ∈ 𝐸𝑐 must occur as soon
as possible:
⋀
𝙶(𝛾 ⇒ 𝑋((
¬𝑒′ )𝑊 𝑒))
(23)

Given the inefficiency of checking for admissibility, we
present an extra syntactic restriction to safe LTL that guarantees supervisor admissibility a priori.

The restriction to formulas of the types above ensures
admissibility of the supervisor because:

Definition 24 (Controllable SP-GEQ-Cs). The set of controllable SP-GEQ-Cs for 𝐺 is defined as:
𝑠𝑝𝑔𝑒𝑐𝑞𝑐 = {(𝑝, ≥, 𝑏) | for all 𝑡 ∈ 𝑇𝑢𝑐 ,
if 𝑡 (𝑝) − 𝑡(𝑝) < 0 then 𝑡 (𝑝) ≥ 𝑏}
∙

∙

∙

(22)

Maintaining (𝑝, ≥, 𝑏) ∈ 𝑠𝑝𝑔𝑒𝑐𝑞𝑐 true between consecutive markings does not entail disabling uncontrollable transitions. Note that, given that our marking constraints are of
the same form as GMECs, one can use known approaches
for transforming uncontrollable SP-GEQ-Cs into controllable
SP-GEQ-Cs, such as the approach in [41].
Example 9. In the PN of Figs. 2 and 3, (idle_robots, ≥, 𝑏) is
controllable for all 𝑏
∈
{0, ..., 𝑘𝑅 }, because
∙ 𝑡(idle_robots) = 0 for all 𝑡 ∈ 𝑇 .
Conversely,
𝑢𝑐
(𝑗𝑖 _𝑖𝑛_𝑠𝑦𝑠𝑡𝑒𝑚, ≥, 𝑏) is uncontrollable for all 𝑏 ∈ ℕ,
because ∙ finished _𝑗𝑖 (idle_robots)
=
1, and
∙ finished _𝑗 (idle_robots) − finished _𝑗 ∙ (idle_robots)
=
𝑖
𝑖
−1 < 0, and finished _𝑗𝑖 is an uncontrollable transition.
Definition 25 (Syntactic Restriction). We define the class of
guaranteed admissible safe LTL formulas as a conjunction of
formulas of the following types:
1. 𝐺𝜓, where 𝜓 is a propositional formula in the DNF
where only SP-GEQ-Cs in 𝑠𝑝𝑔𝑒𝑐𝑞𝑐 that are satisfied in
the initial state, or literals ¬𝑒 with 𝑒 ∈ 𝐸𝑐 can occur.
2. 𝐺(𝛾 ⇒ 𝑋𝜓), where 𝛾 is any propositional formula in
the DNF and 𝜓 is a propositional formula in the DNF
where only SP-GEQ-Cs in 𝑠𝑝𝑔𝑒𝑐𝑞𝑐 that also appear in
𝛾, or literals ¬𝑒 with 𝑒 ∈ 𝐸𝑐 can occur.
3. 𝐺(𝛾 ⇒ 𝑋(𝜓𝑊 𝛾 ′ )), where 𝛾 and 𝛾 ′ are any propositional formulas in the DNF and 𝜓 is a propositional
formula in the DNF where only SP-GEQ-Cs in 𝑠𝑝𝑔𝑒𝑐𝑞𝑐
that also appear in 𝛾, or literals ¬𝑒 with 𝑒 ∈ 𝐸𝑐 can
occur.
Formulas of type 1 specify propositional logic relations
between state descriptions and controllable events that should
always be satisfied in all markings of the supervised PN.
Formulas of type 2 specify that𝜓 must be satisfied immediately after condition 𝛾 is met. Since 𝛾 is a condition, it
can have occurrences of all atomic propositions. To ensure
admissibility, only SP-GEQ-Cs in 𝑠𝑝𝑔𝑒𝑐𝑞𝑐 that occur in 𝛾, or
the negation of controllable events can occur in 𝜓.
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𝑒′ ∈𝐸𝑐 ⧵{𝑒}

• We never enforce the occurrence of an event or set of
events, we only enforce that a given subset of 𝐸𝑐 must
not happen at a given moment.
• We do not enforce that a certain place must remain with
𝑏 or more tokens when the firing of an uncontrollable
transition removes tokens from that place and does not
put at least 𝑏 tokens back on it.
Finally it is clear that if 𝜑 and 𝜓 yields admissible supervisors, then 𝜑 ∧ 𝜓 must also yield an admissible supervisor.

6. Application to Multi-Robot Coordination
In this section, we illustrate and evaluate our approach
on the running example scenario. We will use the PN represented in Figs. 2 and 3, and write a specifications according
to Subsection 5.2 to control it.
First, formula 𝜑1 , introduced in Ex. 3.
Second, if the number of broken and dead robots gets
above a threshold 𝑘𝑏𝑟𝑜𝑘𝑒𝑛 , then we should prioritise the use
of the available robots for repair jobs.
𝜑2 = 𝙶((𝑀(𝑏𝑟𝑜𝑘𝑒𝑛_𝑟𝑜𝑏𝑜𝑡𝑠)+
𝑀(𝑑𝑒𝑎𝑑_𝑟𝑜𝑏𝑜𝑡𝑠) ≥ 𝑘𝑏𝑟𝑜𝑘𝑒𝑛 ) ⇒
(24)
⋀
(𝑋(
(¬𝑎𝑠𝑠𝑖𝑔𝑛_𝑛𝑒𝑤_𝑗𝑖 ∧ ¬𝑎𝑠𝑠𝑖𝑔𝑛_𝑓 𝑎𝑖𝑙𝑒𝑑_𝑗𝑖 ))))
𝑗𝑖 ∈𝐽

Third, jobs that have failed should be given priority over
new jobs, as they have been in the system for more time.
𝜑3 = 𝙶((

∑

𝑀(𝑓 𝑎𝑖𝑙𝑒𝑑_𝑗𝑖 _𝑞𝑢𝑒𝑢𝑒) ≥ 1) ⇒

𝑗𝑖 ∈𝐽

(𝑋(

⋀

¬𝑎𝑠𝑠𝑖𝑔𝑛_𝑛𝑒𝑤_𝑗𝑖 )))

(25)

𝑗𝑖 ∈𝐽

The above rules are general, regardless of the number |𝐽 |
of types of job. One can also define prioritisation between
different jobs. For example, between jobs 1 and 2, we might
want to provide higher priority for job 1, such that we do not
allow for allocation of jobs of type 2 if either there are less
jobs of type 2 in the queue, or there are at least three jobs of
type 1 queueing.
𝜑4 = 𝙶(((𝑀(𝑛𝑒𝑤_𝑗1 _𝑞𝑢𝑒𝑢𝑒) ≥ 𝑀(𝑛𝑒𝑤_𝑗2 _𝑞𝑢𝑒𝑢𝑒))
∨ (𝑀(𝑛𝑒𝑤_𝑗1 _𝑞𝑢𝑒𝑢𝑒) ≥ 3)) ⇒ (𝑋(¬𝑎𝑠𝑠𝑖𝑔𝑛_𝑛𝑒𝑤_𝑗2 )))
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(26)
However, in the cases where there are more jobs of type
2 queueing, and there is at most one job of type 1 queueing,
we do not allow for allocation of jobs of type 1. This allows
the system to balance the distribution of jobs, and ensuring
that when the load for jobs of type 1 is low, jobs of type 2
will be processed.
𝜑5 = 𝙶(((𝑀(𝑛𝑒𝑤_𝑗1 _𝑞𝑢𝑒𝑢𝑒) < 𝑀(𝑛𝑒𝑤_𝑗2 _𝑞𝑢𝑒𝑢𝑒))∧
(𝑀(𝑛𝑒𝑤_𝑗1 _𝑞𝑢𝑒𝑢𝑒) ≤ 1)) ⇒ (𝑋(¬𝑎𝑠𝑠𝑖𝑔𝑛_𝑛𝑒𝑤_𝑗1 )))

(27)

We note that the above rules involve both linear constraints and events, and are intuitively written from their natural language specification. This means that they cannot be
directly stated as GMECs (which is based on place invariants
that need to hold in all markings of the system, and here we
are defining “conditional” rules that have to be enforced only
in a subset of the markings of the system), nor as language
specifications only using the set of events.
The overall specification is 𝜑 = 𝜑1 ∧ ... ∧ 𝜑5 . In order to translate the LTL formulas into a DFA, we use the
Spot 𝜔-automaton library2 , which implements state-of-theart translation methods. Given that the overall specification
is a conjunction of five rules, one has two different options
of building the supervisor PN:
1. Build 𝐴𝜑 for the conjunction of all the rules, and apply
Algorithm 1 to the PN model and 𝐴𝜑 , building 𝐺𝜑 ; or
2. For each rule 𝜑𝑖 , build 𝐴𝜑𝑖 , and incrementally apply
Algorithm 1 to compose each 𝐴𝜑𝑖 with the PN model,
building 𝐺𝜑1 ,...,𝜑5 .
Given that our composition represents the largest restriction of the PN behaviour that satisfies the specification, options 1) and 2) are equivalent in terms of the language of the
resulting supervisor. We will investigate the pros and cons
of these 2 approaches throughout this section. The implementation of our approach is available online3 . To generate
the reachability graph, we used the Tina toolbox4 , which
provides tools for efficient generation of large state spaces.
The DFA for each 𝜑𝑖 has 2 states and 4 DNF transition
labels, while the DFA for the conjunction 𝜑 has 10 states and
1000 DNF transition labels.
In Table 1, we report on the number of places and transitions of the PNs, along with the number of reachable markings, for the original model, and both the PN 𝐺𝜑 built using
a conjunction of the specifications and the PN 𝐺𝜑1 ,...,𝜑5 build
incrementally. In the cases where the reachability graph
could not be generated within 15 minutes5 we write timeout
in the corresponding table entry. These results show that we
can compactly represent large state spaces using PNs. Furthermore, as the number of jobs increases, the size of the
2 https://spot.lrde.epita.fr/
3 https://github.com/bfalacerda/ltl_sup_con
4 http://projects.laas.fr/tina/
5 The experiments were performed on a laptop computer equipped with
an Intel® CoreTM i7 CPU @ 2.70GHz x 8, and 16GB of RAM.
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PN model increases linearly, and if the number of robots or
number of specific jobs allowed in the system increase, the
size of the PN remains constant. We now analyse the size
of the supervisors. One can see that we are able to control
systems with very large state spaces, and generate compact
PN representations of their supervisors. This would not be
possible using approaches based on state space enumeration.
For the models where we could generate the reachability
graph, we can observe that a large percentage of the transitions generated by Algorithm 1 is dead, a discussed in 4.4.2.
By removing these transitions identified as dead, we finish
with a compact model representing the controlled system.
We also note the difference in terms of number of transitions in the final supervisor, for the 2 different supervisor
construction approaches. The construction of the supervisors for the conjunction of the specifications mitigates the
exponential growth of the transitions. Thus, when there are
many specifications, the best approach is doing the conjunction of subsets of specifications such that each conjunction
does not have more than 20 atomic propositions and can be
translated in feasible time. Then, for those conjunctions, use
the incremental approach to generate the final supervisor.
Finally, we note that for a fixed number of job types,
increasing the number of robots or of allowed job of a given
type does not increase the size of the supervisor structure, as
it simply corresponds to adding more tokens to the model.
Furthermore, note that we manage to scale up to a team of
32 robots, with a maximum of |𝐽 | × 𝑛𝑗𝑖 = 6 × 16 = 96 tasks
in the system. This is a substantially sized model: a statebased approach already has an order of one million states
for 8 robots and 16 tasks, as shown in Table 1. For the 32
robot case, we could not generate the state space. However,
note that 32 robots with 2 possible states already generates
23 2 > 109 states. Our system is much more complex than
that, including more possible states for robots and also task
states. We also note that the computation of the supervisor
is done only once before deployment, and it can then be run
online very efficiently following the feedback loop described
in Subsection 3.3.

7. Conclusions and Further Work
We described a method for multi-robot coordination based
on the construction of PN supervisors that are guaranteed to
fulfil state/event safe LTL specifications. We provided a novel
semantics for LTL in PNs, where atomic propositions can be
linear constraints on the markings of the system; showed how
we can compose the PN with the DFA obtained from the safe
LTL formula, obtaining a PN representation of a supervisor
candidate; and discussed how admissibility can be checked,
or guaranteed a priori by using a restriction to the specification language. This work develops a framework where both
the multi-robot system and the specifications are represented
in suitable and well-accepted formalisms, which allow for
the automatic synthesis of supervisors from the specification
of complex coordination rules, along with formal guarantees
on the overall behaviour of the team.
Further work includes dealing with other relevant issues
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𝑛𝑟
4
6
8
8
8
8
8
32

|𝐽 |
2
2
2
2
2
3
6
6

𝑛𝑗𝑖
4
4
4
6
8
8
8
16

|𝑃 |
35
35
35
35
35
43
67
67

|𝑇 |
17
17
17
17
17
22
37
37

|𝑅(𝐺)|
11,316
31,162
66,932
295,536
886,664
timeout
timeout
timeout

|𝑃𝜑 |
45
45
45
45
45
53
77
77

|𝑇𝜑 |
2,540
2,540
2,540
2,540
2,540
3,872
6,536
6,536

|𝑇𝜑𝑙𝑖𝑣𝑒 |
414
475
475
475
475
timeout
timeout
timeout

|𝑃𝜑1 ,...,𝜑5 |
45
45
45
45
45
53
77
77

|𝑇𝜑1 ,...,𝜑5 |
24,192
24,192
24,192
24,192
24,192
30,848
50,816
50,816

|𝑇𝜑𝑙𝑖𝑣𝑒,...,𝜑 |
1
5
978
1,162
1,162
1,162
timeout
timeout
timeout
timeout

|𝑅(𝐺𝜑 )|
10,998
45,010
111,160
441,512
1.05 × 106
timeout
timeout
timeout

Table 1
Model and supervisor sizes for different values of 𝑛𝑟 (number of robots), |𝐽 | (number of
job classes), and 𝑛𝑗𝑖 (maximum number of jobs of each class that can be in the system).
𝑘𝑏𝑟𝑜𝑘𝑒𝑛 = 𝑛𝑟 ∕2.

in the the theory of SC, such as liveness or observability,
and investigating more efficient approaches for admissibility checking such as [37]. Furthermore, we just described
techniques for checking admissibility. We did not tackle the
problem of finding least restrictive supervisors from the PN
resulting of our composition. This is because in general PNs
are not closed under this operation [4]. An interesting and
relevant line of research is investigating subclasses of PNs
for which one can verify admissibility more efficiently and
build least restrictive supervisors for our composition. Furthermore, it is worth investigating how one can extend the
language restriction to ensure admissibility, both looking at
a less restrictive definition of controllable SP-GEQ-C, and to
other types of safe LTL specifications where a priori admissibility can be guaranteed. Finally, we intend to implement
our approach on real robots in order to further illustrate its
suitability for multi-robot coordination, and extend it to also
include optimisation of quantitative metrics of performance,
along with the qualitative behaviour specification presented
in this work.
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